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SYNOPSIS 


This work introduces as a generalisation of linear 
sequential systems over finite fields the notion of linear 
sequential systems over residue class rings of polynomials 
over finite fields and gives theory and applications of these 
systems. Structural properties , implementation and analysis 
of such systems and their applications in error control coding 
and generation of sequences over residue class rings of poly- 
nomials are presented. Properties of the sequences and their 
applications in modulation and multiplexing of data sequences 
over finite fields are considered. 

Study of linear sequential systems (LSS) over the finite' 
field GF(2) was initiated by Huffman, which was later genera- 
lised by several investigators to systems over GF(p) and GF(p n ) . 
LSS over GF(p n ) are described by input space, output space and 
statu space, which are vector spaces of appropriate dimension 
over GF(p n ), and characterising matrices A,B,C and D of appro- 
priate sizes over GF(p n ) . 

Finite field GF(p n ) is a specific case of rosiduo class 
ring of polynomials, denoted by PjJ[W(a)3, where W(a) is tho 
modulus polynomial of degroo n over GF(p)j PjJ[W(a)3 becomes 
GF(p n ) whon W(a) is irreducible. LSS over Pp[W(a)], denoted 
by Pjj[W(a)]-LSS» ara thu. a generaUaatior, of LSS over GF(p n ) . 
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In Pp[W(a) ]~LSS the sets of inputs, outputs and states are 
free modules over Pp[W(a)] and the characterising matrices 
A,B,C and D are over PjJ[W(a)]. 

By appropriate definition of addition and multiplication 
operations it is possible to obtain rings of n-tuples and nxn 
commutative matrices over GF(p), which are isomorphic to 
Pp[W(a)]* LSS defined over these rings of n-tuples and nxn 
matrices are then isomorphic to Pj}[W(a)]-LSS, which can be 
viewed as LSS which process n-tuples or nxn matrices from the 
respective rings. A Pp[W(a)}-LSS can be implemented over 
GF(p) using the isomorphism between PjJ[W(a)] and the ring of 
n-tuplos. 

LSS defined over tonsor product of residue class poly- 
nomial rings over GF(p) give rise to additional families of 
LSS. In this case also isomorphisms can be established bet- 
ween tonsor product residue class polynomial rings, rings of 
n-tuples, and rings of nxn commutative matrices over GF(p). 
Using these isomorphisms LSS over tonsor product of residue 
class polynomial rings can bo implemented over GF(p). 

In finite fields the operations of addition, subtraction, 
multiplication and division are all defined. However, in a 
ring the operation of division is not defined. As a conse- 
quence the generalisation considered in this thesis is not 
trivial. 
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It is known that finite fields of a given order are all 
isomorphic to each other. However, in a ring this is not true. 
The set of all isomorphic residue class polynomial rings of a 
given order p n constitutes an equivalence class and LSS defined 
over these rings constitute a distinct class of LSS. Number 
of such distinct classes of LSS is equal to the number of non- 
isomorphic residue class polynomial rings of order p n j LSS 
defined over GF(p n ) constitute one of these classes. Enumera- 
tion of nonisomorphic residue class polynomial rings of a given 
order, or equivalently of the distinct classes of LSS is 
carried out. It is shown that tho number of nonisomoxphic 
residue class polynomial rings of a given order p n and hence 
the number of distinct classes of Pp[W(a)]~LSS depends on the 
partition function of n and the numbor of irreducible poly- 
nomials. of degree 1,2, ..., (n-1) over GF(p). Sinco the pro- 
perties of LSS depend on the ring over which it is defined, 

LSS over PjJ[W(a)] offer, in comparison to tho conventional LSS 
over finite fields, a wider choice of systems, 

Tho analysis and applications of LSS over residue class 
polynomial rings discussed hero are based mainly on the decom- 
position of rings into external direct sum of primary rings or 
internal direct sum of ideals generated by orthogonal idom- 
potents* LSS defined over rings can, therefore, be decomposed 
into component systems dofined ovor primary rings which are 
either finite fields or local rings. The decomposition of 
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P«[W(a)3 into primary rings gives rise to implementation of 

r 

Pp[W(a)]-LS$ using subsystems over primary rings. Likewise 
decomposition of P|J[W(a)3 into internal direct sum of orthogonal 
ideals gives rise to implementation of Pp[W(a)]-LSS using sub- 
systems over orthogonal ideals* 

In the study of the response of P*}[W(a)]-L$S the character!- 

r 

stic matrix A plays a prominent role. The conditions for A to be 
singular* nilpotent and nonsingular are derived. It is shown 
that whon A is singular but not nilpotent, the response is 
either periodic or ultimately periodic depending on the initial 
state. Whon A is nilpotent, the response is ultimately a zero 
sequence and whon A is nonsingular tho response is periodic, 
irrespective of initial state. It is shown further that if A is 
nonsingular and hence periodic with period say, T, and input is 
periodic with period J, then the output of Pp[W(a)]-LSS is also 
periodic with a period which divides pJT. 

The maximum possible period of a state cycle is oqual to 
the period of A. If the initial state has components from an 
ideal then nil the states in tho state cycle will have components 
from the same ideal. Tho number of state cycles is thus at 
least oqual to the number of ideals in P£[W(a)] over which the 
LSS is defined. The structure of state cycles of P]J[W( a)]~LSS 
is obtained in terms of tho structure of state cycles with res- 
pect to the direct sum components of the characteristic matrix A 


of tho LSS. 



Under autonomous operation the output sequence of a 
Pp[W(a)3“LSS is a fixed linear transformation of the state 
sequence and the set of all output sequences constitutes a 
module. For the single output canonical system the autonomous 
response is a linear recursion sequence, i.e., the output 
sequence satisfies a linear recursion relation over P£[W(a)] » 

r 

and the set of ail such sequences constitutes a free module. 
Hamming correlation properties of linear recursion sequences 
over Pp[W(a)] are studied. Bounds on the values and number of 
levels of correlation functions are derived. 

It is shown that sequences over orthogonal ideals generated 
by distinct orthogonal idempotonts are pointwise ortho- 
gonal. Since an arbitrary sequence over a semisimple or semi- 
local ring can bo decomposed into an internal direct sum of 
component sequences over orthogonal ideals, these component 
sequences are inherently pointwise orthogonal sequences. An 
arbitrary sequence over a finite field or a local ring can be 
first mapped into a sequence over an appropriate somilocal or 
semisimple ring and then decomposed into sequences over ortho- 
gonal ideals. Such orthogonal sequences can be used for modu- 
lating and multiplexing data sequences with elements from 
finite fields. For this purpose source sequences ovor finite 
fields are transformed into orthogonal sequences over ortho- 
gonal ideals in an appropriate semisimplo ring. Each ortho- 
gonal sequence then modulates a maximum length sequence over 
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the same ideal* Modulated sequences corresponding to 
different sources are added and transmitted as a single multi- 
plexed sequence over the semisimple ring. The orthogonality 
property of sequences over orthogonal ideals is used for 
separating (demultiplexing) the component sequences at the 
receiver* Each individual sequence is then Hamming cross- 
correlated with the reference sequence for demodulation. 

Applications of LSS over residue class polynomial rings in 
the generation of nonsystematic and systematic linear polynomial 
and cyclic codes over PjJ[W(a)3 and decoding of these codes are 
considered* In the polynomial and cyclic codes every codeword, 
expressed as a polynomial over PjJ[W(a)3, is a multiple of a 
fixed polynomial, called generator polynomial. Those codos 
are encoded by polynomial multiplication employing appropriate 
Pp[W(a)3-LSS. An (N,K) polynomial code over Pp[W(a)] is a free 
submodule of rank K and order p nK . It is shown that the set of 
all autonomous responses of a nonsingular single output canoni- 
cal Pp[W(a)3-LSS has the structure of a linear cyclic codo which 
is an ideal in the residue class polynomial ring modulo (x N ~l) 
over Pp[W(a)3* Decoding of polynomial and cyclic code is done by 
employing LSS which porform polynomial division. If the remainder 
is nonzero, error is detected. If the error is within the correct- 
ing capability the remainder is uniquoly related to the error poly- 
nomial which is obtained from the decoding table and subtracted 
from the received polynomial. In the case of cyclic codos it is 
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shown that the decoding can be done by computing the Hamming 
cross-correlation between the received codeword and a set of 
reference codewords available at the receiver. The reference 
word which gives the maximum cross-correlation value and the 
shift at which this occurs are utilised for decoding the 
received word* For the case of systematic cyclic codes 
permutation decoding can be employed on the lines similar 
to permutation decoding of systematic cyclic codes over 
finite fields. 



CHAPTER 1 


INTRODUCTION 

This work is concerned with the theory and applications of 
linear sequential systems (LSS) over residue class rings of 
polynomials over finite fields which constitute a generalisa- 
tion of LSS over finite fields. Structural properties, imple- 
mentation details and autonomous response of the systems are 
studied and their applications in encoding and decoding circuits 
for error control, generation of sequences and modulation and 
multiplexing of digital data are considered. 

LSS, in general are linear shift invariant systems with 
elements of input and output sequences from a finite alphabet 
and they constitute an important subclass of finite state 
systems [1,2]. If the alphabet is, say Z, then the LSS with Z 
as alphabet are denoted by Z-LSS, read as LSS over the finite 
alphabet Z. 

The theory of LSS for the case when the alphabet corres- 
ponds to a finite field is well established [3-17] . In an 
m-input and j~output LSS of order K, over finite field GF(p n ) 
(i.e., GF(p n )~LSS), the input and output sequence elements are 
m-tuples and j-tuples over GF(p n ). Such a system is defined by 
the following s 

(i) A vector space U over GF<pr ri ) of dimension m called the 

input space, 
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(ii) a vector space Y over GF(p n ) of dimension j called the 
output space i 

(iii) a vector space X over GF(p n ) of dimension K called the 
state space 

(iv) transformations which map the elements x(N) e X and 
u(N) 6 U into x(N+l) and y(N) given by 

Next state function s x(Ntl) « Ax(N) + Bu(N) (1.1*1) 
Output function s y(N) » Cx(N) + Du(N) (1.1.2) 


where N denotes integral time instants 0)1,2, the matrices 

A,B,C and D have elements drawn from GF(p n ) and are called the 
characterising matrices of LSS* A is specifically called the 
characteristic matrix of the LSS. Given an initial state x(o) 
and an input sequence u(o), u(l), the corresponding 

sequences of states and outputs can be computed recursively 
from the state and output equations (1.1.1) and (1.1.2) 
respectively. 


A GF(p n )-LSS with the characteristic matrix A in the form 


A * 


l K~l 


a 


K 


a K-l a l 


where X„ , is the identity matrix of order (K-l), is called a 

Iv-i 

canonical GF(p n )*LSS. The autonomous response of a single 
output, canonical GF(p n )~LSS, with C ** [l 0 ... 0] satisfies 
a linear recursion relation over GF(p n ) and is called a linear 
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recursion sequence. When the characteristic polynomial of A 
is primitive over GF(p n ), output sequences are periodic with 
period equal to (p^-l), the maximum possible value; such 
sequences are called maximum length sequences [9-ll]* 

GF(p n )-LSS, specifically GF(2)-LSS and GF(2 n )-LSS, find 
applications in various areas such as computing circuits [12, 
13,18,19] encoding and decoding circuits [l6~2l] and sequence 
generators [9*11]. 

In this thesis we consider LSS over residue class ring of 
polynomials modulo a polynomial W(a) of degree n, over GF(p). 
Addition and multiplication operations in this ring are the 
usual polynomial addition and multiplication modulo p and 
modulo W<a). Such a ring is a finite commutative ring of 
order p n with identity. We denote these rings by p£[W(a)). 

LSS over Pp[W(a)J are accordingly denoted by PjJ[W(a)]-LSS. 

They have a basic description similar to that given earlier by 
(1.1.1) and (1.1.2) for the case of GF(p n )-LSS; in this case 
the elements of input, output and state sequences are respecti- 
vely m-tuples, j-tuples and K-tuple$ over Pp[W(a)]» which con- 
stitute free modules (over p£[W(a)]) of rank m,j and k res- 
pectively. 

Finite fields GF(p n ) are a specific case of Pj}[VY(a)J; when 
W(a) is irreducible over GF(p), Pp[W(a)3 becomes GF(p n ), 
GF(p n )-LSS is therefore a specific case of PjJ[W(a)]~LSS* The 
results given in this thesis may, therefore, be seen as a 
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generalisation of the results on GF(p n )-L$S. 

Although the description, as given by (1.1.1) and (1.1.2), 
and consequently the analysis procedures of LSS over any finite 
alphabet, in general, remain the same, the properties and 
applications of such systems vary significantly depending upon 
the properties of the specific algebraic structure over which 
the systems are defined. Towards this end first of all it is 
noted that in a finite ring* unlike a finite field, the notion 
of multiplicative inverse does not exist for elements which 
are zero divisors. Specifically in p[J[W(a)], elements which are 

r 

factors of W(a) are zero divisors and hence the multiplicative 
inverse of such ring elements is not defined. Next it is noted 
that finite fields of the same order are all isomorphic to each 
other, whereas all the commutative rings of the same order need 
not be isomorphic to each other. For example, Z 4 (the ring of 
residue class integers modulo 4) and PgCa +lj are not isomorphic, 
although both of these are commutative rings of order 4. Even 
all the residue class polynomial rings of the same order are not 
isomorphic to each other. The set of all isomorphic residue 
class polynomial rings of any given order constitutes an equi- 
valence class and each equivalence class of residue class poly- 
nomial rings gives rise to a distinct class of LSS. In view 
of the foregoing considerations, the study of pjJ[W(a)]-LSS 
should not be taken as a trivial generalisation of the study of 
GF(p n )-LSS. 
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The study of Pp[W(a)]-LSS provides a compact and generali- 
sed framework for the study of linear sequential systems which 
can process sequences constructed from the set of n-tuples over 
GF(p) or nxn matrices over GF(p) as explained below* 

The ring Zp[w] of n-tuples over GF(p) and the ring m£[w] 
of nxn commutative matrices over GF(p), can be constructed by 
appropriately defining addition and multiplication operations in 
the set of n-tuples and nxn commutative matrices over GF(p) 
respectively, such that both these rings are isomorphic to 
PpC^(a)]. Then ZjJ[w]~LS S and m£[W]-LSS of order K, which 
process n-tuples and nxn matrices from the respective rings, 
can be seen as a subclass of GF(p)-LSS of order nK. Because of 
the isomorphisms between z£[wj, m£[w3 and PjJ[W(a)3, such 
GF(p)-LSS of order nK can be studied in terms of p£[W(a)-LSS 
of order K, which reduces the complexity of analysis. 

Besides the formal description of P”[W(a)]-LSS and 

lr 

expressions for state and output sequences, the following topics 
have received particular attention in this thesis. 

( i) Enumeration of non-isomorphic P?[W(a)] rings of specified 

r 

order which gives various classes of non- isomorphic Pp[W(aJ}»lSS* 
( ii) Construction of rings z£[w3 of n-tuples and rings m£[w] 
of nxn commutative matrices over GF(p), isomorphic to residue 
class rings of polynomials over GF(p). This helps us in the 
implementation of PjJ[W{a)3-L$S of order K in terms of GF(p)-LSS 


of order nK# 
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(Lii) Periodicity properties of characteristic matrix A, 
families of LSS defined over other algebraic structures 
isomorphic to Pl?[W(a)3 and LSS over tensor product of residue 
class polynomial rings. 

(iv) Analysis of autonomous response of p£[W(a)3-LSS in 
general and the linear recursion sequences in particular, the 
latter include maximal length sequences over p£[W(a)3* 

(v) Cyclic or periodic Hamming correlation properties of 
sequences over P?[W(a)3» cyclic Hamming correlation between 

r 

two sequences is defined [22 j as the number of positions in 
which the sequences have identical symbols. 

(vi) Application of Pl?[W(a)3~LSS i n the generation of sequences 

r 

and encoding and decoding of polynomial and cyclic codes over 

Pp[W(a)3* 

(vii) Application of sequences generated by Pp[W(a)3"*LSS in 
modulation and multiplexing of data sequences. 

1.1 HISTORICAL PERSPECTIVE 

Historically* the study of LSS was initiated in the context 
of error correcting codes by Huffman [33 who considered LSS over 
binary alphabet, that is, GF(2)-LSS. The notion of GF(2)~LSS 
was then generalised to GF(p)~LSS by several investigators 
C4**7] followed by generalisation to GF(p n )«LSS C©3 * GF(p n )~LSS 
of order K are equivalent to GF(p)-LSS of order nK. As a 
consequence GF(p^)""LSS are implemented and analysed as 
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GF(p)~LSS [12,13,23 ,24] • 

The study of linear recursion sequences (LRS) over 
finite alphabet, as pointed out in the preface of [ll], goes as 
far back as Lagrange in the eighteenth century. The periodicity 
properties of LRS over finite alphabet have been studied by 
Carmichael [25], Ward [26], and Hall [27] in the second quarter 
of the present century. In the context of LSS, LRS can be 
viewed as the autonomous response of a single output canonical 
Pp[W(n)]«LSS. Study of binary maximal length sequences was 
pioneered by Zierler [lO] and Golomb [ll]. Majority of the 
applications using binary maximal length sequences are based 
on their periodic correlation properties [10,11,28,29 ], the 
correlation functions being defined in terms of the usual 
inner product of sequences [22,28,29], Maximal length sequences 
have boon utilised in scramblers [30,31], spread spectrum 
communication systems [32-34], code division multiple access 
systems [32-35], synchronisation systems for digital communi- 
cation systems [36], communication systems for multipath 
channels [37], fault detection in digital systems [38] and 
range finding [39] • 

A method of constructing sequences with elements from 
finite fields and having optimal cyclic Hamming correlation 
properties has been given by Lempel and Greenberger [22] who 
have shown that maximal length sequences over GF(p) have two 
level Hamming autocorrelation functions. 



8 


LSS over finite commutative ring Z m , the ring of residue 
class integers modulo m, have been studied in the recent past 
[40*42]; the periodicity properties of the state response and 
the output are given in [40,41] and the operational calculus for 
LSS over 2 m has been developed in [43]* An exhaustive review of 
the work done on linear systems over commutative rings is pre- 
sented by Sontag [44,45]; linear systems in this review mainly 
consist of linear dynamical systems over principal ideal domains 
[46,47], which are commutative rings without zero divisors and 
whose ideals are principal ideals. 

Error correcting codes over finite commutative rings of 
Integers have boon investigated by Blake [48,49]. He has given 
a method [48] to construct linear cyclic codes over semisimple 
ring of integers from cyclic codes over the direct sum compo- 
nents of 7, m * The minimum distance of such a code is the minimum 
of the minimum distances of the component codes. Blake [49] has 
also investigated the properties of linear codes over Z (q » 
power of a prime) analogous to the familiar Hamming, Reed Solomon 
and BCH codes over finite fields, Spiegel [50] has investigated 
the codes over residue class ring Z m for any positive m. Murakami 
and Reed [51] have investigated classes of codes for a multi- 
channel communication system. They have developed a fast algo- 
rithm to calculate syndrome of linear systematic block and convo- 
lutional codes over direct sum of Galois fields* They have shovtt 
that any set of finite state linear shift invariant sequential 
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circuits on Galois fields of integers can be implemented by 
a single finite state linear shift invariant sequential circuit 
on a finite ring of integers. 

As far as systems over residue class polynomial rings are 
concerned, the scheme proposed by Rader et al [52] for the 
generation of random numbers is worth mentioning here. In 
this scheme two binary n-bit shift registers with feedback are 
used to generate sequences of n-tuples which are converted to 
decimals and the system is analysed as a GF(2)-LSS of order 2n. 
This scheme as we shall see in this thesis may be interpreted 
as a special case of zjJ[W]«LSS isomorphic to Pgta^ll-LSS of 
order 2. With this interpretation core of the random number 
generator proposed in the above scheme may be analysed in a 
much simpler manner. 

1.2 PROPOSED LINE OF APPROACH 

The structure and properties of Pp[W(a)] are decided by 
the relatively crime factors in the prime factorisation of the 
modulus polynomial W(a). Based on the factorisation of W(a), 
residue class polynomial rings may be classified into four 
categories as given in Table 1.2.1. For the case when Pp[W(a)] 
is a field, study of Pj}[W(a)]~LSS of order K can be carried out 
either as GF(p n )-LS$ of order K or as GF(p)-LSS of order nK 
[12,13]. Study of LSS over local p£[W(a)] is carried out in 
terms of isomorphic systems over GF(p). Semisimple and semi- 
local rings can be decomposed into external direct sum of 
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primary rings or internal direct sum of ideals generated by 
orthogonal idempotents which are isomorphic to primary rings; 
the ideals generated by orthogonal idempotents have been 
called as orthogonal ideals. In these decompositions the role 
of irreducible polynomials and their powers is similar to the 
role of primes and prime powers in the decomposition of residue 
class integer ring 2^. Decompositions of p£[;/(a)3 gives rise 
to decompositions of Pp[W(a)]~LSS into isomorphic systems over 
component primary rings or orthogonal ideals. In the case of 
systems over semisimple ring* each component system is over a 
field. In the case of systems over semilocal ring * the compo- 
nent systems are over local rings and finite fields. 

The decomposition of P£[W(a)J and p£[W(a)3«LSS play a cen- 
tral role in the studies carried out in this thesis. Specifi- 
cally this notion is used in the following. 

(i) Enumeration of distinct classes of LSS over residue 
class polynomial ring of a given order. 

(ii) Implementation of Pp[W(a)]~LSS using subsystems over 
primary rings or over ideals isomorphic to primary rings* 

(ill) Computation of period of characteristic matrix A over 

P£[*(a)]. 

(iv) Cycle length decomposition of states of p"[W(a)]-LSS. 

(v) Decomposition of sequences over p£[W(a)] into orthogonal 
sequences* 
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(vi) Study of Hamming correlation property of sequences over 
Pp[W(a)3 and computation of minimum distance of cyclic 
codes over semisimple Pj?[W(a)] in particular, 

r' 

Key ideas underlying the application of p£[W(a)]-LSS 

r 

in generation of sequences and their applications and encoding 
and decoding are as given below, 

( i) In a semisimple or semilocal Pp[W(a)3» the ring elements 
belonging to distinct orthogonal ideals annihilate each other. 
As a consequence set of sequences over orthogonal ideals anni- 
hilate each* other on a pointwiso basis, We call such sequences as 
orthogonal sequences* If such sequences are interpreted as 
sequences over 2^[W3, then the sequence elements are n-tuples 
over GF(p)* Orthogonal sequences can be generated by single 
output canonical Pp[W(a)]~LSS with initial condition from an 
orthogonal ideal# Furthermore, any arbitrary sequence over 
Pp[W(s)3 can be decomposed into orthogonal sequences, where 
each sequence is over an orthogonal ideal, A ring Pp[W(a)] 
can be embedded into an appropriate larger semilocal or semi- 
simple ring* Thus sequences over an arbitrary Pp[W(a)3 can be 
transformed (embedded) into sequences over orthogonal ideals 
in the larger ring* These sequences can be used in modulation 
and multiplexing of data sequences* A sequence over an ortho- 
gonal ideal in P?[W(a)3» which is isomorphic to maximal length 

r 

sequence over an appropriate finite field, is modulated by a 
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data sequence. Several such sequences are added (multiplexed) 
modulo[pj W(a)] and transmitted as a single sequence over 
Pp[W(a)]. At the receiver, the received sequence is demulti- 
plexed into its component sequences, using the pointwise ortho- 
gonality property of sequences. The separated sequences are 
demodulated by Hamming cross v- correlation. 

(ii) As pointed out earlier, there is one-to-one corres- 
pondence between the elements of residue class polynomial ring 
Pp[vil(a)} and the ring z£[Wj of n-tuples over GF(p). If we 
consider blocks of length n in a sequence of symbols from 
GF(p), a mapping of K such blocks into N blocks can be defined 
which results in an (N,K) block code over zjj[w]. Because of 
isomorphism between p£[W(a)3 and z£[w], the (N,K) block codes 
over 2jJ[w] can be studied in terms of (N,K) block codes over 
Pp[W(a)J. Such a study is much more compact as there is 
reduction in dimension. In the specific case when W(a) is 
irreducible over GF(p), we get (N,K) block codes over GF(p n ). 

Tho relevant theory of linear block codes and its specific 
classes, polynomial codes and cyclic codes over PjJ[W(a)3 is 
developed in a manner similar to the theory of codes over finite 
fie Ids [17 -21, 53,54].* Tho effect of zero divisors in the 

ring on the choice of parity check matrix and generating poly- 
nomial have been studied. PjJ[W(a)]-LSS may be employed to 
implement encoders and decoders for codes over p£[W(a)] on lines 
similar to the use of GF(p n )-LSS for encoders and decoders over 


finite fields* 
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1.3 CHAPTER OUTLINE 

Necessary mathematical background for the study of LSS 
over residue class polynomial ring and their applications is 
presented in Chapter 2. This mainly includes results on residue 
class polynomial rings P p [tf(a)] and tensor product of r residue 
class oolynomial rings P p °[W 0 (a 0 )], P p 1 [W 1 (a 1 )]» • and 

P p r '" 1 ^ V r-l^ 1 r-l^* denotecS ^ JL f p" 1 CvViC a i> 3 l . 

i»0,...r~l ^ P * 

Depending upon the prime power factorisation of W(a), P£[w(a)] 
rings are classified as finite fields, local rings, semisimple 
rings or semilocal rings. The results concerning isomorphisms 
and decomposition of semi simple or semilocal PpC'Af(a)] rings into 
internal direct sum of orthogonal ideals or the external direct 
sum of primary rings are presented as an adaptation of the 
results of commutative algebra. 

All the residue class polynomial rings of the same order 
need not be Isomorphic to each other. An expression for the 
number of nonisomorphic residue class polynomial rings of order 
p n is obtained. This makes use of the results of isomorphism 
and decomposition of rings, number of irreducible polynomials of 
degree < n, and the partition and restricted portitenfunctionEbb] 
of integers < n. 

Procedures for construction of rings zjjj[w] of n-tuples and 
rings m!![w 3 of nxn commutative matrices Isomorphic to Pj}[W(a)], 

P r 
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and tensor product rings © f2L i [^ i ]l of n-tuples and 

T r n i i * j 

0(V^iM nxn commu tative matrices isomorphic to 

T f n 1 

( are P resen,ted * Tensor product of rings of 
residue class polynomials is isomorphic to a ring of residue 
class polynomials in several variables $ for convenience 


we call the latter as tensor product ring* Bach element in 
this ring is a sum of monomials arranged in lexicographic order 
of degrees of the variables in conjunction with an appropriately 
choson mixed radix number system [56], 


The description, response and implementation of PjJ[W(a) ]-LSS 

r 

is taken up in Chapter 3. The description of P{J[W(a)]-LSS in 
terms of characterising matrices and their implementation over 
Pp[W(a)3 are given* p£[w(a) J-LSS are classified into nonsingu- 
lar » sinyular or nilpotent systems depending upon whether their 
characteristic matrices are nonsingular, singular or nilpotent 
respectively* Conditions for the characteristic matrix A to be 
nonsingular, singular and nilpotent and the bound on the index 
of nilpotence are obtained* Expressions for the period of 
characteristic matrix A over various types of p£[W(a)] are 
obtained in terms of the periods of matrices over direct sum 
components of PjjJ[W(a)3* The decomposition of PjJ[W(a)3 dis- 
cussed in Chapter 2 has been utilised to obtain corresponding 
decomposition of Pp[W(a)3-LSS* 
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Expressions for autonomous response and forced response 
of Pp[W(a)]-LSS are derived. It is shown that the forced 
response of a nonsingular p£[W(a)]- LSS is periodic if the 
input is periodic. Further if J and T are the periods of the 
input and A respectively, the output period divides pJT. 

The nature of autonomous response depends on the nature 
of the characteristic matrix A and is studied in detail in 
Chapter 4. 


LSS over other families of finite commutative rings are 
also given* These are LSS over i) tensor product of residue 
class polynomial rings, ii) rings, Mp[W] of nxn commutative 
matrices, iii) tensor product ® { commutative 


rings of matrices, iv) rings z£[Vyf] of n-tuples and v) tensor 
product ring @ £ of n-tuples. It is shown that LSS 

over tensor product of residue class polynomial rings consti- 
tute a generalisation of pj}[w( a)]-LSS. 


Given a Kth order PjJ[W(a)]-LSS implementation of z£[W]-LSS, 
say L* , isomorphic to L is obtained. L' can alternatively be 
viewed as a GF(p)~LSS of order nK. It is shown that the ana- 
lysis of such systems of order nK, can be carried out in terms 

of P n [W( a)]-LS$ of order K, thus reducing the complexity of 
P T - n. - 

analysis. Implementation of LSS over 0 ^ £ w i^ J is als0 

given. In the specific case when LSS is over z£[W] £Pj}[a n -l], 

it is shown that multiplication of two elements from z£[w] can 
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be carried out serially by using n-stage cyclic shift registers 
and at most n modulo p adders* 

LSS over isomorphic residue class polynomial rings are 
said to constitute a distinct class. Enumeration of distinct 
classes of Pp[W(a)]-LSS, using the results of Chapter 2, on 
the nonisomorphic p£[W(a)] rings, has been given; GF(p n )~LSS 
constitute one of these classes* 

The study of autonomous response of P£[W(a)]-LSS is taken 

r 

up in Chapter 4, The autonomous response of P£[W(a)]-JLSS in 
general, and autonomous response of nonsingular single output 
canonical p£[VJ(a)3-LSS with C * [1 0 ... 0] in particular are 

r 

studied. The latter response is shown to satisfy a linear 
recursion relation over Pl|[vV(a)3 and is thus a linear recursion 

r 

sequence over PpC v7( a) 3 * Since the autonomous response is a 
fixed linear transformation of states, the state response of 
systems is studied in detail* The various aspects studied are 
properties of state diagram and state response, module stru- 
cture of state response, bounds on number of state cycles of a 
nonsingular system, maximum length state sequence and isomor- 
phism in state diagrams. The maximum possible period of a 
state cycle is equal to the period of A* Different LSS of the 
same order over a given Pp[W(a)] are compared in terms of their 
Figure of merit which is defined as the ratio of maximum 
possible period of state cycle to the number of nonzero states* 
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A JCth order GF(p n )-L$S whose characteristic matrix A has 
period (p N -l) has a Figure of merit 1. For any other 
Pp[W(a)]-LSS it is less than 1. 

The cycle length decomposition of P?[W(a)]-LSS is obtained 
in terms of the structure of state cycles with respect to the 
direct sum components of the characteristic matrix A of the LSS. 
When the component of A is over finite field, the structure of 
slat.o cycles is determined from the elementary divisors of A 
[4,12-14j. Wh<»n the component of A is over local ring the 
structure of state cycle is obtained by considering an isomor- 
phic system over GF(p). 

Hamming correlation properties of linear recursion sequen- 
ces over Pp(W(a)3 are studied. Bounds on the values and number 
of levels of correlation functions are derived. 

It is shown that sequences over orthogonal ideals generated 
by distinct orthogonal idempo tents are pointwise orthogonal. 
Since an arbitrary sequence over a semisimple or semilocal 
ring can bo decomposed into an internal direct sum of component 
sequences over orthogonal ideals, these component sequences are 
inherently pointwise orthogonal sequences. An arbitrary 
sequence over a finite field or a local ring can be decomposed 
into sequences over orthogonal ideals. Such orthogonal se- 
quences can be used for modulating and multiplexing data 
sequences with elements from finite fields. For this purpose 



19 


tho source sequences over finite fields are transformed into 
orthogonal sequences over orthogonal ideals in an appropriate 
semi simple ring* Each orthogonal sequence then modulates 
a maximum length sequence over the same ideal* Modulated 
sequences corresponding to different sources are added and 
transmitted as a single multiplexed sequence over the serai- 
simple ring* Tho orthogonality property of sequences is used 
for demultiplexing the component sequences at the receiver. 
Demodulation is carried out by Hamming cross-correlation bet- 
ween each individual sequence and a corresponding reference 
sequence • 

Chapter 5 is concerned with the application of P£[W(a)]-LSS 

r 

for the encoding and decoding of linear polynomial and cyclic 
codes* which are a specific class of linear block codes over 
Pp[W(a)3* The development here is similar to the development 
in the case of codes over finite fields, the theory of which is 
well established [16-21,53,54]. The restrictions arising 
because of the presence of zero divisors are pointed out. After 
briefly reviewing the coding problem, linear block codes over 
Pp[W(a)] are discussed. The notion of generator matrix G, 
parity check matrix H, are presented. Minimum Hamming distance, 
error correcting capability, restrictions on H of a t error 
correcting code, and decoding of linear block codes using 
decoding table are given* Polynomial code as a special case 
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of linear block code is taken up next. Notion of generating 
polynomial g(x), the restrictions on the coefficients of g(x), 
minimum distance properties, encoding and decoding principles 
of polynomial codes are presented. Cyclic code as a special 
case of polynomial code, where g(x) divides (x N -l), is 
studied* Structure of cyclic codes over Pp[W(a)3, minimum 
distance properties, encoding and decoding principles arc 
discussed. 

The implementation of encoders for generating nonsystematic 
and systematic (N,K) polynomial and cyclic codes using appro- 
priate Pp[W(a)-LSS are given, nonsingular, single output, 
canonical P£[W(a)3-LSS with C » [l 0 ... 0] to generate 
systematic cyclic codes is explained. Variation of these 
encoders for generating interleaved codes are also given. In 
all theso encoders the ring operation, that is, multiplication 
in ZjJ is implemented in parallel fashion. When the ring 
zJJEw] Pp[a n -l], serial implementation of multiplication 
using cyclic shift registers is possible. 

Decoders which are basically PjJ[W(a)]-LS5 which perform 

r 

division for computing the syndrome are used for decoding non- 
systematic or systematic polynomial and cyclic codes. Systema- 
tic cyclic codes are decoded using permutation decoders on the 
same lines as the decoding of systematic cyclic codes over 
finite fields [54]. Knowing the number of distinct codewords 



21 


upto cyclic shifts and their cross-correlation properties, 
decoding of cyclic codes can be done using Hamming cross- 
correlation decoders* 

Summary of key results obtained and some of the aspects 
which could not be either pursued or taken up in this thesis are 
given in Chapter 6* 

1.4 NOTATIONS AND CONVENTIONS 

Throughout the thesis, matrices are denoted by capital 
loiters and vectors or K-tuples by lower case letters. The 
product of matrix and vector or K-tuple is represented as a 
product of matrix and column vector or K-tuple* However, in 
Chapter 5 the product of matrix and K-tuple is represented by 
product of row K-tuple and matrix* 

In the case of residue class polynomial ring p£[VI(a)] t 

the modulus polynomial W( a) - a n+w n *.i an 1+ ••• ' and 

the orthogonal idempotents in P£[W(a)] are written in the 
descending order of powers of a* An element r(a) of P p [W(a)] 
is denoted by r 0 +rj»+ . . . r^a"- 1 in the ascending order of 
powers of a; the corresponding n-tuple over GF(p) is denoted 
by (r ty ... r n -i)* Likewise the elements of tensor product 
of polynomial rings are denoted using mixed radix number system, 
in the ascending order of powers, <i r «.i» *•*» H^o* 
variables •••> a i»®o respectively* 
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Some notations, for example G and H, are used to 
represent both group and subgroup as well as generating matrix 
and parity chock matrix respectively, as these notations are not 
appearing simultaneously* ind of examples and proofs are indi- 
cated by *• 

Tho mapping of algebraic structures or their elements are 
indicated by <* and the one-to-one corresoondence between 
i'icmonts by 2 . 

l’p[W(a)J, ring of residue class polynomials over GF(p), 

Is used to denote a single ring or rings depending on the 
context. Likewise Pp['W(a)]-LSS may refer to a single system 
or systems. The elements of rings or ideals are given inside 
i ) • 

Determinant of matrix A, is denoted by |a|. Transpose of 

+ y» 

matrix A is denoted by A . Symbols 1 and 0 are used to indi- 
cate the multiplicative and additive identity, in all the poly- 
nomial rings. The corresponding identity elements in 
Zp[w] Z Pp[W(a)3 ® re a n n-tuple [l 0 ... 0] tr and [0 ... 0] tr 

respectively. We denote an n— tuple of zeros by Q for any n. 

n l 

The identity elements in MpCv^] r P p [W x (a)] are I n , nxn 
identity matrix and nxn null matrix denoted by 0 for any n, 
respectively. The characterising matrices over z£[W] are 
denoted by ,C! and B. 
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Whenever it is clear from the context, in the notation 
M”[W] and ZJJM r P?[W(a)3, the symbol W is omitted and 

H r r 

written as and iijj respectively. However, in tensor product 
of rings are used. 

(y | * (y 0 y x ... ) denotes infinite sequence of 

period N. y * (y Q ••• Y^) denotes finite length 

sequence or a codeword, over Pp[W(a)3» Y^ denotes components 
of y over local ring Pp^ ^CW^^(a)3> 2 indicates an arbitrary 
sequence of finite length over p£[W(a)3> 2 ^ indicates xth 
finite sequence* or finite sequence over ith orthogonal ideal. 



CHAPTER 2 


RESIDUE CLASS RINGS OF POLYNOMIALS OVER GF(p) ; ISOMORPHISMS, 
DECOMPOSITION AND ENUMERATION THEOREMS 

In this chapter we give necessary background material 
for the study of LSS over residue class rings of polynomials 
over the finite field GF(p). The results given here pertain 
to isomorphisms, decomposition and enumeration theorems. The 
result*, on the isomorphism and decomposition are an adaptation 
of isomorphism and decomposition theorems for polynomial alge- 
bras [69,75]. As a prelude to the results given in this 
chapter various algebraic structures, viz,, groups, rings, 
fields, ideals, vector spaces, modules and algebras [60-76] 
are briefly reviewed in Section 2.1. 

Residue class rings of polynomials over GF(p) are formally 
given in Section 2.2. First we consider residue class polyno- 
mial rings in single variables. Such rings of order p n are 
denoted by Pp[W(a)3, where W(a) is the modulus polynomial of 
degree n over GF(p). Depending upon the prime factorisation of 
the modulus polynomial W(a), the residue class polynomial rings 
Pl[^(a)] are classified into fields, local rings, semi-simple 

r 

and semilocal rings. The prime factorisation of W(a) is also 

utilised to obtain an expression for the number of ideals in 

P2[W(a)]. This result is used later in Chapter 4 to obtain a 
P 
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hound on the number of state cycles in state diagram of 
PpfW( a) J~LX»S* Since Pp[W(a)] is also a vector space, it has a 
basis* The direct product of bases" of two residue class poly— 

Pi |i^ 

notnial rings Pp^Cw^(a^)] and Pp 0 [W 0 (a Q )] gives rise to a set of 

n l n o Hn**3?ly independent elements which can be regarded as a 

basis for an n^n o dimensional vector space which is also a 

commutative ring, called the tensor product of the residue 

n, n 

class polynomial rings Cw 1 (a 1 )] and P D °[w (a )] and denoted 

rij, • n ^ ^ 

by P p [d 1 (a x )3 © p P °[w 6 (a©)]. Such rings are isomorphic to 
an appropriate residue class polynomial ring in 2 variables* 
Tensor product of r residue class polynomial rings can be 
defined likewise, which results in a ring isomorphic to a 
residue class polynomial ring in r variables. Tensor product 
of residue class polynomial rings can be regarded as a general 
class of residue class polynomial rings and linear sequential 
systems defined over tensor product of residue class polynomial 
rings can be regarded as a generalisation of Pp[w(a)]-LSS. 

In contrast to the case of GF(p n ), all the Pp[W(a)] of the 
same order are not isomorphic to each other* When two residue 
class polynomial rings are isomorphic to each other, structural 
properties, such as the number of ideals, number of units and 
the type of ring will be carried over to the other. Hence, it is 
enough if only one such ring is studied. In Section 2.3, we 
study the isomorphisms in residue class polynomial rings. 
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optu.i f ically wo study the isomorphism between (i) loeal rings, 
(il) tensor product of primary rings and (iii) tensor product 
of polynomial ring and residue class polynomial ring in one 
variable. The isomorphisms between somisimple and semilocal 
rings can be proved analogously. However, to obtain this iso— 
mosphism in somisimple and semilocal rings is involved and 
al tornativcly tho ring decomposition given in Section 2.4 can 
bo utilised to obtain tho isomorphism. 

Tho decomposition of Pp[W(a)3 plays a key role in most of 
thu analysis in this thesis. Decomposition of semisimplo and 
sotni local rings into external direct sum and internal direct 
sum ere given. External direct sum components are primary 
rings Isomorphic to finite fieldsin tho case of semisirople 
rings and isomorphic to either finite fields or local rings in 
the case of semi local rings. Internal direct sum components 
of somisimple or somilocal rings are ideals generated by ortho- 
gonal idempo tents? we call the collection of such ideals as 
orthogonal Ideals. External direct sum decomposition along with 
isomorphisms is used in Section 2.5 in enumerating nonisomorphic 
re si duo class polynomial rings of a given order. In later 
chapters results on ring decomposition are utilised for obtain- 
ing condition for nilpotence of matrix A, determination of 
period of matrix A*computation of minimum distance of cyclic 
codes over semisimple ring and in the decomposition of sequences 
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over Pp[W(a)] into set of sequences which have pointwise ortho- 
gonal property. Since tho internal direct sum components of a 
given Pp[vtf(a)] is isomorphic to corresponding external direct 
sum components, an isomorphic mapping also called ring embedd- 
ing from finite field or local ring to an appropriate orthogo- 
nal ideal in semisimple or semilocal ring exists. Isomorphisms 
between semisimple or semilocal ring and subrings of larger 
semisimple or somilocal ring are also considered. 

As mentioned above, residue class polynomial rings of a 
given order need not be isomorphic to each other. By listing 
all the p n monic polynomials of degree n over GF(p) in terms of 
their irreducible factors and using the results of Sections 2.3 
and 2.4, the nonisomorphic residue class polynomial rings are 
enumerated in Section 2*5. It is shown that by using the 
notion of partition function and restricted partition functions 
of integers [55] , it is possible to obtain the number of non- 
isomorphic residue class polynomial rings of order p n without 
exhaustive listing of the polynomials. These results are used 
in Chapter 3 to obtain distinct classes of LSS defined over 
nonisomorphic residue class polynomial rings. 

In Section 2. 6, rings isomorphic to Pj?[W(a)] are taken up. 
In Chapter 3, LSS over these rings are defined. Such LSS are all 
isomorphic to LSS over p£[W(a)], and their analysis can be done 
in terms of LSS over p£[W(a)]. Procedure for constructing rings 
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Mq[W] of nxn commutative matrices over GF(p) , isomorphic to 

n j n i 

Pp[W(a)3 nnd tensor product ring A £M p 1 [w i ] } of nxn cornmuta- 
tivo matrices ovor GF(p), isomorphic to (JCPpC^i] } are Given* 
By properly defining addition and multiplication, procedures 
for constructing ring Zp[W] of n-tuples ovor GF(p), isomorphic 

y. *T ^*5 

to Pp[W(a)] and tensor product rings of n-tuples 

over GF(p) isomorphic to ^> £P n i [W i (a 1 )]7 are also given. 


2*1 REVIEW OF ALGEBRAIC STRUCTURES 


To begin with wo briefly review various algebraic stru- . 
cturcs, viz* groups, rings, ideals, fields, vector spaces, 
modules and algebras [60-73] . 

Groups i A sot G with an operations * defined for every 
pair of elements in G is called a group, if the following 
four axioms are satisfied. 

(i) Closure : for all g 1 ,g ? © G gg© G 

(ii) Associativity s for all 9 i» 92>93 © G; Sfj* 

(iii) Identity s G contains an element e called the identity 
of G such that for every g 8G,e*g « g*o ■ g 

(iv) Inverse : For every geG there is an element g 8 G called 

-1 

inverse of g such that g*g * o. 

G is an abelian group (commutative group) if the 
following axiom is also satisfied, 

(v) Commutativity for all g^© ® " ^2^1 * 
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When the operation is addition denoted by + ,G is an 
additive group , e is the zero of G denoted by 0 and inverse 
of g is -g. 

When the operation is multiplication denoted by • or 
with no symbol, G is a multiplicative group* Identity of G is 1 
and inverse of g e G is g” 1 . 

The number of elements in G is called the order of G and 
is denoted by |g|. If |g| is finite, G is called a finite 
group . 

A nonempty subset H of a group G is a subgroup of G if H 
itself forms a group. 

Let G be a group, G is cyclic if there exists an element 
g of G such that every element g,^ of G can be written in the 
form g n for some integer n. g is then called a generator of G. 

Lot g bo an element of group G. The subset of all ele~ 
raents g 11 is a subgroup of G which is cyclic. 

Let H « Jh Q ,h^, . .., h r-> ^} be any subgroup of order r of 
a commutative group G. A table of G modulo H is constructed by 
listing H as a first row placing h Q * 0 in the left most 
portion* Thus 

h o » h V h r-l 

form the first row of tho table. Then some element g^ G which 
is not in the first row is selected and a new row or a coset is 
formed by adding g^ to each h^ ; i » 0,1,..., r~l as follows s 
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h o h l * * • h r-l 

h o + «l h 1 +g 1 ... h r -l +g l 

h Q +gi is called the coset leader. A new element g 2 6 G not 
in the above two rows is then selected and the third coset 
is formed. The process is continued until each element of G 
is somewhere in the table. With this no word in tho table is 
duplicated. It can be shown that elements g^ and 9 j 6 G are 
in the same coset iff g^g^ G H. The cosets are also called as 
residue classes of G with respect to H, which has a group 
structure. 

Rinas i A set R with two binary operations is called a ring 
if for every pair of elements the following four axioms are 
satisfied. 

(i) R is additive abelian group 

(ii) Closure : for all r 1 ,r 2 G R,‘ rj^e R 

(iii) Associativity : for all r i» r 2 » r 3 ®^» 

r l^ r 2 r 3^ 88 ^ r l r 2^ r 3 

(iv) Distributivity : for all r 1 ,r 2 ,r 3 eR, 

r l^ r 2 +r 3^ ** r l r 2 +r l r 3 
and (r 2 +r 3 )rjL » r 2 r l +r 3 r l 

R is a commutative ring if tho following axiom is also 
satisfied. 
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(v) Commutativity : for all r^^fc R } ijTg = x 2 r 1 . 

A ring R is called a finite ring if the order of R is 
finite; otherwise, it is called an infinite ring. If R contains 
multiplicative identity 1 such that 9 r @ R, l.r = r.l = r, 
then R is called a ring with identity. 

If an element r 6 R has a multiplicative inverse we call r 
a unit in R. 

If r and s are nonzero elements of R and rs = 0, r and 
s are called proper divisors of zero. A unit in R cannot be a 
zero divisor. 

A commutative ring in which there are no zero divisors is 
called an integral domain or simply a domain* 

The set of integers, with the usual addition and multiplica- 
tion operations, constitutes an infinite commutative ring with 
identity. This ring is called the ring of integers and is 
denoted by Z. The set of all oven integers with the usual 
addition and multiplication constitutes an infinite commutative 
ring without identity. Both of these rings are also integral 
domains* 

An integral domain in which every nonzero element has a 
multiplicative inverse constitutes a field, 

thus, A set F with two binary operations is called a Field if F 
is a commutative ring with identity 1 such that for every aCF 


la ■ al 
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and every nonzero a g F has an inverse a"”^ such that 
a a” 1 = a -1 a = X . 

The nonzero elements in F constitute a cyclic group 
under multiplication. A finite integral domain is a field. 

Example 2.1.1 : (i) The set of all complex numbers with the 
usual rules of addition and multiplication of complex numbers 
constitute an infinite field. 

(ii) Set of all integers {0,1, . .., p-1} , p a prime with 
addition and multiplication operations defined such that the 
result is the remainder after division by p, constitutes a 
finite field of order p denoted by uF(p). (the operations are 
called modulo p operations). * 

Ideals in the ring R : A subset J of a ring R is called left 
(right) ideal iff (i) J is an additive subgroup of R; that is, 
Jl,j 2 6J implies and (ii) r ® R» j 6 J implies r j 6 J 

( jr e J) » Ideals which are both right and left are called two 
sided ideals. Since, we are interested in commutative rings 
these distinctions, namely, left, right and two sided are 
immaterial and all ideals are written as left ideals. 

Intersection of ideals (as sets) is again an ideal* If 
r l ,r 2* * * * ’ r n are el © men,ts of a rin 9 R > then we denote by 
^ r l ,r 2* r n^ ^e ^ n ‘t' ersec ’^ on ideals in R containing 

these elements. X x* r 2* r n are called the generators of 

the ideal. An ideal J generated by a single element r of R 
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is called a principal ideal and is denoted by <r>. We note 
that the ideal <1> generated by the multiplicative identity 1 
is the ring R itself. 

An ideal J in R which is neither <0> nor <1> is called a 
proper ideal in R. An ideal J is called a simple ideal if it 
is not <0> and does not contain a proper ideal. 

If every ideal in K is principal, then R is called a 
principal ideal ring. A principal ideal ring which is also an 
integral domain is called a principal ideal domain. Ring of 
Integers is an example of principal ideal domain* 

Residue class rings : 

Let R be a commutative ring and J one of its ideals. J is 
also a subgroup of R and cosets can be formed. The family of 
sets r+J, r g are the residue classes of R with respect to J. 
Two residue classes r+J and r’+J are same iff r-r' 6J. The 
residue classes form a ring called residue class ring , or 
quotient ring and is denoted by R/j. The addition and multi- 
plication in R/J are defined as follows : 

(r+J) + (s+J) * (r+s+J) 

( r+J ) • ( s+J ) * ( r s+J ) 

In the quotient ring R/J, rj, * r 2 modulo J implies (r^-r^e J. 
If J is a principal ideal J = <r>, then r 1 « r 2 modulo J is 
simply written as r^ = r 2 modulo r. 
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Example 2.1,2 : 

Consider the ring 2 of integers. 6 is an element of Z 
and <6> is the principal ideal generated by 6, 
i*o. <6> * {... -6, -12, 0, 6, 12, ... } . The residue 

classes of Z with respect to <6> are 

0+<6>, l+<6>, 2+<6>, 3+<6>, 4+<6>, 5+<6> . 

Denoting T * i+<6> the residue class ring Z 6 of integers 
modulo 6 is I (5,T,5,3,3,!5’} • For convenience we write the 
residue classes without bar over the elements. Thus, 

Z 6 = 10,1,2,3,4,5} . * 

t 2 

An element e p 1, in R such that e - e is called an 
idempotent element in R. If two idempotents e^ and e^. are 
such that e^.e^ * 0, then, they are said to be orthogonal. If e 
is an idempotent, then, (l~e) is also an idempotent because, 

( 1-e)^ « (l-2e+e^) 85 (l-e). Furthermore, since (l-e).e = 0, 
(1-e) and e are orthogonal. The orthogonal idempotents of R 
generate proper ideals* Consider ideals and generated 
by distinct orthogonal idempotents e^ and e^ respectively. The 
elements of and are multiples of e^^ and e^, respectively. 
Hence, if and r^ are elements from ideals and respecti- 
vely, (J^ ^ Jj), then by the property of orthogonal idempotents 
» 0. Thus elements from different ideals generated by 
orthogonal idempotents annihilate each other. For the sake of 
convenience the ideals generated by orthogonal idempotents are 
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called orthogonal ideals* 

In what follows we consider finite commutative rings 
with identity unless otherwise specified. 

Example 2.1.3 : 

Consider the residue class ring of integers, modulo 6, 

Z 6 “ CO, 1,2, 3, 4, 5} • In this ring, 3 and 4 are the orthogonal 
idempotonts because 3 * 3 modulo 6 and 4=4 modulo 6 , and 

3.4 = 12-0 modulo 6. The ideals J x = <3> = {0,3} ; and 
Jg “ <4> = 10,4,2} , generated by tho orthogonal idempotents 
3 and 4 constitute orthogonal ideals in Z^. The elements from 
JjL and J 2 annihilate each other. * 

An ideal J in R is called a prime ideal if JT <1> and 
p P 

r^r 2 C Implies r^6 J p or r 2 e j p . A ring with atmost one 
prime ideal is called a primary ring. In the ring Z of inte- 
gers, the ideals <2>, <3>, <5>, ... generated by prime integers 
2,3,5 ... are prime ideals. Since Z has more than one prime 
ideal, it is not a primary ring. On the otherhand consider the 
residue class ring of integers modulo 5 i.e., Z 5 = {0,1, 2, 3, 4} . 
Zg does not have any proper ideal in it. Hence, by definition 
it is a primary ring. Since all the nonzero elements in Zg have 
multiplicative inverse and multiplication is commutative, Z 5 is- 
a finite field of order 5. 
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An ideal J m in R is maximal if J m j4 <1> and there is no 
ideal J such that J m c Jc<l>. A maximal ideal is prime but 
not conversely in general. In the ring Zg * £0, 1,2, 3, 4, 5, 6, 7 } 

the ideals are <2> * £0,2,4, 6} ; <4> = £0,4} . Note that 7 
<2> £ <1>. Further ; ,<2> consists of all the zero divisors in 
Zg and <2> is not contained in any other proper ideal in Zg. 
Honco,<2> is a unique maximal ideal. 

A ring with a unique maximal ideal is called a local 
ring; this unique maximal ideal consists of all non-unit 
oloments of the ring. The ring Zg is therefore a local ring. 

A ring with finite number of maximal ideals is called a 
semilocal ring. In the residue class ring Z^ 2 of integers 
modulo 12, the ideals are <2> , <3>, <4> and <6>. It can be 
seen that <2> * £0,2,4,6,8,10} and <3> * £0,3,6,95 are the 
two maximal ideals. Hence, Z 12 is a semilocal ring. 

Let J be an ideal in R, The set of all elements r of R 
such that some positive power of r is in J is called the 
radical of J, denoted by rad J. If R is considered as an 
ideal, then its radical is the ring itself. 

An element r such that r n « 0 for some positive integer 
n, is called a nilpotent element. The set J N of all nilpotent 
elements in a ring R is an ideal; this ideal is called the nil- 
radical of R. Jj ? is the intersection of all the prime ideals of 
R» In the residue class ring Z^ 2 of integers modulo 12, the 
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prime ideals are <2> and <3>. The intersection of these prime 
ideals, viz,, {0,6} is the nilradical of Z 12 . 

A semilocal ring whose nilradical is <0> is called a 
semisimple ring. In Z^, the prime ideals are <2> = {0,2,4} and 
<3> = {0,33 • The nilradical of is the intersection of 
these prime ideals, i.e., = <0>. Z^ is therefore a semi- 

simple ring. 

A ring R is called a simple ring iff, it has no proper 
ideals. The only ideals in simple ring R are <0> and <1>. 

Tho foregoing terms on rings and ideals are further illus- 
trated below in terms of the general residue class ring Z m of 
integers modulo an arbitrary integer m. 

Residue class ring Z^ of integers modulo m with addition 
and multiplication modulo m constitutes a finite commutative 
ring with identity. The order of this ring is m. 

Z m ■ {0,1,2, ... m-1} 

An element r e Z m » represents a class of integers of the form 
jj®* 1 where j is any positive integer. 

(i) For m ■ pi a prime integer, Zp does not have a proper 
ideal. Hence, by definition ^ is a primary ring as well as a 
simple ring. Further, since all the non-zero elements of Zp 
have myltiplicative inverse, it is a finite field of order p. 
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(ii) For m » p n ; power of a prime integer, Z „ - {0,1, . .., p n -l} 

n P 

is a finite commutative ring of order m - p with identity* Any 
multiple of p is a zero divisor and is a nilpotent element. All 
the factors of p n generate ideals which are contained in <p>. 
Hence ^<p> is the unique maximal ideal which contains all the 
zero divisors in Z m , and consequently,^, is a local ring. <p> 

p 

is also a unique prime ideal in Zp n . Hence by definition is 
also a primary ring. 

/ * • v h . 

(iii) For m * p^ A pg p y , product of powers of distinct 

0 

prime integers, z . - . * Z *{0,1 , ..., m-1) is a 

d h h _ hr) m 

^1 1 Po 2* ■ • 

finite commutative ring with identity. Each prime integer 
p^, i « 1,2, generatesa maximal ideal. Hence by 

definition is a semilocal ring. Elements of Z m which con- 
tain p. as factors are nilpotent elements in Z m . 
i=l 1 m 


(iv) For m * pjp 2 , 

Zp l p 2 *«* Py * Z ® 

ring with identity. 


...» p y t product of distinct prime integers, 
= {0,1, (m-1) 3 is a finite commutative 

Each prime integer p^^ generatesa maximal 


ideal (which is also prime ideal). Hence, by definition is a 


somilocal ring. Since m is a product of prime integers this 


ring has additional property. Consider an element r e 2^. Any 
power of r is not a multiple of m and hence not zero module m. 
Thus, there is no nonzero nilpotent clement in 2^. Hence, Zju is 
semisimple. 
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Ring Homomorphisms 

Lot R and S be two rings and lot 

0 s R be a mapping which 

satisfies 0(a+b) * 0(a) © 0(b) 

0(a b) » 0(a) * 0(b) . 

where a,b 6R and + , o, operations in R and (+) , * operations in 
S. Then 0 is a ring homomorphism. If 0 is injective (one to 
one) it is called ring monomorphism, sometimes also called as 
embedding of R into S. If 0 is surjective (onto) it is called 
ring opimoiphism. If 0 is bijective (one to one and onto) it is 
called a ring isomorphism and R and S are called isomorphic 
rings. 

The set £r e R i 0(r) ■ 0} is called Kernel of 0 and is 
denoted by Ker0. Ker0 is an ideal in R. The residue class 
ring. R/Ker0 is isomorphic to image of 0, that is, 0(R). If 
Ker0 ■ 0, then 0 is one to one. If R « S^a homomorphism 
(isomorphism) 

0 8 R — ►S 

is called an endomorphism (automorphism). 

Bto, ;.o£ 

Let R^fR*}* •»*» Ry 


be a finite collection of rings and R 
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the Cartesian product (set of all ordered v-tuples with 
one element each from R^'s) of R^’s. Then with component- 
wise addition and multiplication of elements from R, that is / 

•••» ^y ) ( Sp • • • > Sy ) — ( • ••, r^+S^ , • • • , Ty+Sy ) 

( ••• 33y )»(s^ Sy ) * ®y ) 

whore the operations on the right hand side are understood 
to be operations in the respective rings, R becomes a ring 
with (Cjpp > ... 0) as the additive identity and (-r^, -r2»*,»-r J> ) 
as the additive inverse of (r^rg, ...» r y ). 

The coordinate projections, 

! ( r l> •••> r i ••• r y ) — & are ring opimorphisms from 

R into R^ 

The above ring R is called the external direct sum of the 
rings R-^Rg, Ry and is denoted by 

R * R^ Rg (+) • • • R y 

For each i * 1,2, let J i be the set of all ele- 
ments (00 ••• 0 ... 0) of R that is the set of all ^-tuples 

having zero entries except possibly in tho ith place. Each 
is an ideal in R, Furthermore, in J^,the element * 

(00 ••• 1 mi 00) ; 1 in ith position, is an idempotent since 

( 00 mi 1 • . • 00 ) ( 00 mi 1 • • • 00 ) a ( 00 ... 1 ... 0) 
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and “0 i ^ j . Hence e^ , i = 1,2 , ...v are 

orthogonal idempotents, and ; i =1,2, ... v are such that 
elements from different ideals and Jj i £ j, mutually 

annihilate* Thus J^Jg, •••» are a set of orthogonal 

ideals. The coordinate projection 0^ restricted to J i induces 
an isomorphism between J i and R^. 

The ideals » •«*» J y have the following properties 

i) fcince £ J 4 consists of all elements of R whoso ith 
}#• J 

component is zero; J i 0 £ J. = <0> and (ii) ft ■ J 1 +J 2 +* • 

1 j j^i J x .c. 

Then R is said to be the internal direct sum of the ideals 
and is written as R = • 

The external direct sum may be thought of as a way of 
building up more complicated rings from given ones and the 
internal direct sum as a way of breaking a given ring into 
simpler components* When R is the internal direct sum of its 
ideals J^Jji ***» having the above mentioned two proper- 

ties every element r 6 ft has a unique representation in the 
form 

r ■ r^+r 2 + ••• r y with r^ 8 • 
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Example 2.1.4 

Consider simple rings Z 2 = {0,1} , Z 3 *£0,1,2} 

The external direct sum Z' * Z 2 (J) Z 3 * C (00) , (10), (01), 
(11), (02), (12)} with oointwise addition and multiplication 
modulo 2 and 3 respectively constitute a ring. The ideals in 
Z’ are 

JJl * 1(00), (10)} 

* {( 00 ), ( 01 ), ( 02 )} . 

We note that^J^ rt J 2 * 0 and Z* * Jj. + ^2 (internal direct 
sum of ideals and J£) also J ' x ~ Z 2 and ~ Z 3 . 

Example 2.1.5 

Consider semisimple ring Z 6 * £0,1,2, 3,4,5} 

We show that 0Z 3 «Z' .The one-to-one correspondence 

between the elements of Z^ and Z' are obtained by the 
following mapping 

rg Z 6 * (r^ « r modulo 2, r 2 * r modulo 3) 6 Z 1 , 

The orthogonal idempotents in Z 6 are 3 and 4. Given 

(ri,r 2 ) 6Z* the corresponding element r in Z 6 is obtained using 

the Chinese remainder theorem (Appendix g ) 


e 


r * 3r A +4r2 modulo 6 
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The one-to-one correspondence between the elements of and 
Z* is given below. 


0 * (O f O) ? 1 * (1,1), 2 * (0,2) ? 3 £ (1,0)? 

4 t (0,1); 5 «? (1,2) 

Z 6 has two simple ideals J x * {0,3} ~ Zg and J 2 = {0,2,4} "Zg 

Furthermore J^f\ J 2 88 and ^ * ^1 + ^ 2 * Is ^ n ^ erna ^ 
direct sum of simple ideals. Also Z 6 is isomorphic to the 
external direct sum of simple rings and Z 3 that is 

Z 6* % © Z 3* These are general properties of semisimple 
rings, in addition to their nilradical being zero* ^ 

In general when m is a product of relatively prime inte- 
gers «v we have 2^ ~ ^ © Z„ © *••© V, ' 

Vifhen m^,n» 2 , #•♦, m^, are distinct prime integers Z^ are simple 

1 88 1,2, v and the external direct sum is then isomorphic 

to semisimple Z m * 

Vector ' 


Let V be an abelian group and F a field. Then V is 
called a .vector space over F if the following postulates are 
satisfied. 


1, Closure ; for all pe F and vev, py is defined and is in V 

2, Associativity for all p,? in F and v in V (py )v=p(r v) 


e# 
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3. Distributivity : for all p,y in F and u,v in V 

P(u+v) * pu + pv and 
(p+y)v * pv + rv 

i 

4* Identity : for all v in V lv « v. 

Elements of V are called vectors and elements of F are 
called scalars* 

Modules 

Module is a generalisation of the notion of a vector 
space; the field F is replaced by a ring R and is denoted by 
R-module. A ring R is an R module over itself? with the scalar 
product defined as the ring product. We are interested only 
in commutative rings in which case there is no distinction bet- 
ween left and right R modules. 

A map 0 : S + S* between R modules S and S* is an R~ 
module homomorphism iff 

0(s+$* ) « 0(s) + 0(s* ) s,s'eS 

0(P s) * P0($) s6S; p6R 

An R-module S is said to be finitely generated iff every ele- 
ment of s can be represented as s * Z r. (s) s. 

i=l 1 1 


s- e s 


^(a) e& ; 
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the r,j.(s) are not necessarily unique. If they are unique 
for all s ,then we call S a free module and the set 
i$i» $ 2 * ...» s k J is a basis for S. k is called the rank 
of the module. 

m 

In a free module, 2 r, (s) s, ■ 0 implies r. (s) * 0. 

i-1 1 x x 

A submodule of an R-module S is a subgroup of S such 
that r e R and s^e implies rs i es jL , 

Examo l e 2.1 .6 

The set of all K-tuples over R is an R-module of 

rank K, with a basis s^tS 2 * ...» s k where s i = (00 •• 01 0 , .00) 

with 1 in the ith position. * 

Algebras : A linear algebra over a field F is a set S which 
is both a ring and a vector space over F in such a manner 
that the additive group structure are the same and the axiom 
P(sjS 2 ) * (ps^Sg ® s i(P s 2^ satisfied for all s^.SgSS and 
0 6F. 

2.2 RINGS OF POLYNOMIALS OVER GF(p) 

Consider expressions of the form f(x) = f 0 + fj, x+ * • »f n * n 

where f^ eGF(p), such that all but finite number of f^ are zeros. 
Let S denote the set of all such expressions. The elements of 

S are called polynomials in indeterminate or variable x. If 

f(x) is a nonzero polynomial and if n is the greatest integer 
such that f 0 } n > 0 then n is called the degree of f(x) 
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and f 0 » f ^ are called the coefficients of f(x). f n 
is called the leading coefficient of f(x)* If f * 1 the 
polynomial f(x) is called monic. We note that> 

i) S is an additive abelian group; f(x), g(x) e 

n' t 

f(x)+g(x) » £ (fj+SfiJx* ; where n' is the maximum of 

i=o 1 1 

the degree of f(x) and g(x), and the addition of coeffi- 
cients f^ and g^ is modulo p, 0 polynomial constitutes 
the additive identity* 

ii) S is closed under multiplication; f(x), g(x) 6 S, 

f(x)»g(x) * h(x) * £ huX^CS; where 

k K 

h^ ** £ ^ 83 *•• 

i+ j=k J 

iii) Multiplication is associative : 

for all f(x), g(x), h(x) 6S, f(x) (g(x)h(x)) 

» (f(x)g(x) h(x) 

iv) Multiplication is distributive over addition 
for all f ( x ) $ g(x), h(x) e S, .f (x) (g(x)+h(x)) 

* f(x) g(x) + f(x) h(x) 




and (g(x)+h(x))f(x) * g(x) f(x)+h(x)f(x) 
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Further f(x) g(x) » g(x) f(x) and 1 is the multiplicative 
identity such that l.f(x) = f(x). 1 = f(x). 

Thus S satisfies the axioms of a commutative ring with 
identity. The ring S is denoted by GF(p)[x] and is referred 
to as polynomial ring in variable x over GF(p). GF(p)[x] is a 
principal ideal ring. 

t 

Likewise the set of all polynomials f ( x r ^ 1 » x r „2* 

Xi,x o ) over GF(p) in r variables x r _p * t - 2 ' x l ,x o con *" 

stitutes a commutative ring with identity, denoted by GF(p) 

GF(p)C x r- .,3 > * x r- .2 > x l» x o^ # Howev © r » for * 1 2, this is not 

a principal ideal ring. 

2.2.1 Residue Class Ring of Polynomials over GF(p) in 
One Variable 

Let V\l(x) 6 GF(p)[x] bs of degree n. Then the set of all 
multiples of W(x) constitutes a principal ideal in GF(p)[x], 

Vie denote this ideal by <W(x)>. The residue classes of poly- 
nomials modulo W(x), denoted by , is a finite commuta- 

tive ring of order p n , and with identity. For convenience we 
denote this ring by P£[W(a)3> wh^te a 1 represents the residue 

r 

class containing x* ,i.e., x i +<W(x)>; W(a) is called the modulus 
polynomial. 

The ring P?[W(a)3 is not necessarily a domain. It may 

r 

have divisors of zero which are polynomials that have a factor 
in common with the polynomial W(a). The units in Pp[W(a)3 are 
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polynomials that are relatively prime to v/(a). Every nonzero 
element of the ring Pp[W(a)] is cither a unit or a zero divisor. 

If W(a) is irreducible over GF(p) , then P?J[W(a)] is a 

r 

finite field called Galois field of order p n , which is denoted 
by GF(p n ) . 

The set of all polynomials in P n [W(a)] constitutes a 

P 

vector space over GF(p). The set £l,a, . .., a 0 ” 1 } is a basis 
of this vector space. Hence Pp[W(a)3 is also a commutative 
algebra over GF(p). It is called the polynomial algebra gene- 
rated by W(a) [75]# 

Example 2*2.1 

Consider PgCa^+a^+a+l] with {1, a, a 2 } as a basis.The set 
of all polynomials of degree less than 3 with arithmetic 
modulo 2 and modulo (a 3 +a 2 +a+l) denoted by modulo, [2,a 3 +a 2 +a+l] 
constitutes P^t® +a +a+l]. # 

Depending on the prime factorisation of W(a), P»[W(a)J may 
be classified into four categories : 

(i) if V/(a) is an irreducible polynomial over GF(p), then 
Pj}[W(a)] does not have proper ideals. Hence P£[w(a)], by defi- 

r r 

nition is a simple ring or primary ring. In particular Pj?[W(a)] 

r 

is GF(p n ). 

(ii) if W(a) is a power of an irreducible polynomial W^(a), 
where W^a) is irreducible, then ideal generated by W^a) is 
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the maximal ideal in P£[W(a)]. Henc$ Pp[W(a)] is a local 
ring. Pp[v\l(a)] has only one prime ideal <W^( a) >, hence is 
also a primary ring, 

(iii) if W(a) is a product of irreducible polynomials ,i.e*, 

y 

W(a) « it Wj(a) ; WA a) irreducible over GF(p). Then, 
n i = l 

Pp[W(a)] has finite number of maximal ideals namely 
<W^(a)>, <W2(a)>, <W a /a)>, Hence, it is a semilocal ring. 

In this ring any nonzero element r(a) is not a multiple of 
Vf(a) and hence any power of r(a) modulo W(a) is not zero. 
Therefore, zero is the only nilpotent element in this ring. 

The nilradical of p£[W(a)] is thus <0>. Hence, p£[W(a)] is a 
semisimple ring. 

* 

(iv) If W( a) is a product of powers of irreducible polyno- 

v h. 

mials *V( a) * it W x (a) W- (a) ; i » 1, ... , v irreducible 

i=l 1 1 

over GF(p). Pp[w(a)] has finite number of maximal ideals 

generated by W^(a)» i = 1,2, ...,v Hence is a semilocal 

v 

ring. Elements in this ring which are multiples of it V\L(a) 

« » X 

1=1 

are nilpotent elements 

The above classification of Pj?[W(a)] based on prime 

r 

factorisation of W(a) is summarised in Table 2.2.1. 

2 . 2.2 

* 

i) p|ta 2 +a+l] £ GF(2 2 ), 



Table 2,2.1 Classification of P n [V/(a)] 


CD 


I 
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— ■ r I Wt r. 

*»./*. .fi9lG2 ' 


(ii) PgCa^fl] is a semisimple ring. The only nilpotent 

element is zero. This is also a semilocal ring; 

2 

<a+l> and <a +a+l> are the maximal ideals. 

(iii) P^La^+l] is a semilocal ring; <a+l>, <a^+a+l> are the 
maximal ideals. 

(iv) P^ta^+a^+l] is a local ring, <a 2 +a+l> is the only 

maximal ideal, 
n 

(v) Pjj[a p +1], n any integer, is a local ring <a+l> is the 
only maximal ideal. 

« v h i * 

Given a ring P*:[W( a)], where W(a) = re W^ 1 (a), VV. (a) 

p i=l 1 1 

irreducible over GF(p), we find the number of proper ideals 

in Pp[W(a)]. This result is used in determining the minimum 

numbe*r of state cycles in the enumeration of state cycles 

discussed in Section 4.2. 


Theorem 2.2.1 

The number of proper ideals h in p£[W(a)] as defined 
above is given by 

h = [ % (h.+l)]-2 

i-1 1 


Proof 

In the ring PjJ[W( a)], the generators of the ideals are all 

r 

the proper divisor of W(a). Hence*the number of proper ideals 

in P n [W(a)] is equal to the number of proper divisors of W(a); 
P 

that is divisors of W(a) excluding 1 and W(a). 
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We have W(a) - W^a) Wg 2 (a) ... Wy V (a) 

A typical divisor g(a) of W(a) may have the following form 
v 

g(a) « n Wa*(a) whore 
i*l 1 

0 S. i.e. ^ can take (hj+1) values 

0 S. $2 ~ h 2 i#e * 32 can talce ( h 2 +1 ) values 

• • • • • • * • 4 

0 1 j v < i*e« j y can take (h v -fl) values* 

v 

The number of such divisors = % (h-+l) 

i=l, 1 

For ■ 0 i * 1,2, ...,v the divisor g(a) * 1 

For « h x i * 1,2, ...,v the divisor g(a) - W(a) . 

v 

Hence the number of proper divisors of W(a) is h ■ [ % (h.+l)-2] 

' i=l 1 

which is equal to the number of ideals in P]?[W(a)]. 

*■ 

Example 2.2.3 

Consider P^Ca 6 *!] (a 6 +l) » (a+1) 2 (a 2 +a+l) 2 

' in 

Here h^ ■ 2, h^ = 2. Hence^ number of ideals^PgCa^+l] is 

(2+1) 2 - 2 * 7. They are <a+l>, <(a 2 +a+l)>, <(a+l) 2 >, 

<(a 2 +a+l) 2 >, <(a+l)(a 2 +a+l)>, <(a+l) 2 (a 2 +a+l>, <(a+l)(a 2 +a+l) 2 >. 

* 

Corollary 2.2. 1 

Number of ideals in a local ring P^[W(a)3 ? where W(a) - 

hi 

(a), and W^Ca) is an irreducible polynomial, is given by 

(hj-1) • 
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Proof 


From the Theorem 2.2,1, number of ideals in this 
case = (h x +l)-2 = (h^-1). The ideals are 


h, -1 




1 (a)>, <W^(a)>, ...» <W X X ( a) > . 


Co rollary 2.2.2 

Number of ideals in a semisimple ring Pp[W(a)3, 
v 

where W(a) » ic W. (a) and W, (a) is irreducible over GF(p), 

j_ = l 1 1 

i * 1,2, is given by (2-2). 


Proof 

i. ' 

Using the result of the Theorem, y(we have for h x = 1, Vi, 
the number of ideals in Pp[W(a)3 is equal to 

[ n (h,+l)]-2 = (2* -2) . 

1=1 

Example 2.2.4 

Consider the ring p|[a 3 +l]* (a 3 +l) 88 (a+l)(a 2 +a+l), 

hj, ■ 1, hg * 1* Number of ideals in this ring is (2^-2) - 2. 

o 

They are <a+l> and <a +a+l>. 

* 

2.2*2 Tensor Product of Rings of Residue Class Polynomials 
Over GF(p) in One Variable 

Consider the finite field GF(p). Over this field let 
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n l nj-1 

W l< a l> 555 a x + w l,n 1 -l a l + ••• +w l,l a l' +w l,0 and 
n Q n -1 

W o< a o> * a 0 +w o,n 0 -l a 0 ° + ••• + w o,l a o +w q,o be two P ol y“* 

nomials in variable a^ and a Q respectively* The residue class 

n ir n 

polynomial rings P p Cw 1 (a 1 )] and p ' °[W 0 (a 0 )] considered as 
algebras, generated by W^(a^) and W Q (a 0 ) respectively, have the 
following set of monomials as their basis 


o n,~l i. n. 

u a » a l ,a l»'" a l a i c P p CWi( a i)] ; i 1 ~l,2, » • • , n^-l 

( 2 . 2 . 1 ) 


«1, ,a 0 ,a| "° -1 , • a o° e *>„<•<,»» — "o’ 1 

0 (2.2.2) 

n i 

where 1 and 1 & are the identity elements in P p l w i( a^)] and 
Pp°[W 0 (a 0 )3 respectively. 

Consider the following lexicographically ordered set of 
direct product of basis elements given by (2.2.1) and (2.2.2) 


•\®v *.?%•*. \®*°° 


n -i 


a l ©*a * a l© a o* a l© a < 


ij.® a 


n Q -l 


n.-l; n -1 


i? 1 ” 1 ® 1 a 0 ' a ! 


n — 1 0 “l * * M 

n r 1 <^a 0 , a 1 1 © V* # a l © a 0 } 


( 2 . 2 . 3 ) 
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This set of n^n 0 direct product terms is a linearly independent 
set and hence can be regarded as a basis of a vector space of 
dimension n^n Q over GF(p). Let the operation of multiplication, 
denoted by o, between two elements from the set (2.2.3) be 
defined as follows. 






) o (a, 







o 


We note here that,multiplication is commutative as the multipli- 
cation operation in the two rings are commutative. Further, the 
multiplication is distributive over addition. Thus, 



* (a 


i l +k l 
1 l ® 


i_+k. 

a 0 °) 

o 7 


, Ji+ki 

+ (ajL 0 


a 


V k o, 


where powers of a-^ and a 0 are reduced to modulo W^(a^) and 
W ( • ) respectively* With the multiplication operation defined 
by (2.2.4) the set of linear combinations of elements from the 
set(2. 2*3) becomes a commutative algebra, called the tensor pro- 
duct of polynomial algebras [61,69], generated by W^a^) and 

n, 

W Q (a 0 ) over GF(p). We denote this algebra by p p L^x^ a l^ 

P %W 0 (ao)] alternatively by Q i p p^ w i^ a i^( * SincG 
p i^o,! (.. H ) 
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we use only the ring property of the tensor product polynomial 
algebra , we call it tensor product residue class polynomial 


ring in variables a^ and a Q . Tensor product of r residue 

n. 

class polynomial rings P n [W.(a.)j ; i *0,1,2, r-1, is 

p 1 1 T r n. 

defined analogously and is denoted by ^ 

■K Cw i (a l )] 

1 *0 , • . , r-I^ 



it is the algebra generated by a basis which is the direct 
product of bases of the r individual rings. Tho multiplica- 
tion of elements is carried out as defined by (2.2.4) where 
powers of are reduced to modulo [p; W^a^J, i - 0,1, , . .,r-l. 
For the sake of convenience, henceforth we suppress i * 0,1, ..r-1 

in the notation and the tensor product of r residue class poly- 

T n. 

nomial rings is simply written as @ P p [ w i( a i>] « 


It can be shown that^the tensor product of r residue class 
polynomial rings generated by a r „i ) * ••• and w 0 (a Q ) is 

isomorphic to a residue class polynomial ring of r-variables 

a r-l» a r~2* a l» a o» where addition and multiplication 

operations are carried out modulo [p; » • ••> ^ 0 ^ a o^ # 

For the sake of convenience , in what follows we do not make a 
distinction between the above mentioned isomorphic rings and 
treat the residue class polynomial ring in more than one varia- 
ble as appropriate tensor product of residue class polynomial 
rings. As a consequence, the direct product notation 0 is 
dropped. Thus* for example, in the tensor product the direct 

product of identity elements 1_ 0 1_ is written simply as 1 

a l a 0 



n 0 -l 

3nd th© monomials 1 , a^ , • • . , 3 q , • • * , , a ^ a ^ , « • • , 
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n -1 n,-l n^— 1 n.—l 

a l a o ’ •••» a i a o* a i a 0 are treated as basis 

elements; however the order in which they are written is main- 
tained. 

We note that, when = n Q = 1, the basis has single ele- 
ment 1, the linear combination of which over GF(p) gives GF(p) 
itself* 

In general consider a tensor product of r residue class 
polynomial rings given below. 

Pp* H^r-l^r-l^CIs) Pp 1 ^ w r-2^ a r-2^ •** ® ^p ^o^ a o^ 

From the direct product of bases it is seen that, if 
n r~l * n r-2 “ ■ 1» then this ring is isomorphic to 

n 

Pp [W 0 (a 0 )3» Thus, residue class polynomial rings in one 
variable can be regarded as a special case of tensor product of 
polynomial rings* The tensor product of residue class polynomial 
rings then become a general class of residue class polynomial 
rings. In the specific case when n i = 1 for all i ■ 0, ...,r-l, 
the tensor product of residue class polynomial ring is isomor- 
phic to GF(p). 

Example 2.2.5 


Consider the tensor product of residue class polynomial 
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rings and PgCaQ+Sg+l] denoted by 

T 

P|[ai+1] ® p|CaQ+a Q +l]. A basis of p|[aQ+a 0 +l3 is fl,a 0 j . 

A basis of p|[(a^+l)] is {l^} . Basis of 
T 

P 2 [a x +l] ® p |t a o +a o +1 ^ is {1 » a o» a l' a l a o 3 ; the set of a11 

linear combinations over GF(2) of these elements constitute the 

T 

ring p 2 £ a x + ^3 ® P 2^ a o +a o + ^* The Edition operation is 
modulo 2 addition and multiplication operation is modulo 

[2; (a^+1), (aQ+a 0 +l)]. 

For example consider two elements (l+a 1 a Q ) and (l+a o 4-a 1 a 0 ) 
in this ring. Their addition is 

( l+aj L a 0 ) + ( l+a 0 +aja Q ) ■ a Q ; multiplication is 

(l+a 1 a 0 )(l+a 0 +a 1 a 0 ) - (1+a^+a^^ + a 1 a Q + aj^ + a^a^ ) modulo 

[2 , a^+1 £ + a 0 +l] 

* l+a 0 +a 1 (a 0 +l)+(a 0 +l) 

" a l +a l a o * 

* 

2.3 ISOMORPHISMS IN RESIDUE CLASS RINGS OF POLYNOMIALS 

In this section we present conditions under which residue 
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class polynomial rings over GF(p) are isomorphic to each other. 
Specifically the conditions for the following classes of rings 
to be isomorphic have been obtained 1 : i) local rings ,(ii) tensor 
product of primary rings and (iii) tensor product of polynomial 
ring and residue class polynomial ring in one variable. Condi- 
tions for the semisimple and semilocal rings to be isomorphic 
are considered in the next section. 

To begin with we obtain a condition for two residue 
class polynomial rings (considered as algebras) to be isomor- 
phic to each other. The result is given for the single variable 
case. Similar result holds good for the tensor product of re- 
sidue class polynomial rings. 

Theorem 2.3»1 

Consider two residue class polynomial rings Pp[W(a)3 and 
P!CW f (b)] with their bases £l,a, ..., a 11 "" 1 } and {l,b,...,b n "S 

r 

respectively. Let there be a one-to-one mapping 

tfsa 1 - g^b) modulo W'(b) ? i - 0,1, ...» n-1, degree g(b)^n-l 

between the basis of Pp[W(a)] and a set of elements 
{l,g(b) , ...» g n,ml M} of p£[W'(b)] such that the set 
{l,g(b), ...» g n ~ 1 (b)} is linearly independent in p£[W’(b)]. 

If the mapping 0 further satisfies the following properties s 

^(aa^'+Pa'h - (ag i (b)+pg^(b) ) modulo W’(b); a,p 6 GF(p) 

0: a^.a^ modulo W(a) •* g i (b).g^(b) modulo W* (b) (2.3.1) 
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then , 0 is an isomorphism between P£[W(a)] and P£[tf'(b)] . 
Proof ; 


The order of the two rings are same and is equal to p n . 
Hence, to show that 0 is an isomorphism between p£[W(a)] and 

Pp[W'(b)], we have to show that 0 preserves the ring operations 
and Ker0 = 0, 

Let 


r l^ * ^ r ii ai » r ii® G F(P) and r 2 (a) = £ r^a 1 , 

r 2i ® GF(p) 

be two elements of Pjj[W(a)]. Under the mapping 0 let 
0(r 1 (a))» 0( 2 rii® 1 ) = 2 r li g 1 (b) modulo [pjW (b)] 4 r^b) 


and 


( 2 e 3 *2) 


n~l t n "*X 

^(r 2 (a)} m 0( £ I‘ 2i a 1 ) = £ r 2i g i (b) modulo[p;W (b) ] Ar£(b) . 


Then 




: 2 (a)) 


n-1 . n— 1 . 

0( £ r. a 1 + £ r^.a 1 ) = 

i=0 11 i=0 2l 

n-1 . n-1 

iSo ^ (b) + ,L r 2i 9l(b; 


ij r li +r 21 )al 


" rj^b) + r£(b) 


( 2 . 3 .?; 
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Likewise* 
(^(r^Ca) *r 2 ( a) ) 


, n«l . n-1 . n-1 n-1 . . 

0( 2 r.-a 1 2 r 9 .a J ) « £ 2 r, - r oi 0( a x a J ) 

1*0 1 j =0 i =0 j =0 11 ^ 


n-1 n-1 . . n-1 . 

s 2 2 r u r 2i (g x (b).g J (b)) = 2 r,. g x (b). 

1=0 j =0 J i =0 A1 


n-1 


* 2 r oi g^(b) modulo[p$ W’(b)] 
j=0 * J 


= r^( b) * r£(b) . 


(2.3.4) 


Thus,0 preserves ring operations. 

Since the set U,g(b)> ...» g n-,1 (b)} modulo [p;W’(b)] is 

n-1 

linearly independent in P"[W'(b)], 2 r,, g x (b) =0 implies 

p i*0 11 

r li * 1 “ 0>1» •••» n-1. Hence only 0 6 Pp[W(a)] is mapped 

to oep£[W'(b)] that is Ker0 * 0. 

Thus»0: Pp[W(a)] **Pp[W'(b)] is an isomorphism. (2.3.5) 

For the case when W(a) and W'(b) are distinct irreducible 
polynomials of degree n, P£[W(a)] and Pp[W'(b)) are isomorphic 
finite fields of order p n as given in [18]. * 

Ixgjm B ,3.e,2.3.1 

Consider finite fields generated by W(a) = a^+a+1 and 
W'(b) * b^+b^+l over GF(2). The set,Cl,a f a^} constitutes a 
basis of Pj?[v/(a)] and {l,b,b 2 } constitutes a basis of Pj?[W'(b)]. 

r r 

Let 0: a “* (1+b) * g(b) be a one-to-one mapping between basis 
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of Pq C W( a) ] and set of elements of P£[W’(b)3. We note that 

H It 

o 

fl,l+b, 1+b } constitutes a linearly independent set in 
Pq[W* ( b)], and hence constitutes another basis. Further, 0 

r 

satisfies the following conditions. 

0: (aa^+fJa^) modulo [2; W(a)] ** (ag i (b)+|3g^(b) ) 

modulo [2$ W’(b)] 

and 0: a-^.a^ modulo [2? W(a)] •+ g^(b).g^(b) modulo[2;W (b)]. 

Therefore from Theorem 2.3.1 0: a •* (1+b) is an isomorphism 
between Pp[W(a)] and Pp[W* (b)] both of which are finite 
fields of order 2 3 . 

The correspondence between the elements is given below. 
a 3 - (1+a) St b; a 4 - (a+a 2 ) a b+b 2 = b^; 

a 5 = (1+a+a 2 ) * (1+b+b 2 ) •= b A ; a 6 == 1+a 2 * b 2 ; 

a 7 = l: b 7 = 1. 

* 

We now state and prove the converse of Theorem 2.3.1. 
Theorem 2.3.2 

Consider two isomorphic residue class polynomial rings 
p£[W(a)] andP£[W«(b)] with Cl, a, ...» a^ 1 } and {l,b, . . . ,b n ~ 1 j 

r r 

respectively, as their basis. If the isomorphism 0 between 
these two rings is given by 

0: a 3, -* g^Cb) modulo [pj W'(b)]} i -0,1, n-1 • (2.3.6) 
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where g(b) e P^CW'Cb)], then the set £l,g(b), . .., 

r 

g n ~l(b) j modulo [p; W'(b)] is linearly independent and hence 
constitutes another basis of p£[W*(b)]. 

Proof 

n-1 . 

Let r( a) * 2 r.a 1 ; r. 6 GF(p) (2.3.7) 

i=0 . 1 1 

be an element of Pjj[W(a)]. Under the isomorphism 0, we have 

r 

n-l • N 

0: (r(a)) ■* 2 rag x (b) modulo [pj W'(b)]. (2.3.8) 

iO 1 

Further, r( a) ■ 0 iff r. * 0, 

Since 0 is an isomorphism Ker0 = 0. Hence ^only OePp[W(a)] 
is mapped to d 6 PjJ[W'(b)]. Thus, 
n-1 j 

2 r.g 1 (b) modulo [p; W'(b)] = 0 iff r . - 0 (2.3.9) 

i=0 1 1 

Hence £1, g(b), ...» g n “ 1 (b) } modulo [p; W (b)] is a 

linearly independent set. 

* 

2.3.1 Isomorphisms in Local Pp[W(a)] 

We now use the foregoing theorems in conjunction with the 
result that finite fields generated by the irreducible poly- 
nomials of same degree are isomorphic to each other, to obtain 
the conditions for the local rings to be isomorphic to each 


other. 
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Lemma 2.3.1 

If jj[) is an isomorphism between two finite fields Pp[W(a)] 
and Pp[W'(b)] of order p n generated by nth degree distinct 
irreducible polynomials W(a) and W 1 (b) respectively, then the 
local rings P^ n [W^(a)] and P^EW’^b)] of order p 110 generated 

r r 

by Vi^(a) and W ,h (b) respectively are also isomorphic with 0 as 
the isomorphism between them. 

Proof 

The lemma is proved using the result of Theorem 2.3.2. 

For h - 1 we have P|}[W(a)3 2 P"[W» (b)J. While, Cl, a, ...» a 11 " 1 } 

r r 

is a basis of Pp[w(a)3, Cl,b, ..., b n-1 } is a basis of 
P”[W'(b)]. If 0 denotes the isomorphism 0 : a 1 -* g x (b) modulo 

r 

[p$ W'(b)], i « 0,1,2, ...,n-l between P^[W(a)] and pjjEw 1 (b)] , 

then by Theorem 2.3.2 the set £l,g(b) g n “ 1 (b) } modulo 

[p; W' (b)], is linearly independent. 

Consider the following set of hn elements in p£ n [W(a)3 

r 

Cl,a,a^, ••*, a i 0 "* 1 , W(a), aW(a) ... a^^WEa), W^(a) . •a n ” 1 W^( a) , 

W h “^(a) , ..., a n ~ 1 W h "’ 1 ( a) } (2.3.10) 

The set (2.3.10) is a linearly independent set of hn elements 

hn . 

and hence constitutes a basis of P [W n (a)3* 

Jr 

Using the correspondence 0 : a •* g(b), we get the following 

hn h 

set of hn elements in P p [W' (b)3* 



65 


£1, g(b), ...» g n "^( b) , W'(b), ..., W«(b), ... 

^"^■(b)* ..., g n ”^(b), W , ^ h "’^(b)} modulo[p; W* (b) ] 

(2.3.11) 

Since the set U,g(b), . .., g n ” :L ( b) 1 modulo [p ; W» (b) ] is a 
linearly independent set of n elements, (2.3.11) is also a 
linearly independent set of hn elements in p£ n [W ,h (b)] and 
hence constitutes a basis of p£ n [W ,h (b)]. It follows that 0 
establishes a one-to-one correspondence between (2.3.10) and 
(2.3.11). Further, it can be verified that 0 satisfies the 
conditions of Theorem 2.3.1. Hence, the local rings p)? n [W h (a)] 

r 

and p£ n [W’ h (b)] are isomorphic and 0 is the isomorphism 
between them. 

* 

Example 2.3.2 

Consider the local rings p|[(a 3 +a+l) 2 ] and P2C(b 3 +b 2 +l) 2 ]. 
A basis of p|[( a 3 +a+l) 2 ] is £l,a,a 2 ,(l+a+a 3 ) , a( 1+a+a 3 ) , 
a 2 ( 1+a+a 3 ) } * 

Let 0 : a •* (1+b), then £l,(l+b), (1+b 2 ), (l+b 2 +b 3 ), 

( 1+b) ( l+b 2 +b 3 ) , ( 1+b 2 ) ( l+b 2 +b 3 ) } constitutes a basis of 

A Q O O 

P^ttkj+b^+lJj. Further^0 also satisfies conditions given in 
Theorem 2.3.1 and hence establishes an isomorphism between the 
two given local rings. * 
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2.3.2 Isomorphisms in 0|p p 1 [W i (a i ) 

The results of the Subsection 2.3.1 can be used to obtain 

isomorphisms in the tensor products of primary residue class 

n n, 

polynomial rings. Consider P p [W 0 (a Q )] and P p [W 1 (a 1 )] r degree 
of W^(a^) being n^j i =*0,1. We first prove the following 
0 lemma concerning the isomorphisms between the tensor products 
of the polynomial rings generated by W 0 (a Q ) and W^a^. 

Lemma 2.3.2 

Pp 0 CW 0 (ao)3®Pp 1 CWi( a i)] is isomorphic to 
PpHWitaj)] ® Pp°[W 0 (a 0 )] 

Proof 

The lemma is proved by establishing one-to-one mapping 0 
between the basis of the two tensor product residue class poly- 
nomial rings which satisfies the conditions of Theorem 2.3.1* 
Consider P p °[W 0 (a 0 >] © Pp^WjU^] 



A basis for this ring is 

"^a ® ^a, ' ^a ® a l* ^a ® a l 
o 1 o o 

a o ® V* a o ® a l> a o ® a l> * 

o - © 


2 ^ nv 

... 1 ,© 

0 


-1 


• a. 


_ n.-l 

© a i 1 


n.-l ^ n -1 

a o ® a l* 


* « • cl 


n -1 /-v n i" 1 
o © a. 


o 


(2.3.12) 
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n lr T n n 

Likewise a basis for P p [W^a^] 0 P p L W o^ a o^ is 


1 © 1 ’ 

*1 0 

\ ® a o’ 

X a @ a2 0 - 
1 

x a ® 

i 

n -1 

0 

a o 

a x ® i. o ’ 

• 

• 

• 

a l© a ® 

a l© a o ••• 

a f © 

n -I 
a o° 

• 

• 

• 

n, ~L 

a x"@x a . 

0 

n ,~l a 
a l ® 

n •* ""l r\ 

a l © a o * * ’ 

n. —1 
a i © 

n--l 

a o 

(2.3.13) 


There is a one*-to-one mapping 

** 4°© 4 1 - 4 1 ©4° 


0 < ii < n,-l |0<L< n ft -l s 


where, 


a 1 Q 

o ~ a. 


a i A V 


between the basis elements (2.3.12) and (2.3.13) 

Further, 0s (aa 0 °®a 1 1 + Pa'^°®a^ 1 ) ^ ( aa^ 1 ® a* 0 + pa^Oa^ 0 ) 

0s ( a 0 ° ® a 1 1 ^ a o° ® a i X ) “^(ai 1 ® a^°)(a^ 1 '® a^°) 
- J - ' * - • - *1 + ^1 


that is 0s (a 0 ° ° modulo [p; W 0 (a Q )])® (a^ 1 moduloCpjW^ a x )]) 

' i . -t-j - i +j 

— -i* (a^ modulo pj W 1 (a 1 ))®(a Q ° 0 modulo p?W Q (a^)) 


Thus»0 satisfies the conditions of Theorem 2.3.1 and by 
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Theorem 2.3*1 tho two tensor product rings are isomorphic to 
each other. 


In the next Lemma we consider isomorphism between rings 
which are tensor product of local rings. 


Lemma 2.3.3 


h jv h h n h 

Let P p ° °[W 0 °(a 0 )] £ P p ° °[WJ 0 (b Q )] 


(2,3.14) 


P 


h l n l 




(2.3.15) 


where W Q (a 0 ) and W^(b Q ).are distinct irreducible polynomials of 
degree n 0 and W^a^) and Wj^b^) are distinct irreducible poly- 
nomials of degree n^. Then the tensor products 



h„n_ h_ 

P p ° [ # 'o (a 0 )3 

h,n, h, 

1 P. 1 nW, (a-,)] 

0 P 1 1 

(2.3.16) 

and 

h jrr hr 

T h l n l h. 



Pp° 

© P p C«i ^bi)] 

(2.3.17) 


are isomorphic. 

Proof 

There is a one-to-one mapping 0 between the elements of the 
bases of (2.3,16) and (2.3.17) which also satisfies the condi- 
tions given in Theorem 2.3.1. From the results of Theorem 
(2.3.1)j0 is an isomorphism between the tensor product residue 
class polynomial rings which proves the lemma. 

* 
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Example 2.3.3 

Consider the following tensor products 

T 

@ p|[b^+b 1+ l] 

and T 

P2t(4 +a 2 +1)2 ^ © P|[b|+b|+l] 

We have seen that 

p |C b l+ b l+l] £ P^[ b |+ b |+l] 

A basis of tensor product ring (2,3.18) is 

^ ai^i^ai* a^i > a^b^j 3^j 9^3. j (2.3,20) 

With the one-to-one mapping 0 : b^—. + (b 2 +l) the basis given by 
Equation (2.3.20) is mapped to a basis 

^1» ( b 2"**l) * ( b 2*^^^ > ®2 * ®2^2"*"^^ * ^2^2"*"^*^ » ^2* a 2^^2"^*^^ ,a 2^2^"^^* 
a 2 ,a 2^ ^2 + ^”^ » a 2 ( b 2 + ^^ 3 » 

since 0 satisfies the conditions given in Theorem 2.3 . 1 , 
tensor product rings given by Expressions (2.3.18) and (2.3.19) 
are isomorphic to each other. 

We next consider the isomorphisms between residue class 
polynomial ring and tensor product of residue class polynomial 
rings. 


of rings 

(2.3.18) 

(2.3.19) 
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2,3.3 Isomorphisms between p£[W( a)] and 0 { Pp i [W i ( a^^) ] 3 

Consider the tensor product of residue class polynomial 

rings generated by polynomials W 0 (a 0 ) and W 1 (a 1 ) of degree n Q 

and n, respectively over GF(p). This ring is denoted by 
n i T n 

Pp [Wj^Ca^)] -(x) Pp°[W 0 (a 0 )]. Since this is also an algebra of 
dimension n * n i n 0 > one set of basis vector is 

2 n Q -l 2 n -1 

{l»a 0 » a 0 * • a 0 t a i» a i a 0 » a i a o > ***» a i a 0 

n,-l n.-l n,-l 9 n,-l n -1 

» • • a j^ , a^ a o» a i • • . p a^ 3^ 3 (2.3.21) 

To check whether the tensor product ring is isomorphic to a 
residue class polynomial ring in one variable, we consider the 
set 

2 2 n -1 n -1 

Jl> a l a o> a i a 0 » •••» a j_ a 9 ^ modulo [ W^( 3 j^) ,V^q( 3 q) ] (2.3*22) 
j j 

of powers a^a modulo ['^(a^), w 0 ( a 0 )l» 0 < j < n n = n i n 0 » i.e* 

"i 

for h^ 2. n i# a i is a linear combination of powers of a^ whose 
degree is less than n^; i » 0,1. We check for the linear depend- 
ency in (2.3.22). If the n terms are linearly independent then 
the set (2.3.22 ) can be regarded as a basis of residue class 
polynomial ring in two variables. 

Now with the map 0: a i a 0 ** a we obtain a new linearly inde- 
pendent set 

ll,a, M., a 11 1 3 modulo[pj W(a)] 


(2.3 *23) 
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If 0 also satisfies the conditions given in Theorem 2*3*1, then 
the residue class polynomial ring in two variables with (2*3.22) 
as basis is isomorphic to the residue class polynomial ring in 
one variable with (2*3*23) as basis* Because of the transi- 
tivity property of isomorphisms tensor product of two residue 
class polynomial rings is then isomorphic to residue class 
polynomial ring in one variable. However, determination of 
modulus polynomial W(a) is not straight forward. 

The isomorphisms are illustrated in Figure 2*3*1. 

If the elements in (2.3.22) are linearly dependent, tensor 

n, T n 

product residue class polynomial ring p p [V^C^)] ^ P p [W o (a 0 )] 
is not isomorphic to any residue class polynomial ring genera- 
ted by a polynomial in one variable. ■ We have thus proved the 
following theorem* 

Theorem 2*3*3 

The necessary condition for the tensor product pf residue 
class polynomial rings generated by W-^a^) and W 0 (a Q ) to be 
isomorphic to a residue class polynomial rings generated by a 
polynomial of degree n in one variable is that the elements in 
the set 

{ l^a^a^, ..., aj~ 1 a”~ 1 } modulo [pj W^a-jh W Q (a 0 )] 


are linearly independent. 



72 



Figure 2*3*1 Isomorphisms between tensor product of 

residue class polynomial rings, and residue 
class polynomial rings 
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Example 2 .3.4 

Consider the tensor product of a local ring and finite 
field p|[a*+l] pf[(»*+. 0 +l)]. The set tl,a 1 a 0 ,a^,aja® ) , 

computed modulo [2, ( a^+1) ,( a^+a 0 +l)] is tl,a 1 a 0> (l+a 0 ),a 1 } 
which is linearly independent over GF(2). Let 0 : a 1 a <) ..a, 
further if 0 satisfies the conditions of Theorem 2.3.1 , then 
the tensor product of residue class polynomial ring 

2 2 ^ 2 r 2 

p 2 la^+l] (x) P2*' a o +a o + ^^ ma y i sonior Phic to a residue class 
polynomial ring generated by a polynomial in one variable. 

With the mapping a 1 a Q ; a we have 1*1, (l+a Q ) * a , 
a^ * a . To check whether 0 satisfies the conditions given 
in Theorem 2.3.1 we must know W(a). 

In general the determination of W(a) is not straight for- 
ward. For simple cases as in this example it can be determined 
in the following manner. 

Using the one-to-one correspondence between (a 1 a Q ) and 
‘a’ we write W Q (a 0 ) in terms of ‘a*. Let this new polynomial 
be WJ^a). Similarly we write W^Ca^) in terms of 'a 1 giving 
rise to a polynomial Vf£( a) • W(a) is chosen such that it is the 
least degree monic polynomial satisfying 

W^a) = O modulo[2, Vi? ( a ) 3 


W^( a) = 0 modulo[2, W(a)] 


(2.3.24) 
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In this example we have 

W 0 ( a 0 ) * ( a o +a 0 +1 ) 3 ( a 4 +l)+(a 2 +l)+l = (a 4 +a 2 +l) = W^a) 

and 

WjU^ = (a*+l) c (a 6 +l) = WJU) 

Here W(a) = C a^+a^+1) satisfies the condition (2.3.24) 

1 * 0*1 

WJ,(a) = (a 4 fa 2 +l) » 0 modulo[2,a 4 +a 2 +l] 
and W![(a) ■ (a^+1) = 0 modulo [2, a 4 +a 2 +.l] . 

It can be verified now that 0 satisfies the conditions given 
in Theorem 2.3.1. 

T 

Hence, PgCa^+l] (£) P2^ a o +a o +1 ^ ~ P 2 Ca 4 +a 2 +l] • 

•* 

Example 2.3.5 

Consider the tensor product of two local rings 
T 

P|[(aj+1)] @ P|[(a^+1)]. The set U.a^.afal.afaf} 

2 2 

computed modulo [2; (a^+1) ,(a Q +l)3 is 
Cl,aj_a 0 ,l f a^a Q J which is a linearly dependent set. 

2 2 2 r 2 

Hence^ICCa^-fl)] (x) p 2 laQ+l] is not isomorphic to a residue 
class polynomial ring generated by a polynomial in one variable 
over GF(2) • 

* 
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We have seen that (x) Pp°[W 0 (a 0 )] is isomor- 

phic to a P^[W(a)] iff the set given by (2,3.22) is a linearly 
independent set. An alternative test to check whether the 
tensor product ring is isomorphic to a P£[W(a)] is obtained 

r 

below, where it is not required to write all the n terms in 
(2.3.22) and reduce them modulotpjWj^a) , W Q (a 0 )]. 

If T, is the least integer such that W, (a. ) divides 

T . i 1 1 

(a^ -1), then is called the period (exponent) of W^a^) 

a^ ” 1 modulo [p; W^( a^)] , i * 0,1. Let T «* lcm(Tg,T 1 ). 

A sufficient condition for the set given by (2.3.22) to be 

linearly dependent can be obtained in terms of T and n = n,n , 

n, T n 

which also leads to the condition for Pp X C%(ai)] ® V [ V a o>3 
not to be isomorphic to a P£[w(a)]. Towards this end we prove 

r 

the following theorem. 

Theorem 2.3.4 

n-1 n-1 

If T < n the set {l,a,a , ..., a, a } is a linearly 

X O X q 

dependent set and hence the tensor product ring 
Pp 1 CWi( a 1 )] © P p °[W 0 (a 0 )] is not isomorphic to p£[W(a)]. 

Proof 

T is the lem of the periods of W^( a^) and W 0 (a 0 ). 

Hence , a* * 1 modulo[p; W 1 (a 1 )] 

a* * 1 modulo[p;W 0 (a 0 )] 
a l a o “ 1 modul ° £p; W x ( a^) , W 0 (a Q )] 


and 


4 
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n-1 n-1 

Consider the set {l,a 1 a Q , . .., a-^ a Q } 

Since T < n in the above set 1 occurs at least twice. 

Hence the set is linearly dependent set, and from the 

result of Theorem 2.3.3 the tensor product ring is not 

isomorphic to PjJ[W(a)]. 

P 

Example 2.3.6 

Consider the tensor product of two rings one of which 
is a semisimplc ring and the other is a field; 

T 

P|[ (•?+!>] @ p 2^ a o +a o +1 3 n " n l n o “ 6 

Period of a^+a^+l is 3 
Period of a^+1 ® 

lcm of periods is 3 < 6 

Hence p|[a^+l] (x) p|[aQ+a 0 +l] is not isomorphic to any 
p|[W(a)3? residue class polynomial ring in one variable^ 

Example 2.3.7 

Consider the tensor product of two rings one of which 
is semisimple ring and the other is a local ring 

T 

p|[aj+l] 0 P|[a^+l], n * n 1 n Q * 6 
Period of (aj+l) is 2 
Period of (a^+l) is 3 
lcm of periods is n * 6. , 
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T 

P 2^ a l +1 ^ © P 2^ a o +1 ^ is isomor P hic to a residue class poly- 
nomial ring. A basis of the ring is 

^ 1 » a l a o» a l a o' *’•* a i a o } modulo [2;W 1 (a 1 ),W 0 (a 0 )] 

* a o* a i» a l a o ^ (2.3.25) 

With the mapping a-^ St a 
we have a corresponding set 

Cl, a, a 2 , a 3 , a 4 , a 5 } (2.3.26) 

which is linearly independent and hence constitutes a basis. 
Writing W Q ( a Q ) and W^( a^) in terms of new basis we get 

W Q (a 0 ) ■ (a 2 +l) St (a 6 +l) = WJ(a) 

W 1 (a 1 ) - (a^+1) « (a 6 +l) = W^a) . 

Hence tensor product of the given semisimple and local ring 

is isomorphic to semilocal ring P«[a +l]. 

* * 

The results of the Theorems 2.3.3 and 2.3.4 can be 
extended to the case r > 2. For example, consider the tensor 
product of three rings P p °[W 0 (a 0 )], P p 1 [ w i(a 1 )] , and P^tWgta^)] 
where n = ngn-^. If the set 

Cl,a 2 a 1 a 0 , a|a 2 a 2 , ...» a^ 1 ^ -1 ^” 1 } modulo[p,W 2 (a 2 ) , 

V'^ 1 ( a 1 ) »^ 0 ( a 0 ) 3 

(2.2.27) 
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is a linearly independent set, then the tensor product of the 
two rings is isomorphic to a residue class polynomial ring in 
one variable. If the set (2.3.27) is a linearly dependent 
set but the set, 

^ ,a i a j » a i a j ^ •••» a^ Sj 3 f (2.2.28) 

where all the elements are computed modulo ( a ) * W j ( a j ) r 

n« « n^ . 

i,j » 0,1,2, j i / j is a linearly independent set then the 
tensor product of the given three polynomial rings is isomor- 
phic to another tensor product of two polynomial rings. 

If T * lcm (T2 >Tj L ,T 0 ) where T\ is the period of W^a^) 
i * 0,1,2, then T < r*2 n l n o implies that the set (2.3.27) is 
linearly dependent and hence not isomorphic to Pp[W(a)]. 

Thus a tensor product of j residue class polynomial rings 
may be isomorphic to a residue class polynomial ring in one 
variable or a tensor product of (j-l) or less residue class 
polynomial rings in one variable. 

Theorems 2.3.1 and 2.3.2 can also be used to obtain speci- 
fic conditions for isomorphisms in semisimple and semilocal 
rings. However, in practice to obtain the desired isomor- 
phism is quite involved. In the next section we consider decom- 
position of semilocal and semisimple rings into primary rings and 
use these decomposition results to obtain conditions for isomor- 
phisms in semisimple and semilocal rings in terms of results on 
isomorphisms in finite fields and local rings. 
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2.4 DECOMPOSITION OF RESIDUE CLASS MUGS OF POLYNOMIALS 

We have seen in Section 2.2 that Pp[W(a)] can be classi- 
fied as finite fields local rings, semisimple rings, or semi- 
local rings depending on the prime factorisation of the modulus 
polynomial W(a). This classification has been summarised in 
Table 2. 2.1. 

A semisimple or semilocal P£[W(a)3 can be expressed as 
internal direct sum of ideals isomorphic to primary rings or 
alternatively can be expressed as a ring isomorphic to external 
direct sum of smaller primary rings. This provides decomposi- 
tion of Pp[W(a)] into primary rings, which are either finite 
fields or local rings. In this chapter decomposition of 
Pn[W(a)] in combination with ring isomorphisms will be utilised 

r 

in Section 2.5 to enumerate nonisoraorphic residue class poly- 
nomial rings P^[W(a)], of a given order. In later chapters 
decomposition of Pp[W(a)] is utilised for (i) obtaining condi- 
tions for nilpotence of characteristic matrix A ,(ii) computa- 
tion of period of characteristic matrix A and (iii) decomposi- 
tion of sequences over P£[W(a)] into orthogonal sequences . 

r 

Decomposition of tensor product of residue class polyno- 
mial rings is carried out making use of the distributive 

property of the tensor product over direct sum decomposition [73] « 
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2.4*1 Decomposition of Pj?[W(a)3 

r 

Decomposition of the ring Pp[to(a)3 is carried out on lines 

similar to the decomposition of Z^j the role of irreducible 

polynomials and their powers in the case of PjJ[W(a)] is similar 

to the role of prime numbers and their powers in the case of 

Z m . Thus if m^mg, • «., are pairwise relatively prime 

factors of m , then Z^ is isomorphic to © z nu'*©' z m • 

1 <2 k 

However, it may be noted that in general Z m is not isomorphic to 
Pp[W(a)3 except for the case Zp ■ pj[w(a)] = GF(p) . (The 
comparison of Z^^ and Pp[W(a)3 is summarised in Appendix H )• 

The internal direct sum decomposition is considered first* 

Lc t , 

v h, 

Vf(a) = n vV. x (a) (2.4.1) 

i=l x 

where, W^(a); i =* 1,2, ...,v are the distinct irreducible 
factors of W(a) over GF(p). 


Let 


h . v h. 

H. ^(a) » ~ w 1 

J 


% W. x ( a) 

i=l 1 



Then W^(a) $ j - 1,2, . ..,v are pairwise relatively prime. 
There exists unique elements b 1 (a), b 2 (a), «•*, b y (a) in 
Pp[W(a)3 such that, 

V^ 1 (a) b x (a) + W 2 2 (a) b 2 (a) + ... + W V (a) bja) • 

1 modulo [p; W(a)] 
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Let W^(a) b^(a) a e^a) ; the set 

^ ® 1 ^ ®) » ©2^ ® ^ * • • • , ®j; (a)} (2.4 .2) 

is such that e^a), e..(a), i ^ j, is a multiple of W(a) hence, 
e^a). e^(a) * 0 modulo [p$ W(a)]; i ^ j (2.4.3) 

e^(a) + 62 (a) + ... + e y (a) = 1 modulo[pj W(a)] 

(2.4.4) 

and 

e 2 (a) ■ e.(a) modulo[pj V/( a) 3 (2.4.5) 

i 

Equation (2.4.5) implies that ej.(a) is an idempotent in 
Pp[W(a)]*From Expressions (2.4.3), (2.4.4) and (2.4.5), it 
follows that the set (2.4.2 ) forms a set of mutually orthogo- 
nal idempotents. 

Let be the ideal generated by orthogonal idempotent 
e ± ( a) in PjJ[W(a)3, that is, J ± = <e j .(a)>; i ■ 1 , 2 , ... v . 

Every element r i (a) 6 J i and r^(a) 6 Jj are multiples of e i (a) 
and ®j(a) respectively. Since e i (a).ej(a) =0 modulo[p;W(a)] * 
i t j,r i (a).r J -(a) = 0 modulo[p; W(a)]. Thus, ideals 
J v are such that elements from different ideals annihilate 
each other. We call these ideals orthogonal ideals. In what 
follows we will say that the elements drawn from orthogonal 
idealsj^ and Jj, i ^ j are orthogonal to each other. It should 
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be noted that this notion of orthogonality is not in the usual 
inner product sense* 

Thus J v have the property that 

J i° ( J i +J 2 + ••• J i-1 +J i+1 + ) * 0 modulo [p;W(a)3 

i * 1*2; *•* v (2.4.6) 

and for any r(a) G p£[W(a)3, r(a) = l.r(a) = ^e x (a)+ . 

e y (a^r(a) modulo[pj W(a)3 

* r 1 (a)+r 2 (a)+ ... + x v (a) modulo [p; W(a)3* 
where r^a) * r( a) *e i ( a) 6 . 

For a given r(a) the unique set of orthogonal elements r^a), 
r 2 (a), r y (a) constitutes the internal direct sum compo- 

nents of r(a) • This leads to the notion of decomposition of 
ring Pp[W(a)3 into internal direct sum of orthogonal ideals. 
Thus, 

Pp[W(a)] ** J 1 +J 2 + ••• + J v modulo[p$ W(a)3 

If r(a) is a factor of W(a), then it is a zero divisor, that is 

there is a q(a) such that r(a).q(a) ■ W(a) ■ 0 modulo[p$ W(a)3* 

h. 

Since e^a) * W^Ca) b^a), at least one e^a) is a multiple of 
q(a) and hence e^aJ.rCa) * 0 modulo [pj W(a)3* As a consequence 
if r(a) is a zero divisor, in its internal direct sum component 
at least one component is zero. The converse is also true. 
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When W(a) is as given by Equation (2.4.1), <W i (a)> , 
i - 1»2, ...v are the maximal ideals in Pp[W(a)]» Hence in 
this case Pl?[W(a)] is a semilocal ring. Elements which are. 

V 

multiples of tc vif i ( a ) are nilpotent in pjj[w(a)]. When ■ 1 

¥ i « 1,2, ...v , ideal J* is generated by e*(a) which is a 

v 1 

multiple of ic W.(a)i Hence J. i » 1,2, . ... v are not only 

1 

orthogonal ideals but in addition are also simple ideals. Any 


.'nonzero element in will not have W^(a) as a factor 

i » 1,2, . Since any nilpotent element must be a mul- 

v 

tiple of En W, (a), zero is the only nilpotent element. Hence, 
i-1 1 

when h^ = 1, i, Pp[W(a)] is semisimple. It is equal to the 
internal direct sum of simple ideals. 


Decomposition of ring P!?[W(a)] into internal direct sum is 

r 

used in the decomposition of Pp[W(a)]-LSS and in the computa- 
tion of period of characteristic matrix A in Chapter 3, enumera- 
tion of state cycles in Chapter 4 and computation of minimum 
distance of cyclic codes over semisimple ring in Chapter 5. 


We now take up the external direct sum of Pj?[w(a)]« W(a) 

h. p 

given by Expression (2.4.1) is such that (a); i = 1,2, ...v 
are pairwise relatively prime. From the Chinese remainder 
theorem (Appendix B ) for polynomials over GF(p), there is a 
one-to-one correspondence between elements of P£[W(a)] and 

r 


v -tuples 
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Suppose r(a) 6 Pp[lV(a)] f then 

r( a) 2 (r x ( a ) , r 2 (a), ..., r y (a)), (2.4.7) 

^ h • 

where r^(a) = r(a) modulo [p; W^ 1 (a)]; is element of local ring 
h i n i h i 

Pp [v'^ (a)]; i - 1»2, ...v and it can be shown that 

^(a) ■ r^(a) .^(a) modulo[p; W(a)] (2.4.8) 

and , 

m n. 

r^( a) = r^( a) modulo[pj W (a)] (2.4.9) 

The internal direct sum decomposition of r(a) that is 

r(a) = r^a) + r 2 (a) + ... + r y (a) modulo [p$ W(a)) 
can then be written as 

r(a) 88 [r^a) .e^aj+r^a) .e 2 (a)+ . ..+r y (a).e y (a)] modulo[p; 

W(a)] (2.4.10) 

Consider the set of all v-tuples of the form (2.4.7) with point- 
wise addition and multiplication operation, the set has the 
structure of a commutative ring with identity. For example con- 
sider (r x ( a) , ..., t v (a)) and (s x ( ), ..., s y (a)), then 

(r x (a), ...» r y (a)) + (s^a), ...» s y (a)) 

* (r 1 (a)+s 1 (a) 9 ...., x v (a)+s v (a)) 
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Additive inverse of (r^a), . .., r y (a)) = (-r^a), . ,.,-r^ (a)) 

(^(a), ...» ( a)) .(s^a)) , . .., s y (a)) = (r JL (a) /sj^a) ) , ... 

• • • r v ( a) •Sy ( a) ) • 

With multiplicative identity (1, ...» 1). The operations 

h 

r^(a)+s^(a) and r^(a).s^(a) are carried out modulo[p; V/^ x (a)]. 

As seen in Section 2.1. , the ring of v~tuples is the 
external direct sum of v rings. The above set of v-tuples 
is the external direct sum v local rings denoted by 

Pp 1 " 1 ^.)] © ...©^' n ’ , [W h / (a)]. 

The one-to-one correspondence between elements of Pp[W(a)] 
and the ring of v-tuples leads to the following isomorphism* 

Pp[w(a) ~ Pp in Hw^( a) ] ©...©P^ n "[W> (a)] (2.4.11) 

and the expression on the right hand side is called the external 
direct sum isomorphic to Pp[W(a)]. 

We note here that tho components on the right hand side 

are primary rings. In general they are local rings; when 
n. 

= 1, Pp 1 [W^(a)3 becomes a finite field (simple ring) of order 
p n . Hence a semilocal P£[W(a)] is isomorphic to the external 

r 

direct sum of finite number of local rings or a combination of 
finite fields and local rings, and a semisimple P£[W(a)] is iso- 

Sr 

morphic to the external sum of finite number of simple rings 
(in fact finite fields). 
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Equations( 2.4.8) and (2.4.9) give the one-to-one correspondence 
between the internal direct sum and external direct sum compo- 
nents of elements in Pp['^(a)J. This leads to the isomorphism 
between the orthogonal ideals and the primary rings, 
h n h 

J i £ Pp 1 1 [«J i 1 (a)] $ i * 1,2, ...,v (2.4.12) 

In general suppose R and S are two rings such that 
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and 

PpCW'(a)] = J^+J£+ ... + JJ 


h.n. h. 

Ji £ Pp 1 1 [W 1 ’ (a)]i i 


1 » 2 , • • • 


v 


it follows that, 


h.n. h. h.n. h. 

p p [Wi X (a)] 2 P 1 1 [W l x (a)] ~ ; i * 1,2, ...v 


(2.4.16) 


The following theorem gives the condition for two residue 
class polynomial rings to be isomorphic. 

Theorem 2.4.1 

v hj y hj 

If W(a) - % Wi X (a) and V(a) ■ % V i 1 (a) where V\L(a) 
i=l 1 i=l 1 1 

and V^(a) are irreducible polynomials of the same degree 

(over GF(pJ), i = 1,2, *..,v then, 


Pp[W(a)] £ Pp[V( a)] 

Proof 

Vie write the external direct sum decomposition of p£[W(a)] 

r 

and p£[V(a)] and show that there is isomorphism between the 

r 

direct sum components of them. 

h.n. h. h*i n v h«i 

P?[W(a)] £ P 1 Hw^ 8 ^© *•' <*>V [W» (a)] 


h.n, h 


<>i ii. »», h«i n«j <\) 

Pp[V(a)] £ P 1 ^V^U)]® ... ®P p V V [V„ (a)] 
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From Lemma 2.3*1 on the isomorphism between local rings we have, 

h.n. h. ' h.n. h. 

V 1 tW i 1 (a)] ss Pp 1 1 [V i 1 (a)] i = 1,2, ...» 

Hence 

Pp[W(a)] ~ P£[V(a)] . 

* 

Two polynomials W(a) and V(a) whose irreducible factors 
satisfy the conditions given in Theorem 2.4.1 generate isomor- 
phic residue class polynomial rings. This property will be 
made use of in Section 2.5 for enumerating nonisomorphic 
residue class polynomial rings. 


Example 2.4.1 

Consider the semisimple p|[a 3 +l] * £0,l,a,a 2 ,l+a f 1+a 2 , 

a+a 2 ,l+a+a 2 } 

( a 3 +l) « ( a+l) ( a 2 +a+l) 


Let 

W x (a) - (a+l) 

W 2 (a) * ( a 2 +a+l) 

Then Wji a) * (a 2 +a+l) 

W^TiT - (a+l) 

There exists b^(a) = 1 and b 2 (a) s a in P 2 [a +l] such that 
W’JTaT b^Ca) + W 2 ( a) b 2 (a) s 1 modulo[2; a 3 +l] 
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That is ; (a 2 +a+l) + (a 2 +a) 2 1 modulo[2; a^+l]. 

Thus we have the orthogonal idempotents 

e x (a) * W^TaJ b x ( a) = (a 2 +a+l) 

and 

e 2 (a) = W 2 ( a) b 2 (a) = (a 2 +a) 

It can be verified that e 2 (a) • e x ( a) modulo[2? a 3 +l] 

e 2^ a ^ = e 2^ a ^ mocl ulo [2? a J +l] and e x (a).e 2 (a) s 0 

O 

modulo[2; a +l] • 

Let be the ideal generated by e x (a); i = 1,2, 

Then J x « <e x (a)> = {0, a 2 +a+lj 

88 ^ ®2^ ® ^ ^ ** ^ a 1+a , 1+a } 

and 

p|[a 3 +l] - J^+J2 roodulo[2, a 3 +l] is the internal direct 
sum decomposition of P^Ea +l]. 

The external direct sum decomposition of p|[a 3 +l] is, 

p|[a 3 +l] £ PgEa+l] © p|[a 2 +a+l] 

Further we see that 

J 1 2 P^Ea+l] * GF(2) 

With the correspondence 0 jt 0 

(a 2 +a+l) a 1, 
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and J 2 ~ P 2 [a 2 +a+l] = GF(2 2 ) f 

with the correspondence 

0 2 0 , 

(a 2 +a) 2 1 » 

(a+1) 2 a t 

(a 2 +l) 2 a 2 . 

In the orthogonal ideal Jj^ GF(2), iderapotent element 

O 

(a +a+l) plays the role of multiplicative identity. Similarly, 
in the orthogonal ideal J 2 .2 GF(2 ), idempotent element (a +a) 
plays the role of multiplicative identity. 

In general whenever P£[W(a)] is semisimple the ideals 

r 

generated by orthogonal idempotents are isomorphic to finite 
fields of the same order. 

Si 

The isomorphism 0 : p|[a 3 +l] - P 2 [a+l] @ p|[a 2 +a+l] 

gives the following correspondence between the elements in the 
two rings . 

Let q( a) 6 pf[a 3 +l] , 

then q(a) 2 [q(a) modulo(a+l), q(a) modulo( a 2 +a+l)] is the 
corresponding element in the ring P 2 Ca+l] 0p|[a 2 +a+l] . 

If (a(a), p(a) 6 P^[a+l]©p|[a 2 +a+l] , then 

(a(a),p(a)) 2 [a(a) .(a 2 +a+l)+p(a)(a 2 +a)] modulo[2;a 3 +l] 

6 p|[a 3 +l] is the corresponding element in P 2 [a 3 +l]. 
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In the external direct sum decomposition of residue class 
polynomial ring, the external direct sum components need not 
necessarily be primary rings* The component rings can as 
well be semilocal or semisimple rings generated by polynomials 
which are pairwise relatively prime. Thus, a semisimple or 
semilocal ring can be decomposed into smaller semisimple or 
semilocal rings. The internal direct sum components, which 
are ideals generated by orthogonal idempotents, are isomor- 
phic to corresponding semisimple or semilocal rings. 

Embedding of rings into P^ f w(a) l 

r 

As defined in Section 2.1 an injective homomorphism 0 
from a ring R to a ring S is called embedding of R into S, If 
R can be embedded in S, then S must contain a subring which 
is an isomorphic image of R. Further S itself may be isomor- 
phic to a ring S' which contains R as a subring [69,73]. The 
decomposition of Pp[W(a)] into external and internal direct 
sum components provides a means for obtaining the ring embedd- 
ing. 

v h. 

Let Pj:[W(a)] be a semilocal ring where W(a) - it W. ( a) . 
p i=l 1 

Let qj,(a) be a factor of W(a) such that q^aj.q^a) * W(a) and 
q^(a) and q 2 (a) do not have any common factors. Then Pp[W(a)] 
is isomorphic to P p Cqi(a)](+)Pp [q 2 (a)], where n i is the 
degree of q^a)? i * 1,2, and n^ng = n. Also,Pp[W(a) ] * 

J i +J 2 where J i isomorphic to P p i [q i (a)]f i ■ 1,2. Pp[W(a)] 
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i 

contains a subring (in fact an ideal) which is isomorphic 
to Pp^tq^Ca)]. Hence an embedding of Pp^tq-j^a)] into Pp[W(a)] 
can be defined. In a specific case where h^ = 1 for all i and 
q^(a) is an irreducible factor of iN(a), the embedding is of 
finite field Pp X [q^(a)] into semisimple Pp[W(a)]. In a more 
general setting a semilocal ring may be embedded into a larger 
semilocal ring. In all these cases the image of the embedding 
is an ideal in PjJtr'Ka)] • 

The notion of embedding can be used to construct larger 

semisimple or semilocal Pl?[w(a)] such that there is an embedding' 

P n i 

of smaller semisimple or semilocal P [q^Ca)] into P^[W(a)]. 

r r 

Then q^(a) must be a factor of W(a), further in the factori- 
sation of W(a) with q^(a) as a factor, the factors must be 
relatively prime. It is also possible to embed more than one 

rin n 2 

ring say Pp^Cq^a)] , P p CqgCa)] *• into an appropriate larger 
ring Pp[W(a)]. Here the requirements are q x (a) »q 2 ( a ) ..must be 
factors of W(a) and in the factorisation of W(a), the factors 
q-^a), qg(a), . must be pairwise relatively prime. The 
embedding is’ obtained using the Chinese remainder theorem 
(Appendix E ) • 

The notion of embedding of smaller rings into larger rings 
is used in Chapter 4 in modulation and multiplexing application 
of sequences over P^[W(a)]. 

lr 
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Example 2.4.2 

We consider embedding of PgCa+l] into semisimplo 
p|[a 3 +X] . 

( a 3 +l) * ( a+1) ( a 2 +a+l) 


Therefore, 

P|U 3 +1] ~ PrjK a+l] ($- p|[a 2 +a+l] 

and 

P^Ca^+l] * <a 2 +a+l> + <a 2 +a> modulo[2; a 3 +l j • 

We have seen in Example 2.4.1 that 

PgCa+l] z <a 2 +a+l> = J x = £0,l+a+a 2 } 

P 2 [a 2 +a+l] £ <a 2 +a> - & 2 * 0,a+a 2 , l+ a 2 , 1+a) 

■ 3 3 

Since PgCa+l] is an external direct sum component of PgCa + l]» 

1 O O 

we can have embedding of P^Ca+l] into P^ta +1]. If we denote 
the embedding by then P^jCa+l] •* It follows 

from Chinese remainder theorem, 



*1 * J- ep 2^ a+1 ^ ** Ka 2+ a+l)modulo[2;a 3 +l]e J x 



94 


The inverse mapping : 06 Jj_ •* 0 modulo[2;a+l] ePjjCa+l] 

'Sj*: (a 2 +a+l)6Jj, “* (a 2 +a+l) modulo[2;a+l] = 16P 2 Ca+l]« 

* 

Example 2.4.3 

3 3 

We consider embedding of semisimple P 2 [a +l] into semi- 
simple P 2 [a 4 +a]* 

We have, (a 4 +a) - a.(a 3 +l) A Wi(a).W 2 (a); 

PgCa^a] - P2Ca]©p|[a 3 +l] 

ff^TaT = (a 3 +l) 
iqczj = a 

There exists b, ( a) = 1 and b 2 (a) — a 3 in P^ta^+a] such that, 
W 1 (a).b 1 ( a) + W 2 (a) . b 2 (a) 

= (a 3 +l) + a*a 2 * 1 modulo [2; a 4 +a 2 ] 

3 3 

The orthogonal idewpotents are e^Ca) = (a +1) and e 2 (a) - a , 
and J x - <a 3 +l> = {0,1+a 3 } ^Pjta] * {0,1} 

j 2 = < a 3 > * C 0,a 3 ,a,a 2 ,a+a 3 ,a 2 +a 3 ,a+a 2 ,a+a 2 +a 3 } 

~ p|[a 3 +l] t* {0,l,a,a 2 ,(l+a) ,(l+a 2 ) ,(a+a 2 ) 

1+a+a 2 } 
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Let If : P 2 [a^+l] •* J 2 be the embedding. 

Then ¥ r(a) 6 P^ta 3 *!]* * (r(a))= r(a)a^ modulo[ 2 $a^+a ]6 J2 

and l" 1 : J 2 - p 3 [ a 3 +l] 


¥j(a)6J 2 W -1 ( j(a) ) = j(a) modulo [2 ;a 3 +l] e pf[a 3 +l] 


.on of Modules 


The results obtained on decomposition of rings may be used 

to decompose modules defined over these rings. 

v h. 

Let W(a) - it W. (a) 5 ^(a) irreducible polynomial over 

i=l 1 1 

GF(p) • Consider the ring Pj?[W(a)]. The set of all K-tuples . 
over P£[W(a)] constitutes a P^['W( a) ] -module S of rank K. 

r r 

Vie have Pp[W(a)] * ••• J y 

where J\ is the ideal generated by orthogonal idempotent e^(a) 

h n h 

and J. ~ P 1 * [W- ^ ( a) 3 • Any element r(a) G Pj?[Vi(a)] can be 

X **" 1 P * r* 

uniquely expressed as 


r(a) * r 1 (a)+r 2 (a)+ ... r y (a); r^Ca) G • 


Consider the set of all K-tuples over J^. 

This constitutes a Pp[W( a)] -submodule of module S; 
i * 1,2, • • . , v 

From the properties of it follows that 

Si 0 ®i«*i ^i+i ••• ) — 0 
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and hence the submodules are said to be independent. Any 
element s 6S can bo uniquely expressed as 

s = s^+S2 + ••• s y } s i®^i i = l»2, ...v 

and 

S 88 ... Sy (2 .4 *17) 

P n C W( a) ] -module S is said to be the internal direct sum of 
P 

the submodules S^Sg, S y • 

We also have 

Pp[*(a)] - Pp 1 [Wi 1 (a)]©Pp 2 [W2 2 (a)]@ ...©Pp'lW^a)] 

h.n. h. 

J ± z P p x 1 [W i 1 (a)] ; i = 1,2, ... v 
Any element r(a) 6 P£[W(a)] has a one-to-one correspondence 

r 

with the v -tuple 

r( a) j? (r^( a) , r 2 (a), ... r y (a)) 
n hi 

where r^a) 6 Pp 3, "Hw^Ca)] ; ( i « 1,2, ....v 

This implies that, S (+•> S 2 ©».*0 S v (2.4.18) 

w h.n. ^i 

where is the set of all K-tuples from P p [W^ (a)] 

x s • • • v* 

(2.4.18) is called the external direct sum of the module S. 
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Example 2»4.4 

3 3 

Consider the ring P 2 ta +l], 

PgCa^+l] — <a 2 +a+l> + <a 2 +a> 

P|[a 3 +1] ~ P^[a+l] @ P 2 [a 2 +a+l] 

p|[a 3 +l] = tO,l 1 a,a 2 ,U+a) > (l+a 2 ),(a+a 2 ),(l+a+a 2 )] 

Consider the set of all 2-tuples over P^ta^l]. This consti- 
tutes a PgC a +1] -module S of rank 2* 

<a 2 +a+l> =* C0,a 2 +a+l} 

< a 2 +a> — CO,(l+a) ,(a+a 2 ) ,( 1+a 2 ) } 

o 

The set of all 2-tuples over <a +a+l> constitutes the sub- 

2 

module and the set of all 2- tuples over <a +a> constitutes 
the submodule Sg. 

S - s x + s 2 

Let s - ((1+a 2 ), (l+a+a 2 ))e S . 

5 

then s^ - (0, 1+a+a ) 6 
$2 - (l+a 2 ,0)6s 2 

8 = 8l +S 2 

« 

<a 2 +a+l> is Pgta-fl] and <a 2 +a> ^ P2[a 2 +a+l3 
The set of all two tuples over PgLa+l] constitutes 
P^ta+l] -module s i — s i . 
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The set of all two tuples over P^La +a+l] constitutes 
P 2 [a 2 +a+l3 -module S 2 £ S 2 


Let s = ((l+a) , (1+a+a 2 )) 6 S 

is» N ts> 

s f s^) 5=5 ® 

then Sjl = [(0 1), (a, 0)] 
o 

where (l+a ) & (0,a) 

(a 2 +a+l) 2 (1,0). * 

T n. 

2 . 4.2 Decomposition of ^ i p p 1 C W i( a^) ]} 

Results of the residue class polynomial ring Pp[W(a)] 
can bo extended to decomposition of tensor product of residue 
class polynomial rings. 

Suppose P p w [V/(a)3 £ Pp 1 a)]@ . . . ®P p V W [Wy V (a)] 

Then , n n 

P n V [V(b)]@P w [W(a)] is isomorphic to 

r r 

(p" v [V(b)] ©pb 1 "" 1 [W^(a)]X+) (Pp V [V(b)]© Pp 2nw2 [W2 2 (a2 )]) 


.. © (Pp CV(b)]© Pp^^Cw^ (a)]). 

H p ' V [V(b)] “ Pp 1 ^V^tb)] ©... © Pp S VS [Vg S (b)] than, 


© 

n 

> ' 
P 


P 

n 


Pp V [v(b)] (g) Pp W [W( a) 3 


( 2 . 4 . 19 ) 



99 


is isomorphic to the direct sum of all tensor products 


Pp inVi [V^(b)]®pV"J[WjJ(a)] 


i ” 1 , 2 , • • • f s 
3 = 1,2, . .., v (2.4.20) 


Corresponding to each element of the tensor product residue 
class polynomial ring given in Equation (2.4.19) we have sv- 
tuple. 

Example 2.4.5 

Consider the tensor product of a semilocal P2Ca 6 +l3 and 
semisimple p|(b 3 +l]. 

T 

That is, pf[a 6 +l] ® pf[b 3 +l] (2.4.21) 

we have, p|[a 6 +l] ~ P*[(a 2 +a+l) 2 ]0 p|[(a+l) 5 ] 

and Pf[b 3 +1] ~ P§[(b 2 +ba)] <+) P^[(b+1)] . 

* 

Hence, 

P|[a 6 +1] <x) pf[b 3 +l] “ (p£[(a 2 +a+l) 2 ] ® p|[(b 2 +b+l)]) 

© (P2[(a 2 +a+l) 2 ] <g) P^[(b+1)]) 

© (PgCCa+l) 2 ] p|[(b 2 +b+l)])®(P 2 [(a+l) 2 ) @ 

Pa[(h+1)]) . 


(2.4.22) 
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The elements of the tensor product ring given by (2.4*21) are 
the linear combinations over GF(2) of the elements 

1 1 _ 2 3 4 5 

I *L f d f 3 | 3 f & f 3 

b,ab, a 2 b , a^b , a^b , a^b 

k 2 »ab 2 »a 2 b 2 * a**b 2 ,a^b 2 ,a^b 2 ) and hence there are 2^ 
elements in this ring* 

For each element of the tensor product ring, there is a 4-tuple 

in the external direct sum given by the expression (2.4.22). 

For example, 1+a^b 2 is an element in the ring given by (2.4.21)* 

The corresponding 4-tuple, which is the external direct sum of 
5 2 

1+a b is written as , 

1(1 modulo [2$ ( a 2 +a+l) 2 ] .1 modulo[2;(b 2 +b+l])+(a^ modulo[2; 
(a 2 +a+l) 2 ]. b 2 modulo[2j(b 2 +b+l)]), 

( (1 modulo[2;( a 2 +a+l) 2 ] • 1 modulo[2;(b+l)])+(a^ modulo[2$ 
(a 2 +a+l) 2 ]* b 2 modulo[2jb+l)]), 

(1 modulo[2}(a+l) 2 ] ♦ 1 modulo[2j(b 2 +b+l)])+(a 5 modulo[2j 

(a+1) 2 ] *b 2 modulo [2 ; (b 2 +b+l)]) , 

(1 modulo[2;( a+1) 2 ] .1 modulo[2;b+l])+(a^ modulo[2j 
(a+1) 2 ] .b 2 modulo[2,}(b+l)])} 
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s 1 l+(a 3 +a)(b+l), l+( a 3 +a) .1, l+(a).(b+l), 1+a.l } 

« t ( l+a+a 3 +ab+a 3 b) , ( 1+a+a 3 ) , ( 1+a+ab) , ( 1+a) } • 

2.5 ENUMERATION OF NONISOMORPHIC RESIDUE CLASS RINGS OF 

POLYNOMIALS OVER GF(p) 

It is known that finite fields of the same order are all 
isomorphic to each other [18,60,62,69]. However, in a ring 
this is not true. It will be seen that for n > 1 there are 
more than one residue class polynomial rings, which are not 
isomorphic to each other. The set of isomorphic residue class 
polynomial rings of a given order p n constitutes an equivalence 
class. The number of such classes is equal to the number of 
nonisomorphic residue class polynomial rings of order p n . 

Consider the monic polynomials of degree n over GF(p) . 
Their number is p n . Each of the p n polynomials generates a 
residue class ring, some of which are isomorphic to each other. 
Any polynomial of degree n can be expressed as a unique product 
of powers of irreducible polynomials. The isomorphism and 
decomposition theorem of Sections 2.3 and 2.4 are used to 
classify the p n residue class polynomial rings depending on the 
factors of the polynomials of degree n. Towards this end con- 
sider the following example. 
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Example 2.5.1 

Let p = 2 and n - 2. The number of polynomials of 
degree 2 over GF(2) is 4. They are 

i) (a 2 +a+l): Irreducible polynomial of degree 2 over GF(2) 

r\ Q 

ii) a , (a+1) : Square of irreducible polynomial of degree 1 

iii) a(a+l) : Product of two irreducible polynomials of 
degree 1. 

From Lemma 2,3.1 we have P^La 2 ] — P^Ca^+l]* The above four 
rings are classified into different classes such that each 
class contains isomorphic rings 

{Pf[a 2 +a+l]} , £P|[a 2 ], p|[a 2 +l] } and £p|[a(a+l)]J 

Thus the number of nonisomorphic residue class polynomial rings 
of order 2 2 over GF(2) is 3. 

From the point of convenience the polynomials can be written 
in terms of degrees of irreducible polynomials. For example, 

(2) specifies irreducible polynomials of degree 2 over GF(2). 
(a 2 +a+l) is the only irreducible polynomial of degree 2 over 
GF(2 ) f and (11) specifies products of irreducible polyno- 
mials of degree 1 or square of an irreducible polynomial of 
degree 1. Such polynomials are a ,(a+l) , a(a+l). 

It is seen that (2) and (11) are two ways of representing the 
integer 2 as sum of positive integers , called the parti- 

tions of integer 2, 
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In general, let p be a positive integer# Consider the 
r* , p** , sent.it inns of p as a sum of positive integers P Q ,p^, • ••» 
i * c *’ 

+ P s _ x (2.5.1) 

where s is a positive integer at most equal to p. Representa- 
tions of the form (2*5«1) are called partitions of an integer p 
into positive integer summands •••* P s-1 # Thus the 

Integer !> h us the following partitions 

Ittlil), (221 ) t (2111), (32), (311), (41), (5) 

The number of partitions of an integer p is known as 
partition function and is denoted by a(p). Two partitions are 
not considered to bo different if they differ only in the 
order of their summands# ot(o) is taken to be 1# 

Example 9«b»2 

L) o(i) - 1, a(2) * 2, a(5) * 7# 

Tabit* 2.5.1 gives the partitions of integers from 1 to 7. 

Additional examples are taken up now to show how the 
number of classes of residue class polynomial rings are related 
to partition function# 



104 


Table 2.5,1 Partitions of integers from 1 to 7 


n a(n) Partitions 

1 1 ( 1 ) 

2 2 ( 11 ), ( 2 ) 

3 3 (111), (12), (3) 

4 5 (1111), (211), (22), (31), (4) 

5 7 (11111), (2111), (221), (311), (32), (41), (5) 


6 11 (111111), (21111), (2211), (222), (3111), 

(321), (33), (411), (42), (51), (6) 

7 15 (1111111), (211111), (22111), (2221), (31111), 

(3211), (322), (331), (4111), (421), (43), 
(511), (52), (61), (7) 


Example 2.5#3 

Let p » 2; n *3. The number of polynomials of degree 3 
over GF(2) is 2^ = 8, They are listed below using partitions 
of 3. 

(i) (3) specifies irreducible polynomials of degree 3. They 

3 30 

are, (a +a+l), (a +a +1). 
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ii) (21) specifies products of irreducible polynomials 
of degree 2 and degree 1. They are, (a +a+l)a ; 

( a +a+l) ( a+1) • 

iii) (111) specifies products of irreducible polynomials 
of degree 1 or their power* They are, a 3 , (a+1) 3 , 
a^( a+1) , a(a+l)^. 

From Lemma 2.3*1, 

pf[a 3 +a+l] ~ p|[a 3 +a 2 +l] 

pf[a 3 ] ~ p|[(a+l) 3 ] 

From Theorem 2.4.1, 

Prj[ ( a ^ +a+ ^) a^+a+l)( a+1)] and 

« 

P^Ca^a+l)] £ Pjlt^ a+l)^aj 

The above rings are classified such that each class contains 
isomorphic rings. 

C p|[a 3 +a+l] , P 3 [a 3 +a^+l]} 

^ P^lt ( 8^ +a+ l)a] , Pgt ( a^+a+1) ( a+1) ] J 

lP|Ca 3 ]. p|[ C a+lf] j 

C p|[ a 2 ( a+1) ] t p|[(a+l) 2 a] } 

Thus the number of nonisomorphic residue class rings of poly- 
nomials over GF(2), generated by polynomials of degree 3 is 4. 
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Example 2.5,4 

p = 2, n * 4# The number of polynomials of degree 4 
over GF(2) is 2 * = 16. They are listed below using partitions 
of 4. 

i) (4) specifies irreducible polynomials of degree 4. They 
are : (a 4 +a+l), (a^+a^+1), ( a 4 +a^+a 2 +a+l) 

ii) (31) specifies products of irreducible polynomials of 
degree 3 and degree 1# They are : (a +a+l)a, 

( a^+a+l) ( a+1) » (a^+a^+l)a, ( a^+a^+l)(a+l) • 

iii) (211) specifies products of irreducible polynomials of 
degree 2 and 1. They are : (a^+a+l)a 2 , (a 2 +a+l)(a+l)^, 

( a^+a+1) ( a+1) ( a) • 

iv) (22) specifies products of irreducible polynomials of 
degree 2, that is, ( a 2 +a+l) (a 2 +a+l) . 

vi) (1111) specifies products of irreducible polynomials of 

4 4 3 3 o 2 

degree 1, they are s a\(a+l) , a (a+l), (a+1) a, a (a+1) 

Using the Lemma 2.3.1 and Theorem 2.4.1, the 16 rings are 
classified into classes such that rings which are isomorphic 
to each other are in the same class. The classes are s 

{ P 4 [ a 4 +a+l] , p 4 [a 4 +a 3 +l], P 4 [a 4 +a 3 +a 2 +a+l] } 
l Pj[ ( a 3 +a+l) a] » P 4 [( a 3 +a+l) ( a+1) ] , P^[ ( a 3 +a 2 +l) a] , 

P 4 [(a 3 +a 2 +l)(a+l)]l 
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Example 2.5,4 

p = 2, n = 4. The number of polynomials of degree 4 
over GF(2) is 2 4 = 16. They are listed below using partitions 
of 4* 

i) (4) specifies irreducible polynomials of degree 4. They 
are : (a 4 +a+l)» (a 4 +a 3 +l), ( a 4 +a 3 +a^+a+l) 

ii) (31) specifies products of irreducible polynomials of 
degree 3 and degree 1. They are : (a +a+l)a, 

( a 3 +a+l) ( a+l) , (a 3 +a 2 +l)a, (a 3 +a 2 +l)(a+l) • 

iii) (211) specifies products of irreducible polynomials of 

o o o 2 

degree 2 and 1. They are : (a +a+l)a , (a +a+l)(a+l) , 
(a 2 +a+l)(a+l)(a) • 

iv) (22) specifies products of irreducible polynomials of 
degree 2, that is, ( a 2 +a+l) (a 2 +a+l) . 

vi) (1111) specifies products of irreducible polynomials of 
degree 1, they are s a 4 ,(a+l) 4 , a 3 (a+l), (a+l) 3 a, a 2 (a+l) 2 

Using the Lemma 2.3.1 and Theorem 2.4.1, the 16 rings are 
classified into classes such that rings which are isomorphic 
to each other are in the same class. The classes are i 

{ PgC a 4 +a+l] , PgE a 4 +a 3 +l] , PgC a 4 +a 3 +a 2 +a+l] } 

{P 2 C(a 3+ a + Da]* PgUa^a+lKa+l)] , p£[ ( a 3 +a 2 +l) a] , 


P2[(a 3 +a 2 +l)(a+l)]3 



i p£[ ( a 2 +a+l) a 2 ] , Pg[ ( a 2 +a+l) ( a+1) 2 ] J 
f Pgt ( a 2 +a+l) ( a+1) a] j[ , a 2 +a+l) 2 ] 3 

P^[a 4 +l]J , ^P 4 [(a+l)a 3 ], P 4 [a(a+l) 3 ]J 
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$p£[a 2 (a+l) 2 ] } . 

There are in all 8 classes and therefore, the number of non- 
isomorphic residue class polynomial rings generated by poly- 
nomials over GF(2) of degree 4 in one variable is 8* 

* 

In the above examples the partitions of n =2,3 and 4 
are used for listing the polynomials of degree n = 2,3 and 4 
respectively. We have classified the polynomials of a given 
degree into classes such that polynomials belonging to the 
same class generate isomorphic residue class polynomial rings. 
Corresponding to each partition of n, the polynomials are 
listed in terms of factors of irreducible polynomials or its 
powers. If a partition of n contains only distinct integers, 
then the corresponding polynomials are products of irreducible 
polynomials. If a partition of n contains integers which repeat, 
then the polynomials are powers of irreducible polynomials or 
products of irreducible polynomials of the same degree. The 
restricted partition function helps in getting the number of 
distinct (nonisomorphic) classes of residue class polynomial 
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rings over GF(p) corresponding to a partition n, without 
listing the polynomials. Corresponding to each partition of n 
the number of nonisomorphic residue class polynomial rings are 
determined Which are finally added to get the total number of 
residue class polynomial rings of order p n . Towards this end 
we first explain the term restricted partition function, then 
we consider typical partitions of n and obtain expression for 
the number of nonisomorphic residue class polynomial rings, 
corresponding to these partitions. 

The number of partitions of (3 into summands less than or 
equal to tj denoted by a ^(P) is called the restricted partition 
function [55]. 

Example 2.5.5 

i) The number of partitions of 5 into summands less than or 
equal to 2, is three. They are (5), (41), (32). Hence 
a 2 (5) = 3. 

ii) The number of partitions of 6 into summands less than or 

equal to 3, is seven. They are : (6), (51), (42), (411), 
(33), (321), (222). Hence, a 3 (6) * 7. # 

Functions a({3) and <*^(0) have the following properties 


[55] 
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i) a^(P) - «(p) if (3 < rj 

ii) ^(P) < «(P) V P > m 0 

iii) ^(P) ■ a^CP) + ^(P^n) if P > T) > 1 (2*5.2) 

The recurrence relation given by (2.5.2) can be used to find 
“^(P) in terms of cu(i),i < p and j < r\ or i < p and j < tj. 
These concepts are used in the determination of nonisomorphic 
residue class rings of polynomials over GF(p) • 

We now obtain expression for the number of nonisomorphic 
residue class polynomial rings of order p n , corresponding to 
typical partition of n. 

Let one of the partitions of n be 

(j, j , ... j) (2.5.3) 

where j repeats e^ times. Let the number of irreducible poly- 
nomials of degree j over GF(p) be T).. (The determination of the 
number of irreducible polynomials of degree j over a finite 
field q is discussed in Appendix A ) . 

Lemma 2.5.1 

The number of nonisomorphic residue class rings of poly- 
nomials over GF(p) generated by polynomials corresponding to 
the partition of n of the form given in (2.5.3) is ol, (ej; the 

*1 j J 

partitions of e^ restricted to number of summands less than or 
equal to 
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i) a^CP) * a(0) if P < ti 

ii) Q^CfO < «(fJ) V p > 0 

iii) a^O) * a^Cp) + a^p-**) if p > ^ > 1 (2.5.2) 

The recurrence relation given by (2.5.2) can be used to find 
a ^(0) in terms of ctj(i),i < p and j < tj or i < p and j < t). 
These concepts are used in the determination of nonisomorphic 
residue class rings of polynomials over GF(p). 

We now obtain expression for the number of nonisomorphic 
residue class polynomial rings of order p n , corresponding to 
typical partition of n. 

Let one of the partitions of n be 

U» 5 . ••• j) (2.5.3) 

where j repeats e^ times. Let the number of irreducible poly- 
nomials of degree j over GF(p) be T).* (The determination of the 

•J 

number h* of irreducible polynomials of degree j over a finite 

J 

field q is discussed in Appendix A ) . 

Lemma 2.5.1 

The number of nonisomorphic residue class rings of poly- 
nomials over GF(p) generated by polynomials corresponding to 

the partition of n of the form given in (2.5.3) is a,. (e*); the 

** j ^ 

partitions of e i restricted to number of summands less than or 

J 

equal to r\y 
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Proof : 


Let the Tij irreducible polynomials of degree j over 
GF(p) be W^(a), ^(a), • »., W (a)* A polynomial of degree n 
which is the product of these polynomials is of the form 

v 


kj kn ‘t . 

W/Ca) W 2 z (a) Ha) 

3 


where 


K 

*3 

2 ~ e. 

i=l 1 J 


Suppose we indicate the values taken ^ k^kg, k as a 

tk— tuple (c. ,Ca, •••! c ) such that £ c. — e.. We see that 
3 x i=l 1 3 

a given set of values of (k 1( k 2 k^ ) , that is, (c 1 ,c 2 ,... 

) corresponds to a residue class polynomial ring generated 
j n c i 

by P p [ % J W^Ca)]. Since each W i (a); i = 1,2, ..., r). is a 
i=l J 

distinct irreducible polynomial of the same degree j, if the 
arrangement of (c^,c 2 , •••, c^ ) changed to any other form, 
from Lemma 2.3.1, we see that the resulting residue class poly- 
nomial rings are isomorphic to each other. In other words the 
residue class polynomial rings generated by all polynomial 

C C C« 

products W x (a), W 2 (a), W^(a), resulting from reordering 

their powers (c lf c 2 , c^ ) are isomorphic. Therefore, for 

computing nonisomorphic residue class polynomial rings, it is 
enough if we consider the partitions of e^ restricted to 
summands less than or equal to rjj. The number of residue class 
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polynomial rings corresponding to the partitions of 
n = (j, , j); j occurring e. times is therefore equal to 

J 

a (e.). 

J * 

Next we consider a partition of the type 


••• r 2* •••> r 2» •••» » •••» (2*5*4) 

where r^ repeats e^ times, i s 1,2, . j* Let the number of 

irreducible polynomials of degree r* over GF(p) be tv . 

1 ^ 

Lemma 2*5.2 

The number of nonisomorphic residue class polynomial 
rings over GF(p) generated by polynomials corresponding to 
the partition of n of the form (2.5.4) is given by 

j 

i=l % r <6 i > < 2 - 5 * 5 > 

Proof 


From the result of Lemma 2. 5.1, the number of nonisomorphic 
residue class polynomial rings corresponding to the partition n 
of the form (2.5.4) with the irreducible polynomials of degree 
rprg, •••» r j-i f i* ed > is given by a n (e^). Likewise the 
number of nonisomorphic residue class J polynomial rings, with 
all irreducible polynomials of degree r lf r 2 , ..., r^.^, r i+1 ,.. 
. . r^, fixed except r i? is given by a n (e^). Hence the num- 
ber of nonisomorphic residue class polynomial rings correspond- 
ing to the partition of n given by (2.5.4) is tc a (e*). 

i=l "r. 1 
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Theorem 2.5.1 

Let n be any positive integer. The number of nonisomorphic 
residue class polynomial rings of order p n over GF(p), generated 
by polynomials in one variable is given by 

n 

partitions of . , a n.^ e i^ (2.5.6) 

n 1 ~ x 1 

whore the summation is over all the partitions of n, e i is the 
number of repetitions of the integer i in the particular parti- 
tion and r)^ is the number of ith degree irreducible polynomials 
over GF(p). We define a (o) = 1, ¥r)., • 

Proof 

Follows from Lemmas 2.5.1 and 2.5.2. 

* 

Example 2.5.6 

Number of nonisomorphic residue class polynomial rings 
generated by polynomials of degree 4 over GF(3). We have 
p ■ 3, n ■ 4. 

The number of irreducible polynomials of degree i over 
GF(3) i = 1,2, 3,4 is obtained from Table 2.5.2 or can be computed 
as indicated in Appendix A . We have ^ = 3, s 3, t) 3 * 8, 

= 18. Applying Theorem 2.5.1 the number of nonisomorphic 
residuo class polynomial rings, generated by polynomials of 
degree 4 over GF(3) is 
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n 

L % a n , ( ®i ) 

[4], [31], [211], i=l 1 

[ 22 ], [ 1111 ] 

= ^ 4 < e 4 > + [% 3 ( e 3 ) -“n^ ®i> ® 2 ) ]+a r) 2 ( e 2) + %^ e i> 

= a 18 (l)+[a 3 (l) .a 3 (l)]+[a 3 (l) .a 3 (2)]+a 3 (2)+a 3 (4) 

= 1+1 ,1-1*1 ,2+2+4 
= 10 . 

* 

The number of irreducible polynomials of degree n over 
GF(p), the number of nonisomorphic residue class rings of poly- 
nomials over GF(p) of order p n , which we have called distinct 
classes, for p * 2,3,5 and n = 1,2, 3, 4, 5, 6, 7 and the partition 
function of n are given in Tables 2.5,2 and 2,5.3 respectively. 

4P» 

We have seen that the number of nonisomorphic residue class 
polynomial rings Pp[W(a)] is a function of the number of irredu- 
cible polynomials over GF(p) of degree <n and the restricted 
partition function of integers <, n, where n is the degree of 
W(a). If n is a prime number there is no other nonisomorphic 
residue class ring of polynomials of order p n , in one variable. 
However, if n is a composite number there are residue class 
rings of oolynomials in more than one variable. These can be 
shown to be an appropriate tensor products of residue class 
polynomial rings. The isomorphism in tensor product residue 
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Table 2,5,2 Number of irreducible polynomials of 
degree i over GF(p) 



T}^ : Number of irreducible polynomials 

of degree i 

i 

P = 2 

P - 3 


P = 5 

1 

2 

3 


5 

2 

1 

3 


10 

3 

2 

8 


40 

4 

3 

18 


150 

5 

6 

48 


624 

6 

9 

116 


2305 

7 

18 

312 


11160 


Table 2.5*3 

Number of distinct classes 
class ring of polynomials 

Pp[W(a)3 of order p n 

i of residue 
over GF(p) 


Number of distinct classes of residue 
of polynomials of order p n , over GF(p) 

class ring 

n 

p = 2 

P = 3 


p = 5 

i 

1 

1 


1 

2 

3 

3 


3 

3 

4 

5 


5 

4 

8 

10 


11 

5 

11 

15 


17 

6 

20 

29 


33 


7 


27 


42 


50 
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class polynomial rings is discussed in Section 2.2. As seen 
in Subsection 2*2,3 the tensor product of two residue class 
polynomial rings may be isomorphic to a residue class poly- 
nomial ring in one variable. In general, tensor product of j 
residue class polynomial rings may be isomorphic to tensor 
product of (j-1) or less residue class polynomial rings. This 
topic needs further investigation. However, we do not go into 
the details, 

2.6 RINGS ISOMORPHIC TO RESIDUE CLASS RINGS OF POLYNOMIALS 
OVER GF(p) 

In the case of finite fields, GF(p n ) it is known that 

there exists a one-to-one correspondence between the field 

elements and n-tuples over GF(p), which enables one to obtain 

LSS over GF(p) isomorphic to LS3 over GF(p n ) [8,12,13,18,21], 

This one-to-one correspondence can be extended to Pl?[V7(a)] or 
T n. p 

P_ x [Vtf- ( a- ) 3 leading to LSS over GF(p) which are isomor- 
^ P 1 1 T n. 

phic to LSS over Pp[W(a)] or (gj p p ^ W iW^ * the details 

of which are given in Section 3.4. Here we show that for 

each residue class ring of polynomials over GF(p), there exists 

isomorphic rings of nxn matrices and n-tuples over GF(p) . 

Addition and multiplication operations in the case of ring of 

nxn matrices over GF(p) are the usual matrix addition and 

multiplication respectively, modulo p. Addition operation in 

the case of ring of n-tuples over GF(p) is pointwise addition 
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modulo p , while the multiplication of any two n~tuples in this 
ring becomes an appropriate matrix vector multiplication over 
GF(p). Rings isomorphic to P£[W(a)] are called family of 

r 

rings. 

First we obtain rings of nxn matrices isomorphic to 
given Pj?[W( a)] . 

2.6.1 Ring Mp[W] of nxn Matrices over GF(p) Isomorphic to 
Pp[W(a)] 

Let W(a) - a^. + w_ .a 0 "^ + ... + w,a + w : with coeffi- 
Vr n— 1 1 o 

cients w^ e GF(p) • The nxn matrix 



associated with W(a) is called its companion matrix [12,13,14, 
57]. It may be noted that the elements of YY are from GF(p). 

The polynomial W(a) is the characteristic polynomial of W and 
by Cayley-Hamilton theorem, 

W n +w„ .W 0-1 * ... w,W+w rt 1=0 (2.6.1) 

n— X l o = 

where 0 is nxn null matrix 

38 

W(a) is also the minimal polynomial of W. For obtaining a ring ■ 

of nxn matrices over GF(p) fi Pp[W(a)] the following Lemmas are 
proved first. 
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Lemma 2.6.1 

The nxn matrices in the set 

£I,W,W 2 , ..., W 11 "* 1 } (2.6.2) 

are linearly independent over GF(p). 

Proof 

Since W(a) is the minimal polynomial of W any nonzero 
polynomial in W of degree (n-1) or less over GF(p) is not a 
null matrix. That is, 
n-1 i 

£ q.W 1 = 0, q. GF(p) implies q. = O for all i. 

i=0 1 ” 1 1 

Hence the matrices in the set given by (2.6.2) are linearly 

independent over GF(p). 

Lemma 2.6.2 

Linear combinations of matrices from the set (2.6.2) are 
unique. 

Proof 

n-1 L 

Consider the following two linear combinations 2 q^W ^ Q 

i=0 1 ~ 

n— 1 a 

and 2 g^W 1 A G} q<,g^ C GF(p) and q. ^ g. for at least one 
i=0 x - i x 11 

value of i from the set £0,1, ..., 

S (q.-g.)W i » 0 . 

i=0 1 1 


n-1} • Suppose Q=G, then 
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From the result of the Lemma 2.6.1 this implies (q^-g^)saO 
that is « g^ for all i « 0,1 , n-1. This is a contra- 
diction. Hence, Q is not equal to Q. 

* 

Theorem 2.6.1 

The set of all linear combinations of matrices over GF(p) 
from the set £I,W, . W 0 *"^ } , with usual matrix addition and 
multiplication modulo p, constitutes a commutative ring M^[w] 
of order p n . 

Proof 

From Lemma 2.6.2, we see that distinct linear combination 

of matrices from the set are distinct. Any typical element of 
_ n-1 - 

M„[w] is of the form Z q.W 1 ; q^eGF(p); i = 0, ..., n-1. 
p i=0 1 1 

Therefore, the order of M^[W] is p n . 

Mp[w] satisfies the axioms of a commutative ring. 

1. It is an abelian group under usual matrix addition modulo p. 

2. Multiplication is matrix multiplication modulo p. Multipli- 
cation of any two elements in Mp[W] gives a polynomial in W 
whose degree is < 2n-2. Since W satisfies W(a) we have 

n n-1 . 

vr - - z m vr 

i=0 1 

Thus any power of W say ViP for j > n is a polynomial in W whose 
degree is less than or equal to n-1, and multiplication operation 
in Mp[W] is closed. 
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3. Multiplication is associative. 

4. The operations satisfy distributive laws. 

5. Powers of W commute under multiplication therefore in 
Mp[vv] multiplication is commutative. 

Hence Mp[W] is a commutative ring, of nxn matrices of 
order p n » 

* 

Theorem 2.6.2 


is isomorphic to P^[W(a)]-. 

» r 

Proof 

Let 4 be a mapping such that for a e Pj?[W(a)], 

*(a) - w e m^[w] 

n-1 j n-1 • 

Let q(a) = 2 q.a 1 and g(a) = 2 g. a 1 6 PlJ[W(a)] 

i=0 1 i=0 1 p 

n-1 . n-1 . 

we have S(q(a)) = 2 q. a 1 ) = 2 q. W 1 and 

i=0 1 i=0 1 

(i) S?(q(a)+g(a)) * «( 2 (q^+g^a 1 ) = 2 (q.j+g.JW 1 

i=0 1 1 i=0 1 1 

* 2 q.W 1 + 2 g.W 1 =* Uf(q(a))+ s(g(a)). 

i=0 1 i=0 1 

(ii) *(q(a).g(a) = *(S q.a 1 V g.a^) = * ( V h k a k ) } 

1=0 1 j=0 3 k=0 K 


where h., » 2 q. g. 

K i+j*k 1 3 



This is equal to V h k W k = (S q.W 1 )^ g^) = I(q(a)) *(g(a)) 

k=0 K i 1 j J 

(iii) ^(1) - I nxn identity matrix. 

From (i), (ii) and (iii) we see that 


S satisfies the properties of a ring homomorphism • 

Now suppose «(q(a)) « 0 
n-1 . 

That is £ q.W 1 = 0 (nxn null matrix) . 
i=0 1 

From the result of Lemma 2*6.1 this implies q^ — 0 for all 
i 8 0» *•«» n-l f therefore, only OS Pp[W(a)] is mapped to 
0 6 Mp[W]. That is Ker ¥ = 0. Thus 11 is one to one and 
since the order of the two rings are same y is onto. Hence if 
is an isomorphism. 


The elements of the ring M^[W] are of the form 

n ” 1 i -1 

0*2 q.W and the inverse mapping 4 is defined as 

i=0 

sT^W - a and f" 1 (Q) = ^(V q.W 1 ) = V q. a 1 = q(a). 

i=0 1 i=0 1 


Example 2.6.1 


Consider p|[a 2 +l] = {0,l,a,l+a} 
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1 

** 

0 


"o 

1 

* 

1 

l 


r o 

0 

Hence we have 1 £ 

0 

1 

f 

! 

1 

0 

» (l+a)£ 

1 

l 

5 0£ 

0 

0_ 


The 2x2 matrices are the elements of Mg* The operations in 
2 r 2 

Pgla +1] are polynomial addition and multiplication modulo 
[2; a. + 1] . The operations in the ring Pg[a 2 +l] are matrix 

addition and multiplication modulo 2« 


Example 2*6.2 


Consider Pg[a 3 +a 2 +a+l] * 


The elements of this ring are * 


r 2 2 2 21 

i 0,1, a, a , l+a,l+a ,a+a ,1+a+a f * The operations are polynomial 
addition and multiplication modulo [2} a 3 +a 2 +a+l]» 


•* *■ 

0 0 1 

W * 1 Q ^ 

0 1 1 _ 

With the correspondence a 1 ?^ W 5 " the elements of the 
ing commutative ring Mg of matrices are 


correspond- 


'O 0 0“ 

0 0 0 

0 0 0 

«M * 

10 1 
111 
0 1 0 


r *- 

10 0 

0 1 0 

0 0 1 ; 

m 

~1 1 1 

0 0 0 

111 

l 


0 0 1 

10 1 
Oil 

0 10 
1 1 1 

10 1 


“o 1 1~ 

0 1 0 

110 
* ' 

"l 1 0~ 

10 1 

10 0 


The operations are matrix addition and multiplication modulo 2* 

* 
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Example 2*643 

9- O 

Consider P^L a -l] . The elements of this ring are 
10,1,2,8,23,1+3,2+3,1+23,2+23 J • The operations are polynomial 
addition and multiplication modulo [3,a 2 ~l]. 


W = 



1 

0 


With the correspondence ja^ £ jW* the elements of the f.orres~ 

O 

ponding commutative ring Mg of matrices are 



1 

o 

o 

1 


i 

o 

f-i 

1 


IP 

o 

1 


— 

0 1 


0 2 


1 r 


“ , 2 r 


0 0 

> 

1 

o 

»-* 

t 

> 

0 2 

\ 

1 0 
u 

) 

2 0. 

) 

i i 

*■ 

> 



1 2 
2 1 




2 2 
2 2 


The operations are matrix addition and multiplication modulo 3. 


Now we give two procedures for constructing the individual 

elements Q g M^[W] H Pp[W(a)]. Towards this end we will show 

that in the matrix Q = 2 q^W*, q. gGF(p), the zeroth column 

i=0 1 1 

determines the remaining columns. First we prove the following 
lemma. 


Lemma 2.6.3 

If W is the nxn companion matrix of the modulus polynomial 
W(a) of degree n, then in the set of nxn matrices CW° A I, 

W, W 2 , , the jth column of the matrix W i ,i=0,l, • *n-l 
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is equal to the column vector of coefficients of moduloCp; 

w(a)3» - j ** 0,1, • • * r n-1. 

Proof 

Consider W°. The jth column of this matrix a^ is the 
column vector of coefficients of a J modulo [p; W(a)]# 

The jth column of W which we denote by a^ + ^ is the column 
vector of coefficients of a^ + ^ modulo [p; W(a)]. 

2 i+2 

The jth column of W which we denote by a J , is the column 
vector of coefficients of a^ + ^ modulo[p; W(a)]. 

In genaral the jth column of W*, which we denote by 
is the column vector of coefficients of a^ + ^ modulo [p;W(a)]« 

* 

Now we prove the following theorem which gives a constru- 
ction procedure for obtaining Q given q(a) 6 PjJ[W(a)]. 

Theorem 2»6#3 

fl"*X j 

Let q(a) = 2 q 1 a e Prj[W(a)] then the jth column jQ^ of 

i=C 1 P J 

n-1 4 

q= E q*« is given by the column vector of coefficients 
i=0 l 

a^q(a) modulo[p; W(a)]. 

Proof : 

n-1 4 

Q * I q^W 1 
i=0 1 
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n-1 

Qj = S q. 
J i=Q 1 


jth 

Column of 
W 1 


58 column vector of coefficients of 2 q. [a^ +1 modulo[p;W( a) ]] 

i=0 1 

~ ' ' 11 a J 2 q.Ea 1 modulo[pj’V( a) ]] 

i=0 1 

* ' ’ ' ' a^ q(a) modulo[pj W(a)] . 

Zeroth column is the column vector of coefficients of q(a) 
modulo[pj W(a)] = q(a). 

Computation of aq(a) modulo[p; W(a)] can be carried out as 
a vector matrix multiplication as indicated in [8,12,13]. 

We have 


n-l * _ , 

q(a) =2 q ± a = q Q + qi a + ... q n-1 a 
i=0 


aq(a) = q Q a + qja + ... q n _2 an ~ + ^n-l 3 ” 
aq(a) mod[p;W(a)] = q Q a+q 1 a§+ • • •q n-2 an ~ 1 ” c in-l^ w o +w l a+ * ’ * 


n-1% 
w n-l a ' 


2 i 

« — q ,w +(q — q ,w, )a+(q,-q ,w.)a + ...(a q , w ,)a 

M n-1 o VM o M n-1 1' VM 1 M n-1 2' * XH n-2 M n-1 n-l 7 


n-l 


The column vector of coefficients of aq(a) mod[p; W(a)] is 
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-^n-1 * 

w o 

% “ q n-l 

W 1 

<*1 “%-l 

w 2 


A q' 


q n-2 '%-! » n -l 


Now let us consider the product Vi Wty 

<3 


w a ~ 


0 

0 0 

••• “W 

0 


*0 


r 

-%-l 

w 

0 

1 

0 0 

• « . -w^ 


«1 


% 

-%-l 

W 1 

0 

1 0 

... -w 2 


e 

=5 

«1 

"%-l 

W 2 

0 

0 1 

... -Wg 








• 

• * 

• 



I 


1 

, 

I 

• 

• 

• 


0 

0 0 

~ w n-l 

| 

%-l 


Si-2 

“%-l 

n-1 

L. 





% 

L 


r 


= q' 


division by q(a) can be achieved by the multiplication of matrix 
W and vector q. In other words aq(a) ^ W q and it follows 
that 


a j q(a) 2 W j q 

■a- 

Now we prove the following theorem which gives another con- 
struction procedure for obtaining Q given q(a) 6 Pp[W(a)]. 

Theorem 2«6>4 


Let q(a) 6 Pp[W(a)]* Let be the zeroth column in the 
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matrix Q 6 M^[w] • Then the jth column of matrix Q is given 

r 

by — WQj„^» j * lf2, • • • ? n-1 $ _Q q =* q • 

Proof 

From the result of Theorem 2.6.3 we have _q o , zeroth 
column of Q * column vector of coefficients of q(a) * q • 

1st column of Q * column vector of coefficients of aq(a) ! 

* ' W q = W g 0 

2 

2nd column of Q * column vector of coefficients of a q(a) 

= w 2 ^ = w g 

Continuing it can be shown that 


Qj, jth column of Q * = WQj ___ ^ 

n-1 j 

Given q(a) = S q. a e P„[W(a)] ; Theorems 2.6.3 and 
i=0 1 p 

2.6.4 specify two procedures for obtaining Q 6 Mp[W] ~ Pp[W(a)]. 
These may be summarised as follows. 

Procedure 1 

The zeroth column of Q is the column vector of coeffi— 

r< 0 1 


cients of q(a)» 


«1 


and the jth column is the 


column vector 


of 


^n-lj 

coefficients of a^q(a) mod[pj W(a)]. 
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Procedure 2 

The zeroth column of Q is <3 



and the jth 



column is W^jQ 0 = W j = 1,2, . n-1. 

The following example illustrates the procedure for constructing 
3 given q( a) e P^C a^+a+l] • 


Example 2.6.4 

Let ( a^+a) 6 P^Ca^+a+l]* 

The corresponding 3x3 matrix in the commutative ring of 3x3 
matrices isomorphic to PgCa^+a+l] is obtained as follows* 


Procedure 1 

We consider the three polynomials 


(a 2 +a), (a 2 +a)a, (a 2 +a)a 2 

these are written as elements of residue class polynomial ring 
pij> [ a^+a+l] • 

(a 2 +a), (a 3 +a 2 ) = (a 2 +a+l), a 4 +a 3 - a 2 +l 

o 

The matrix corresponding to (a^+a) is obtained by writing the 

* 

three polynomials in column vector form* 

Oil 
110 
11 1 
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Procedure 2 
We have 


W 


0 0 1 
10 1 
0 10 


and (a 2 +a) 


The matrix g corresponding to (a 2 +a) has Q = 


0 

1 

l L d 


The remaining column can be computed as follows. 



MM 

0 0 1 


"o ' 


1 

9i = 

10 1 


1 

= 

1 


1 

o 

H* 

o 

[ 

1 


1 

l 

_ “I 

r 



**/ r 


92 


0 0 1 
10 1 
0 10 


0 0 1 
10 1 
0 10 


0 

1 

1 


0 0 
1 0 


(a 2 +a) ? 2 = 


Oil 

110 

111 


1 
1 

1 0 


1 

1 

1 


Procedure 2 is simpler than Procedure 1, 


The ring Mp[W] of nxn matrices isomorphic to Pp[a n -l] is 
a commutative ring of nxn cyclic matrices over GF(p). The 
order of the ring is p n . In each matrix the successive columns 
are the cyclic shift of the first column. 
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Now we obtain a ring of nxn matrices isomorphic to a 
T n. 

given fP p tW i (a i )3} 

T n i 

2*6*2 Ring 0 iMp [W^]} of nxn Matrices Over GF(p) Isomozjphic 
T n. 

to ® {P p : i [w i (a i )]} 

We will see that this case is an extension of the case 

discussed in Subsection 2 . 6 . 1 . The ring of nxn matrices isomor- 
T n • 

phic to 0 IPp [W^(a^)]} will be shown to be a linear 

i* 0 ,..r-l 

combination of a set of Kronecker products of matrices 
[Appendix C ] obtained in the single variable case discussed 
in Subsection 2.6.1. We first consider the case r = 2. 

Consider the tensor product of two residue class polynomial 
n, n n. n 

rings p p [W^a^] and P p °[W 0 (a 0 )] of order p and p respecti- 

n T n 

vely. The tensor product P p 1 [W 1 (a 1 )] @ p p ^ W o^ a o^ is a ring 

of order p n , where n = n^n 0 * In this tensor product ring the 

elements are polynomials in two variables a, and a rt . The ring 

i, i 10 

elements of the form a^ a , with 0 < < (n^l) and 

0 i i Q < (n 0 -l), are linearly independent and constitute a basis 
of the tensor product ring. 

We show below that it is possible to obtain a ring of nxn 

n l T 

matrices over GF(p) which is isomorphic to P p [W^aj.)] (x) 

Pp 0 tV*o>}* 
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Let and W Q be companion matrices of W^a^) and W 0 (a 0 ) 
respectively. From the results of Subsection 2*6.1 


tw°, wj, w" 1 " 1 } 

and 

K’ ^ Wo° _1 J 


(2.6.3) 

(2.6.4) 


are respectively the sets of njxn x and n Q xn 0 linearly indepen- 
dent matrices. The set of all linear combination of (2.6.3) 

n i 

constitute the commutative ring NL [W,] of n.xn. matrices iso- 
n p x x x 

morphic to Pp [Wj_( a^) 3 • The set of all linear combination of 
K n 

(2*6.4) constitute the commutative ring M°[W ] of n ft xn rt matri— 

n P o o o 

ces isomorphic to P p [W Q (a 0 )3. 

Let a x e Pp^W^a^] and a 0 9 Pp°[W 0 (a 0 )] 


We apply the correspondences a 1 * and a Q 2 W Q discussed in 
Subsection 2.6.1 in two stages. Using a^ £ we have, 


a i a o 9 Vo where we treat a Q fixed. 
Expanding the matrix we have 


W l a o = 


Wl 


00 


Wl 


bl 


Wl 


on^-l 


Wl , Wl , , ... Wl„ , „ . 

n^-1,0 nj-l, l n^-l,n^-l 


a. 
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Taking a 0 inside we have* 


ft a rt W1 . 

0,0 0 0,1 0 




« 


Wl rt „ , a n 

o,n^— 1 , o 


jWl 


«X-1 .o^V’ 1 ' 0 ■ ' * W \-l . "1-1 


(2.6.5) 


Now we apply the correspondence a 0 * W Q and we have 


W1 W Wl. . w ... W1 w 

Of o o 0,1 o o,n 1 -1 o 


a l a o 9 


W 1 n 1 -l,o w o W1 n x -l , l W o ••• 


Wl , , W 

n l~l* n i-l v *o 


k 2.6.6) 


where Wlj^ j is an element of matrix W x and is from GF(p) while 
W 0 is n Q xn 0 matrix over GF(p). This matrix is symbolically 
represented as W Q and is called the Kronecker product of 

matrices W^ and W^. The properties of Kronecker product of 
matrices which are relevant here have been given in 
Appendix c 

In general % Vi Q is not equal to W Q W^. 
i, K ii 

We can see that a^ a Q ° 7 -*- W ^ 1 C$6 W Q ° (2.6.7) 

Since powers of ; i ® 0,1 commute, the Kronecker products 
of the form (2.6.7) are commutative. That is 



Consider the set of matrices 


twj ® w°. 

W?® w 0 . 

W ... 

rt n -1 

w i w 0 ° 

v 1 ® w°. 

"l® V 

w^w^. 

n -1 

W, ( x- W rt ° 

1 o 


w?® w 0 . 

... 

o n_ — 1 

vq ® w 0 

• 

* 

• 

w" 1 " 1 ® "S' 

V ® W 0 , 

n,-l f> 

w l ® % *’* 

• 

• 

• 

n, -1 n -1 

W 1 ® W o * 


( 2 . 6 , 8 ) 


This set of = n matrices, each of size nxn, is linearly 

independent and linear combinations of these matrices consti- 

n i 

tutes a tensor product of commutative matrix rings NL x [Wi 3 and 

, n or ■, n. P T X n 

Mp LW 0 J. We denote this tensor product by Mp X [W 1 ] ^ M p°C^o^ 

which is a commutative ring of order p n . The operations in this 

ring are the usual matrix addition and multiplication modulo p. 


Having seen that, corresponding to element 
n T n 

a l a o e p p^C^i^ a i) 3 Pp°[W 0 ( a©) ] » there is an nxn matrix 

W^<2l and the existence of tensor product rj-ngs of commutative 
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n, n 

matrices, Mp [W^] and Mp°[W 0 ] f we now prove the following 
theorem. 


Theorem 2.6.5 

n, 


n T 

V V ® Vt*o3 - vH(a x )] ® Pp°[W 0 (a 0 )] . 


Proof 


n -1 n,-l 
o l 


h i O "l 

A a on 1 1 


Let q( ai .a 0 ) - ^ E : *i 1 ,i o a l* a o''eP p 1 [W 1 (a l )] ® 


i rt =0 i,=0 
o 1 


Pp°[w 0 ( ao )] 


(2.6.9) 


Then from the correspondence (2.6.5) we have 

it . i. 


n 0 -l ni -l 


* ijo Vo Wll@ W °° =Q 


( 2 . 6 . 10 ) 


From (2.6.8) we see that the right hand side of the corres** 

a » n i , T n_„ 

pondence (2.6.10) is an element of M p A [w 1 ] ® M p [W 0 ]. 

Since right hand side of the correspondence (2.6.10) is a 

linear combination.- of linearly independent matrices, 0 = 9 

implies that the coefficients q* . * 0 , ¥i,,i n . Therefore, 

n, T n^lo x ° 

only zero of Pp [W^(a^)3 ® P p °(a 0 )3 is capped to null matrix* 

Therefore, if 11 represents the mapping from tensor product 

polynomial ring to tensor product matrix ring, then Kernel of 

It is zero. This implies H is one to one. Thus, 
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n * n 

(i) for each element in Pp^EW^a^] ® Pp°[W 0 (a 0 )] there is 

n, T n 

a unique matrix in to p A [W 1 ] 0 M^°[W 0 ]- 

(ii) the order of the two rings are same. 

Hence they are isomorohic. 

T 

n l n 

Every element of M p ' t [W 1 ] 'x> Mp°[W 0 ] is of the form 

n o“ 1 n l" 1 i. 


Q = Z 


0 a x, ^ i 

2 E q, . W/& W rt ° 

i=0 i. =0 1 l 1 o 1 0 

o 1 


The inverse mapping S'”* 1 is defined as 

i 


"•1 *0 A . 

* : W 2 ° - a^ 


a l 


and 


n o -i "l- 1 


V 1 n x -l 


1 u J. 1, 1 O X 

* (Q) - « 2 2 q W, 1 ® W 0 = Z 2 q. , 

i =0 i.=0 1 l 1 o ■*" 0 i o i,=0 1 l 1 o 

0 1 0 1 

h i 0 

a l a o 

n. T n 

The operations in Mp A [W^] 0 Mp°[W 0 J> the ring of nxn commu- 
tative matrices as stated earlier are the usual operations of 
addition and multiplication modulo p of matrices. 

* 

Example 2.6.5 

T 

Consider p|[a^+l] & p 2E a o +a o +1 l' Elements of this 
residue class ring of polynomials are of the form 


W'»ol a o +c 'lo a l +<:1 ll a l a ° 


9 


6 GF(2) 
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which can be considered as a linear combination of the basis 
elements 


* 1 » a o ,a l ,a l a o* 


We have 


W. 



— 


— M. 


0 1 


0 1 

ss 


and W, = 



_1 1_ 

1 

1 

o 

rH 


( 2 . 6 . 11 ) 


The correspondence between the elements given in Equation 
(2.6.11) and the 4x4 matrices are 


1 if W® * i 2 <& i 2 = 


a 0 i? W 0 =' I 2 ® W 0 = 


a x if W 1 <^I 2 = 


a l a 0 - W X ®W ( 


1 0 
0 1 
0 0 
0 0 

0 1 
1 1 
0 0 
.0 0 

0 0 
0 0 
1 0 
0 1 

0 0 
0 0 
0 1 
1 1 


0 0 
0 0 
i o 
0 1 

0 0 
0 0 

0 1 

1 1 

1 o " 
0 1 
0 0 
0 0 

0 .1 
1 1 
0-0 
0 0 


( 2 , 6 .. 12 ) 
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The linear combinations of the matrices given in 

Equation (2.6*12) constitute the ring of 4x4 commutative 

T 

binary matrices isomorphic to p|[a*+l] ® P 2£ a o +a o +1 ^* Thus 
corresponding to the polynomial q(a^a 0 ) » l+a 0 +aja 6 p|[a^+l]& 

p 2^ a o +a o +1 *^ we have 


the matrix Q = 


“l 0 0 0* 


0 10 0 ** 


0 0 0 1 


“ '1 
110 1 

0 10 0 

+ 

110 0 

Hh 

0 0 11 

= 

10 11 

0 0 10 


0 0 0 1 


0 10 0 


0 111 

0 0 0 1 


0 0 11 


1 1 0 .0 


1110 

— -4 


- _ 


•m j 

— 


Example 2.6.6 

T 

Consider p|[af+l] & Plta^+l] the elements of this ring 
are linear combinations of fl,a 0 , a^a^a^a ^ } we have 


W. 


0 0 1* 


"* -1 



0 1 

10 0 

:s 

II 




1 0 

0 10 




and 


the corresponding 6x6 matrices are 


1 * w°® v»2 =* I 2 ®I 3 , 

•r* - W l® r 3- 


a o 8 *1 ® W o. " x 2® W o' 
a o 8 

a l a o *"l® V a l a o s W 1 ® ^ 

(2.6.13) 
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The linear combinations of the matrices given in (2.6.13) 
constitute the 6x6 commutative ring of binary matrices isomor- 
phic to 

T 

* > 2‘- a l + ^ $0 *2^ a o + ^* Thus corresponding to polynomial 


qUi a 0 ) ~ * +a i a 0 6 ^2^ a l + ^^ % w® ^ ave the matrix 


3r .3, 


Q = i 2 <& i 3 + w x <£) W Q * 


1 

0 

0 

? 

0 

0 

1 ~ 

0 

1 

0 

1 

» 

1 

0 

0 

0 

0 

1 

* 

0 

1 

0 

0 

0 

1 

i 

1 

0 

0 

1 

0 

0 

1 

0 

1 

0 

0 

1 

0 

f 

1 

0 

0 

1 


Having shown that there exists an isomorphism between the 

n. T n 

tensor product rings, P p [W^a^] P p °[W 0 (a o )] and 

n. T n 

V [v^3 (Q M p °[Vi/ 0 ], we will now give two procedures for 
obtaining individual elements of tensor product ring of matri- 
ces. Given q( a jj a 0 )» an element of tensor product of residue 
class polynomial ring, we obtain the corresponding nxn matrix 
Q which is an element of tensor product of commutative rings of 
matrices. Towards this end we first show that in the matrix 
Q the jth column is determined by q(aj»a 0 ), W^a^ and W Q ( a 0 ) 
or alternatively by q(aj»a 0 ), and W 0 * Let W = W Q . The 

ijth element of W is given by (Appendix C). 
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= W <i 1 i 0 Xj 1 J 0 > = - w0 i o j 0 


where Wl, , is the i.j.th element of W. , and WO. . is the 
1 J 1 - 1, x 1 x o J o 


i 0 j 0 th elem ent of W . 


<3 X 3 0 > ar© the mixed radix representations (appendix B) 
of integers i and j respectively with mixed radices n Q and n^. 
The jth column of the matrix W is a (n-^xl) vector. 


wl ov"°oj, 

Wio^.WQ.j, 


Wl n1 ,wo„ , , 

° J 1 n 0 _1 'J| 


* * « - » ft 

“Wj-*!!, 

• < * ft X 


Wl,4 .WO. 
W1 


■t 4 • » ¥IJ « 1 4 

TJl n 0-l»J 0 


n n jj • WO^n - 

"r 1 '^ °J( 


Wl_ . . .WO., 
n l“ 1,J l 1J o 

W1 n 1 4 ‘ W0 « 1 * 

n r x »h n 0 ~ 1 »J 0 


(2.6.14) 


This can be written in short form as the Kronecker product 


Wl, <g> WO. 
~ 3 1 * J < 
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where Wl^ is the j^th column of W x 
and ]A[Q. is the j th column of W„. 

Jo 0 0 

We consider the following examples which illustrates the 
determination of columns of W. 

Example 2.6.7 

Consider P p 1 [» 1 (a 1 )] @ Pp°CW 0 (a o )], 
where W 1 (a JL ) = +w l2 a i +a i 


W o (a o> * w oo +(i, ol a o +a o 


Companion matrix of W 1 (a 1 ) is 


W, 


0 0 -a) 


io 


0 -u> 


11 


1 -(A 


12 


Companion matrix of W 0 (a 0 ) is 


W. 


0 


-U> 


00 


- 0 ) 


ol 


1 
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We have 



0 

0 1 

0 

0 

1 

0 

“io“oo 


0 

0 * 

mm 

0 

0 

1 

1 * 

“ M 10 

“10 W 01 

W=w£x) w c « 

0 

-“oo 

0 

0 

0 

“ll M 00 


1 

1 

-( 

01 

0 

0 

-“11 

“ll“oi 


— — 

- — » 

4 mm 

— 

-l 

— 

++ mmm 


0 

0 

1 

0 

“ W 00 

1 

0 

“l2“00 


0 

0 • 

1 

-“01 

1 

CM 

«H 

3 

i 

“12 W 01 _ 


(2.6.15) 

In this example degree of W 1 (a 1 )»n 1 * 3 

and degree of W o (a o )-n 0 * 2 

The mixed radices are 3 and 2 (Appendix B ) . 

Using the mixed radix representation of integers 0,1, ..., 5 
we find that the columns of W are Kronecker product of appro- 
priate columns of Wj_ and W Q . 


The integers 0,1, . 
tations are given below, 
i * 2i 1+ i o 

0 

1 

2 

3 

4 

5 


, 5 and their mixed radix represen- 


0 < i x < 3; 0 < i 0 < 2 


< 0 0 > 
< 0 1 > 
< 1 0 > 
< 1 1 > 
< 2 0 > 
< 2 1 > 


(2.6.16) 
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T 

An element q(a 1|(So ) e P^W^)] ® P*[W 0 ( a 0 )] , which is a 

polynomial in the two variables a, and a^ is written in the 

l o 

following order# 


q(a l» a o> 58 q oo a l a o + q ol a l a o + q lo a l a o + q ll a l a o + 


2 o 



e gf(p). 


+ q 2 i a i a 


2.1 
o 


We note here that the index <i^i Q > of the coefficient q^ ^ is 

1 o 

also the power of a^ and a 0 respectively and is in the ascending 
order of the mixed radix representation of integers. Now, we write 
the columns of matrix W« 


Zeroth column WL of W s Since 0 •* <0 0>, W is equal to the 


Kronecker product of zeroth columns, W1 Q of and Wp Q of W Q 


KK ® W0 o * 


<3 

1 

0 




0 

Ui 


0 

0 

0 

1 

0 

0 


which is equal to the column vector of coefficients of a^a 0 # First 
column of W: Since 1 ■* <0 1>, Wj. is equal to the Kronecker pro- 
duct of zeroth column W1 Q of Wj^ and first column WOj. of W Q 


Wl 0 @ WOj. - 

0 ' 

1 


'-"oo 


ro i 
0 

"Woo 


0 


.-“cl 


- w ol 

0 





, 

Lo J 


Wl 0 @ wo x 



142 


which is equal to the column vector of coefficients of 


a l a o «odulo[pt W 0 (a 0 )]. 

Second column W 2 of ; Since 2 + <1 0>, 



I 1 ! WO Q 



0 

‘0 

0 

0 

0 

1 


which is equal to the column vector of coefficients of 
afa Q modulo[p; W^), W Q (a 0 )]. 

Third column W 3 of W: Since 3 4 <1 l> 



~0 ' 


O 

0 
3 

1 

w 3 - aijs ao x - 

0 

1 

rH 

O 

3 

I 


1 



"“ol I 

L J 

2 2 

which is equal to the column vector of coefficients of a^a 
modulof p; W 1 (a JL ), W 0 (a 0 )J. 
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Fourth column W 4 of W: Since 4 •* <2,0> 

0 

- w io 

0 

“ w ll 
0 

"*^12 j 

which is equal to the column vector of coefficients of 
a X a o raodul ° CP! W 0 (a 0 )]. 

Fifth column J of W: Since 5 •* <2 i> 







“lO “00 

= jSl 2 ®wo 1 = 

1 

I 

O 


f 

o 

o 

3 

1 

\ 


W 10 <°01 
W 11 “oo 

3 

1 


—CO , 
ol 

— 

w ll “oi 


L *" w l2 J 


- 


“12 W 00 
J°12 w 01„ 


W 


\ ■ wi 2 ® wo a 


-co 


10 


-CO 


ii te 


L "“12 


0 

1 


which is equal to the column vector of coefficients of 
.3.2 


a X a 0 mod[p; W JL (a 1 ), W 0 (a Q )] 


Now we take up the procedures for obtaining jth column 
T n 


of Q 6 Mp°[W Q ] corresponding to 

L il 0 “Mo ^ a »° ® P p 1[W l (a l )] * P P° [ W3 • 

10 
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i, i_ 

We have Q ■ 2 2 q ± . W, 1 (g) W 0 

A 1 4 o 1 0 


n,~l n -1 

JL O 


3 = 1 2 q. s 

3 0 i _rt 4 _/> 111. 


i^O i Q =0 1 o 


zeroth column zeroth column 
of W* 1 ® of w*° 


Using the results of Example 2,6.7 


n.-l n -1 
l o 

) « 2 2 q.. j 

0 i , =0 i =0 ^o 

1 o 


column vector of coefficients 

i, i . 

a Q ° mod[p;W 1 (a 1 ),W 0 (a 0 )J 


*1 *0 


® column vector of coefficients of Z Z q. * a, a 

Z £ jLl J. 


*1 *0 10 


= column vector of coefficients of q(a 1 a 0 ) 


q o ? n 0 -i 


q l» n o" 1 

V. 


q (n 1 -l),o 

"(rii-lil 


q <n r l>,<n 0 -l>| L q n-1. 
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where 


q i - <*1,1 

1 0 


and <i^i Q > is the mixed radix number system representation of 
the integer i with respect to mixed radices n Q and n^. Thus 
we see that q + .qCa^). 

Now consider the jth column Q, of Q we have 

j 

n -1 n Q -l i ± 

^ 5 ” £ ^ q. i [jth column of W, 1 <& W°] (2.6*17) 

i,=0 i ssO 1 l 1 o 10 

JL 0 

n,-l n -1 

l o i _ 

* .£ £ q^ ^ [jjth column of W^J^C j Q th column 

i l s=0 i o =0 10 i 

Of W o 0 ) 

(2.6.18) 

From the result of Lemma 2,6.3 we have, j,th column of 

i l jT+ii 

W. « column vector of coefficients of a, and i th column 
1 i Q 1 j +i 0 

of W = column vector of coefficients of a ° 0 Hence from 

o o • 

Equation (2.6.18) and Example 2.6.7 


n.-l n -1 
l o 


column vector of coefficients of 


S, ■ £ £ q^ 4 j,+i, J' +i A 

3 *i"° i o’*° 10 H 3 ! 1 1 a 0 ° ) modulo[p i w 1 (a 1 ),w o (a 0 )] 

j i i 

Bringing a^ a~o outside the summation we have, 


jSj a® column vector of coefficients of 


j j n i“l J J 

a* 1 a 0 E E q± ± a, 1 a 0 modulo[p;W,(a 1 ),W (ao)J 

1 ° i,a»0 i *0 1 1 1 0 10 110 

10 JL 




‘1 “ *0 


h J 0 


■ column vector of coefficients of [a^ 1 a °q( a.pa 0 )] 
moduloCp; W 1 (a 1 ),W Q (a 0 )] (2.6.19) 
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Hence given qCaj^)! W^(a^) and W 0 (a Q ), the columns of the 
corresponding matrix Q can be obtained from (2.6.19)* 

The matrix Q can also be obtained alternatively as 
discussed below. 

From Theorem 2.6.4, we have, 

ii J i i » 3 1 ii 

iyth column of m W^fzeroth column of Wj 1 ] * W x x WlJ and 

i A i i i i 

j Q th column of W 0 ° 5= W Q ° [zeroth column of W 0 °]« W Q ° W0 0 ° 

Therefore from Equation (2.6.18) 

nj^“l n Q ~l j i j i 

S, = Z Z q, , [(W^ 1 in. 1 ) 'X (W® WO® )] (2.6.20) 

J i,»0 i *0 1 l 1 o 10 oo 

JL O 

Using the property 


PP* <g) RH» * (P®R) (P® R' ) 


of Kronecker product of matrices we have 

n^-1 n Q -l j j ^ 

fl, - z Z q. i C ( 1 -XJ W °) ( Wl 1 xj WfO °)3 
■J i-=0 i ssO To x o o o 

X o 

Jn j c 

Since the summation is over i^ and i Q we can bring '£) W 0 


outside the summation, 


% - Cwf 1 ® w 3 0 °] 


n,-l n -1 
l o 


Z J q,, (Wl 1 * WO i °) . 

i 1 »0 i 0 =0 1 l 1 o 0 0 
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Using the result of Lemma 2*6.3 and from the Example 2.6.7 


Sj = W 0 °] [column vector 

• * 

Sj - [w^s *£>] 3 


of coefficients of <?(ajya o )] 

( 2 . 6 . 21 ) 


Hence given q(aya Q ), %( a x)» and ^ 0 ( a 0 )» the column of the 
corresponding matrix Q can be obtained from (2. 6. 2]). 


To summarise we have the following two procedures for 
n, T n. 

obtaining Q 6 [W^] <5c- Mp°[W 0 ] corresponding to 

q(aj*o> e Pp 1 [W 1 (a 1 )] l Pp°[W 0 (a 0 )]. 


Procedure 1 

j, j 

Given q(a^a 0 ) compute a^a^ q(aj»a 0 ) modulo[p;W^(a i ) ,W 0 (a 0 )] 

j* = 0»1 •»» m-i } i 88 1*2# Find the corresponding column 

j, J* 

vector of coefficients of a ^ a 0 q( a jf a Q ) modulo[p;W^(a^) ,W C ( a Q )j » 
which is equal to CL the jth column of corresponding matrix Q. 

J 

Procedure 2 

Given q(aj»a Q ) find the corresponding column vector of 
coefficients of q(aj*a o ), denoted by q. The jth column of the 
matrix Q corresponding to q(a^a 0 ) is 

j j 

flj = [W^eWp’M.q fl 0 - q 

Example 2.6.8 


Consider the Example (2.6*5) 
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Let q(a 1> a 0 ) = l+a 0 +a 1 a 0 




T 

e p|[a^+i] • ® 


p |f a o +a o + ^ 


0 1 
1 1 



* 


Here, we have n Q = 2 ; n^ = 2, 

The mixed radix representation of 0, 1,2,3 reduce to the binary 


representation. 


0 <0 0 > 

1 <0 1 > 

2 <1 0 > 

3 <1 1> 


Therefore, q Q 

«1 

<*2 

a 3 


coefficient of 

f V 

t » 

f I 


0 0 
a l a o 

a° a 1 
a l a o 

a 1 a° 
a l a o 

a^ a 1 
1 o 


1 

1 


0 

1 , aj * 1 * i = 0,1 . 



i 

i 


We find the column of Q by the two procedures. 
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Procedure 1 


J 9 q ~ zeroth column = column vector of coefficients of 





Si 88 first column « column vector of coefficients of 

a i a o* q ^ a i» a o j!S 1+a i +a 0 a i mod £ 2 * a i+l, a o +a o +1 J 



S2 ** a © c ond column = column vector of coefficients of 
a l a o*^ a l» a o ) “ a o +a l +a l a o mod t 2 5 a i +1 » a o +a o +1 ^ 



S3 88 third column = column vector of coefficients of 
a i a l-^ a r a o> * -*- +a o +a l mod[2;a^+l t a^+a^l] 
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22 


^3 


First column : [wj tywj] q = [l 2 $ wj]q 



Second column : [W*<$ W°] , q = 


Third column s [W* <g) W*] . q * 




1 0 
0 1 
1 1 
1 1 



* 
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Foregoing results of this section are now extended for 

the case r > 2. Given tensor product residue class polynomial 
T n 

ring & Jp p 1 t w i( a i>]} we find 

i»0 F ..r-1 


£ P p ^[Wj( a j)] degree of Wj(aj) is n^, 

J s Ojl| • • • p r-1 i 

r-1 

it Hj = n. Then the tensor product ring of nxn matrices 
j=0 J 

| J ~ Ij {P^CW^)]} . 

i®0> • • .r-1 i*0, • • r-1 


If 


a a *r-l *r-2 

q i_ 1 i «...i r-1 • 0 » 

T-i o 


• • • t 




n 

e& {P p i [w i (a i )]} 

i=0, . *r-l 


then the nxn matrix corresponding to this element is 

Vl » “o°>- I" 


general 


* j ^ 

q( a ,• . . . Vo ) = "* 1 q. a" 1 - 1 ... a* 1 af 0 e* 1 a i )]} 

rl 1 0 i=<i r _i..h 0 r 3p=O 1 1 i«0, • .r-1 


the corresponding matrix is 


n-i i_ . i 0 

2 i '"xi w *; 2 

i-<i ,> 1 1-1 • *- 2 

r— l 


<$■ Wj 1 y x; Wp°). 


• • • 
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where lA^ is the companion matrix of W-^a^, i * O, ...,r~l« 

As in the case r = 2 here also it can be shown that the 
zeroth column of Q is 


q * 



«1 


* 



i , i^ 9 i, i 

where is the coefficient of a r fj a^ ••• a i a 0 and 
*r-2 *'* i i i 0 > m; i-xed radix representation of 

integer i with respect to mixed radices n Q ,n 1 , . .. n r-1 . The 

* 

jth column of Q can be found as follows. 


Procedure 1 

Column vector of coefficients of 


/r-1 a Jr-2 Jri h 


*r-l a r-2 


• • • 3 


ol rh 

l jL a o q^( a r-1 > a r _ 2 » • • •» a 1 » a 0 )modulo[p; 

W . I a .) VI /a VI * 


Procedure 2 

(“r-I 1 ® ®W^°).q where <j r _ 1 J r _ 2 


is the mixed radix representation of j with respect to mixed 

r-1 i-1 

radices n^n^* • • *#^j w .i» That is 9 j * 2 ^ n^ + • 

i*=l k-0 

We now consider rings of n-tuples over GF(p) isomorphic to 
residue class ring of polynomials of order p n over GF(p). 
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2*6.3 Rings z£[W] of n-tuples over GF(p) Isomorphic to 
Pp[W(a)] 

We have seen in Section 2.1, that the set 

£a°,a 1 f a 2 , ...» a 0 " 1 } (2.6.22) 

Constitutes a basis of P£[W(a)]. Any element of P£[W(a)] is 
a linear combination of (2.6.22) over GF(p). With the 
correspondence 



Consider the set of n-tuples 



which constitutes a basis of set of all n-tuples of GF(p). Any 
n-tuple over GF(p) is then a linear combination of the above 
n-tuples. 
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Let q(a) 


n-1 

£ 

i=0 



6 PpCw(a)] 


The n-tuple corresponding to q(a) 


q(a) 


n-1 

£ 

i=0 



n-1 

£ 

i=0 



% 

q l 



a q 


Hence there is a one to one correspondence between q(a) and the 
n-tuple q. 


With the addition of two n-tuples defined as pointwise 
modulo p addition, the set of all n-tuples constitute an additive 
abelian group* We define the multiplication of two n-tuples 
as follows. The two n-tuples are expressed as polynomials. The 
polynomials are multiplied modulo[p; W(a)]. The coefficients 
of the resulting polynomial is written as an n-tuple. With these 
operations the set of all n-tuples z£[W] over GF(p) constitutes 
a commutative ring isomorphic to P”[W(a)]. The inverse mapping 


is ; q = 


L q n-iJ 


n-1 , 

* q(a) = £ q.a 

i=0 1 


We give below examples of rings of n-tuples over GF(p) 
isomorphic to residue class rings of polynomials over GF(p), 
and illustrate the procedure of multiplication. 
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Example 2.6.9 

2 p 2 

Consider +l]. The elements of this ring are given in 

Example 2.6.1. The corresponding 2-tuples are 


i 

i 


r ‘0 10 1 ] 

l . The addition in this ring is pointwise addition 

° 0 1 

of 2-tuple$ modulo 2.,. Suppose we want to multiply two 2-tuples 

r°i r 1 1 

say L 1 I an< * |il* express them as polynomials a and 
( 1+a) , multiply them modulo [2$ (a 2 +l)] which gives 


a( 1+a) — (a 2 +a) *= (1+a) modulo[2; a 2 +l]«f 


Therefore, 


0 


r 

rM 

I 


1 


* 


= 


1 


1 


1 



» 


** m 


Example 2.6.10 

9 0 0 

Consider PgEa^+a^+a+l] • The elements of this ring are 
given in Example 2.6.2. The corresponding 3 -tuples are 



1 

0 

0 


0 

1 

0 


0 

0 

1 


1 

1 

0 


) 


1 

0 

1 


0 

1 

1 ■ 


The addition in this ring is pointwise addition of 3-tuples 

* 

modulo 2. Suppose we want to multiply two 3- tuples say 
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; we express these elements as polynomials 


0 £(l+a^) 5| 1 I £ a+a^; multiply them . mod [2,a 3 +a^+a+l] • 


This gives (l+a^)(a+a^) — a+a^+a 3 +a^ s 0 mod[2,a 3 +a^+a+l] 
This corresponds to { q! * 


The individual elements are not zero but the product is zero. 

This implies that the elements under considerations are zero- 

divisors in the ring* _ F 

0 1 

As another example consider the multiplication of ± and ^ 


We express these elements as polynomials 


1 j j? a $ I 1 I f (1+a+a )• multiply them 


mod[2$ a 3 +a^+a+l] . This gives a+a^+a 3 = 1 mod[2;a 3 +a^+a+l] 


•?! q • Hence we have i • i — 
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Example 2.6.11 

2 r 2 

Consider PgLa -1] the elements of this ring are given in 
Example 2.6.3. The corresponding 2-tuples over GF(3) are 



The addition in this ring is pointwise addition modulo 3. 


' 2 ] T2‘ 

r lJ and (.2. 


Multiplication of two 2-tuples say 
out by expressing them as polynomials and multiplying them 
mod[3; a 2 -l] 


is carried 


2 ~ 
1 J 


(2+a) and 


2 

2 


^ 2+2 a 


(2+a)(2+2a) - 4+4a+2a+2a 2 = 1+2 = 0 mod[3j a 2 -l] a 

'[:]•[:] -[:]■ 


o 

o 


Therefore, 


This implies that the two elements considered are zero divisors 
in the ring. 


2 


V 

1 

* - 

> 

2 

■ *•* 


t ( l+2a) ; 


(2+a). Their product is 


As another example consider the multiplication of 

2 

1 

r 


1 

2 

- «• 


and 


(l+2a).(2+a) « 2+a+4a+2a 2 = (l+2a)modulo[3} a?- l] * 


Hence 


1 

2 


2 

1 


1 

2 
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The multiplication in the ring of n-»*tuples given above 
can be viewed alternatively as an appropriate matrix vector 
multiplication over GF(p). This point of view is similar to the 
one used in [8,12,13] and as we shall see in Chapter 3, is 
useful in the implementation of z|J[w]-LSS £ p£[W(a)]~LSS. 

Let W( a) * w 0 +w 1 a+ ... w n _ J a n “ 1 +a n , u> i 6 GF(p), be the modulus 
polynomial of the ring Pp[W(a)], and W its companion matrix. 
n-1 

Let q(a) * 2 q. a 1 6 P"[W(a)] (2.6.23) 

i=0 1 p 


q(a) 




q 


(2.6.24) 


«n-l 


Consider the product a.q(a) modulo[p; W(a)] 
we have, 

aq(a) = q^a + q^a + ... + q^^^a "t q^.^a * 

But a n — -(w 0 +o) 1 a+ ... w n— ^a n ^)modulo[pj W(a)]. 

Therefore, aq(a) = -q^u^ ( a+C qi^n-l 1 ^ g2 + • • 

+ ( %-2~ c !n-l t 'Vl ) an ’ 1 (2.6.25) 


Let q* denote the coefficients of aq(a) modulo W(a). Then 
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1 

9 


q o - q n-l 


q n-2 “ q n-l w n-l 


( 2 . 6 . 26 ) 


As seen in Subsection 2.6.1 


00 ... 0 - <*> 

o 

i 


\ 

! 

10 t i • 0 "• Q)j^ 


q i 

• 


• 

• 


• 

• 


• 

0 0 0.. 1 

! 

%-i 

■Mi 


“%i-l “o " 
Oo -%-l “l 
-%-l “2 

m 

m 

• 

q n-2~ q n-l w n-l_ 


( 2 . 6 . 27 ) 


( 2 . 6 . 28 ) 


Thus multiplication of q(a) by a and reduction to modulo W(a) 
can be achieved by the multiplication of matrix W and vector q. 
Hence aq(a) Wq. In general, we have 

a i q(a) * W 1 q 


Suppose y(a) * g(a).q(a) 
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Then from the above discussion we see that 

y = 

i .e. , y = g(W X ) q - G q (2.6.30) 

Since the multiplication in Pp[W(a)] is commutative 
y(a) = g(a).q(a) = q(a).g(a) 

we have y * g(W) q = q(W) g = G q = Q g (2.6.31) 

Thus we see that if g(a), q(a) P„[W(a)] 

g(a) Z g and q(a) q. The multiplication of the n- 
tuples q and g in the commutative ring of n-tuples,isomorphic 
to Pj}[ft(a)] can be regarded as multiplication of matrix G and 

r 

vector q or alternatively of matrix Q and vector g. With these 
operations z£ is a commutative ring isomorphic to P£[W(a)]. 

We note here that in the multiplication of q and g the 
corresponding matrices Q or G are the same as the matrices in 
the commutative ring of nxn matrices corresponding to ring 
elements q(a) and g(a) respectively. Given q(a) and the modulus 
polynomial W(a) over GF(p), the procedure to construct Q is 
discussed in Subsection 2.6.1. It is shown that with q*£| 0 as 
the zeroth column of Q the jth column of Q is given by 

w j fl 0 = Wfij.i . 


n-1 

£ 

i=0 


g, \r 


(2.6.29) 
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Examples 2*6*12 to 2.6.14 given below, * illustrate 
the multiplication operation in z£. 

Example 2.6*12 

Consider the ring P 2 [a +1]. The ring of 2x2 matrices 

and ring of 2— tuples ^ isomorphic to P 2 [a 2 +l] are given in 

Examples 2.6.1 and 2.6.9 respectively. 

~°~ T l“j 

Suppose and in zjj[ £ P^ta^+l] are to be multi - 

.1 1 


plied. We have a£ 


*CJ *L° o] "" “"’•'[!] O’ 


1 0 1 

Z a( 1+a) £ 

1 10 


2 (1+a). 


Alternatively, 


r i i r°i r 1 x i r°i I” 1- 

L 1 J L l J L 1 ij UJ UJ 


2 (1+a). 


Consider the ring p|[a 3 +a 2 +a+l] . The ring m| of 3x3 
matrices and ring of 3-tuples isomorphic to P 2 Ca 3 +a 2 +a+l] 

are given in Examples 2.6.2 and 2.6.10 respectively. 


and I jl in Zg ~ P 2 [a 3 +a 2 +a+l] are to be 


i) Suppose 


1 , 2 111 

multiplied. We have Q * (1+ar ^ 0 0 0 and 

1 111 
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Alternatively , 



where arithmetic is modulo 2* 



where arithmetic is modulo 2« 

* 


i 
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Example 2.6.14 


on n 

Consider the ring Pg[a -1]. The ring Mg of 2x2 matrices 
and ring of 2-tuples isomorphic to Pg[a^-l] are given in 
Examples 2.6.2 and 2.6.11 respectively. 


i) Suppose 


We have 


~21 
1 *■ 


(2+a) 


w “ 4 

*C .1 


are to be multiplied. 


WfiH: XJ-i:]*- 


^ (2+2a)tf 


Alternatively, 


2 2 


2 0 where arithmetic is 


modulo 3. 


ii) Suppose 


We have 


H r 2 i 

>ose j and are to be multiplied. 

[l]* U + 2a) * [j J] ^ [il s(2+8)s fi 


[2 1 fl] [2 lTfll Til 

Alternatively, r* - ^ (l+2a) 

_ 1 J L 2 J L 1 2 J L 2 i L 2 _ 


5 ( l+2a) • 


where arithmetic is modulo 3. 


When 


the ring z£ of n-tuples is isomorphic to Pp[a n -l], the 


co responding nxn matrices used in the multiplication of two 
n-tuples, are cyclic matrices. 
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We next consider ring of n-tuples isomorphic to 
T 

® {Pp i tW i (a i )3}. 

T ' n. 

2.6.4 Ring e !z p c w iji of n-tuples over GF(p) Isomorphic to 
T n. 

® tP p 1 [w i (a i )] J 

We will see that this case is an extension of the case 

discussed in Subsection 2.6.3. The ring of n-tuples isomorphic 
T n. 

to i P D x [Wj.(a. )]}will be shown to be a linear combination of 
a set of Kronecker products of n^-tuples i = 0,1, ..., r-1, 
obtained in the single variable case discussed in Subsection 
2.6.3. We first consider the case r = 2. 

Consider the tensor product of two residue class polynomial 

n l n n i n o 

rings P p t w i( a i)] and P p °[W 0 (a 0 )] of order p x and p respecti- 
vely. As we have already discussed in Subsection 2.6.2, the 

n i T n o 

tensor product P p [W^Ca^] & p p°t W o^ a o^ is a ring of order 

p n where n = n^n 0 . The elements of this ring are polynomials in 

two variables a. and a^ and the ring elements of the form 
i i 1 o 

aj L 1 a 0 ° with 0 < i^ < (nj-l), and 0 < i Q < (n Q -l) are linearly 
independent and constitute a basis of the tensor product ring. 

We show below that it is possible to obtain a ring of n- 
tuples over GF(p) which is isomorphic to PpHw^a^)] (3> p p °t w 0 ^ a o^ 

Pp°tW 0 (a 0 )]. 

We have seen in Subsection 2*6.3 that there is a one-to- 

1 n.-l 

one correspondence between the basis {a^,a][, . . •> a^ A } of 
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n, oil ^l"*"^ 

P A [Wi(ai)] and the set of tuples { a£, a^, •••* Jj, } 


X 1 X 1 

where a^ z = 


l ; 1 in the ij,th position. 


Consider a^ 1 e P_ 1 [W 1 (a 1 )], a 0 ° e P p °[W 0 (a 0 )] and 


4 1 a o° « Pp 1 tW 1 (a 1 )] .3; Pp°[W 0 (a 0 )] . 

We apply the correspondence between n.. -tuple and a* J ; j=0,l... 

jL j J 

in two stages. First we treat a Q ° as a fixed element. 
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Now applying the correspondence between n^ tuple and a Q ° 
we have each 0 replaced by n Q zeros and a 0 ° replaced by an 
n 0 ~tuple with 1 in the i Q th location 



0 

0 


0 

0 


* 

* 

0 

m 

» 

0 

0 

• 

1 



1 n 

Thus in the vector corresponding to a^^ a Q »1 appears in the 

(n 0 ix+i 0 )th location. 

i, i ft 

We see that a^ a 0 ° corresponds to the n-tuple^ which is 

the Kronecker product of^-tuple corresponding to a^ and n Q ~ 

* 

tuple corresponding to a Q «. 


That is f 





o 
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Consider the set of n-tuples; 

where n = n i n 0 p 


® ~o p * * * 

_ n -1 

a? ® a 0 

ai ® Jo« 

~i ® a o* * * * 

1 ^ n -1 
—1 ® — o° 

• 

♦ 

• 

n,-l „ 
Jl & J 0 » 

V 1 i 
>^1 ® 

• 

• 

' a^Vo^ 


The n-tuples in this set are linearly independent. The linear 

combinations of these n-tuples over GF(p) constitute a tensor 

n, 

product of commutative ring of n^tuples Z p [W A ] and n Q -tuples 
Zp°[W 0 ]. The operations in this ring of n-tuples are (i) 
addition: pointwise addition modulo p and (ii) multiplication: 
express the two n-tuples as polynomials in a^a^ multiply the 
polynomials modulo [p; W^(a^), W 0 (a Q )] and then write the 
coefficients of the resulting polynomial as n-tuple. 

With the mapping 0: a^ 1 a Q ° G P p 1 [W 1 (a 1 )] % p p °C w 0 (a 0 )] 

i, i rt n, T n^ 

Ml •* M 0 ° e A 3 1 [W 1 ] «■ Z°[«g, 


p p 1[ "l(»l)3 > Pp°[ w 0 <a 0 » * ZpHwJ (l Zp°[W 0 ] . This 

is proved in the theorem given below. 

Theorem 2.6.6 

i, i. i, , i 

The mapping 0: a^ a Q ° •* a^^'a^ as defined above is tan 

isomorphism between Z p 1 [w 1 (a 1 )3 & Z‘°[W 0 (a 0 )] and 


Pp X [W 1 (a 1 )] l, Pp°[W 0 (a o )]. 
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Proof 


"l- 1 "o' 1 


1 , 1 . 


Let q(a^ 0 ) - _Z Z q ± « a 1 1 a 0 ° 6 P 1 [W 1 (a 1 )] 


i, =0 i=0 1 o 

1 o 

T n 


® P D °[V/ 0 (a o )]. 


Then, 


n,-l n -1 
l o 


0(q(a 1) a o ))= q - Z Z q ± , a, 1 & a, 


i =0 i =0 1 o 

l o 


(2.6.32) 


Since q is a linear combination of linearly independent n~ 

tuples q sa o implies that the coefficients q. - = O.flri, ,i . 

n. T 1 l 1 o 1 ° 

Therefore, only O of Pp^tV^C a^) ] Q P p°C w 0 ( a 0 )] mapped to 

null matrix. This implies Ker0 =0. Hence 0 is one-to-one. 

Since the order of the two rings are same and is equal to p^ 0 

is an isomorphism. 

The inverse mapping 0"" 1 is obtained as follows : 


I r 1 : q = 


q <cp> 

q <qi> 




n -1 n,-l 
o l 


- Z 


0 1 In 1- 

Z Z q, 4 a 1 a 0 
i 0 =° i^O 1 l x o 


In “ 1 J Kni-l,^-!^ 
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Example 2.6.15 

2 T 

Consider P 2 [a^+l] ^ p|[a^+a 0 +l]. The elements of this 

ring are given in Example ,5, Consider the multiplication 
of 4-tuples. 



we have 


1 

1 

0 

0 


2 (l+a Q ) and 


1 

0 

1 

0 


2 (1+ap 


(l+a 0 )(l+ ai ) = l+a 0 +a 1 +a 0 a 1 


Hence 


1 

1 

0 

0 


1 

0 

1 

o 


ll 
1 
1 

UJ 


l 
l 

i 

Li, 


Example 2 j6 .16 * 

T 

Consider P 2 [aj+l] 0 * > 2^ a o + '^* ^e elements of this 

ring are given in Example 2. 6.. 5, Consider the multiplication 
of 6-tuples 
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; l 

i 

. o 

i 

l 

' i 
0 

L o _ 

m" 


, 0 ! 

, oi 


and 


! l 1 


; 1 

0 

t 

; i 

• i 

i 

: o 


0’ 
i 

1 l+a>a. 


and 


we have 


1 

1 

0 

1 

1 

0 


2 l+a„+a,+a,a^ 
olio 


and 


(l+a^+a^) (l+a 0 +a^+a^) = l+aQ+aj+a^a^ mod[2; a^+1, aQ+l] 

r x i 

: 0 i 

i . 

1 

0 

^ 1 . 


2 


In the ring of n-tuples over GF(p) isomorphic to 
T n. 

® Pp 1 [W i ( a i)] the multiplication operation can be viewed 
alternatively as an appropriate matrix and vector multiplica- 
tion. This point of view is useful in the implementation of 
LSS over GF(p) isomorphic to LSS over residue class ring of 

polynomials over GF(p). We consider this next, for the case 

% 

r = 2. 



171 


Consider P^CiMa,)] ® p"°[«f (a )]. Let W i (a jL ) be of 

n« T 

degree n A , i = 0,1. An element q(a a^ 6 Pp^W^Ca^)] 0 
n 

Pp [W Q (a 0 )3 is of the form 

■J^ofl 5 = % +q l a o + Vo + ••• % -1 a o 0 + 

o 

% a l + ' , n +l a l a o +<, n +2 a l a o + • 1 * q 2n -1 a l a o° + 

0 0 0 o 

• • « 

• • • 

+ c '(n 1 -l)n 0 a i ni ' 1+q (n 1 -l)n 0 +l a ^ V *" 

"r 1 n 0 -1 

%n 0 -l a l a o 
In vector notation we have 



q = 



L qn x n o~ 1 J 

i, i_ 

where as indicated earlier, q^ the coefficient of a^ a Q 

and <i^i Q > is the mixed radix number system representation of i 

with respect to mixed radices n Q and n^. That is, 

i = n_i,+i . 
ol o 

Let us consider the product a^ap.qCa^j^.We have 
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a lV q(a ofl ) = q o a l a o +q l a l a o +q 2 a l a o + q n -1 a l a o 


+q n 0 a l a o +q n 0 +l a l a o + q n 0 +2 a l a o + * * * 


q 2n -1 a l a 


2 n o 


+ q (n r l) a l ia o +q (m-l)n 0 +l a l la2 o + 
n l n o 

a - a, a 
qn 3 n o-^ 1 0 


(2.6.33) 


The multiplication is modulo w^(a^), i = 0,1. Hence a^ 1 is 

expressed as a linear combination of l,a^, . * using 
the relation , 


n.-l n. 


w i( a i> = «io +w il a i +w i2 a i + **• W in r l a i X + a i X " 0 i:s0 ' 1 

(2.6.34) 


n.-l 


^ ••• w ^ n . +a i ) i — O f l (2*6 *35) 


Substituting (2.6.35) in (2.6.33) we get a new polynomial 
where the degree of a i is less than n^^ * i = 0,1 . 

In the polynomial a^ag ^(a^i) mod[p; a^) *W 0 ( a 0 )3 

the constant term is q n n -lWo( f lo ; 

1 o 

Coefficient of a 0 i8 - t I(n 1 -l)n 0 w XO ? 

Coefficient of a* is q^.j. »io«02 " q (n 1 -l)n 0 +l *10. 

(2.6.36) 
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The multiplication by a^a Q and reduction to modulo !/V^(a^) 
and VJ 0 (a ) can also be done by matrix multiplication. 

Consider the companion matrix 7/^ of Vif^(a^) 


0 

0 

0 

• « • 

- w io 

1 

0 

0 

• • • 

-*U 

0 

1 

0 

• « • 

^22 

0 

0 

1 

• • • 

" w i3 

• 

« 



• 

• 

• 

• 

• 



• 

• 

0 

0 

0 

• • • 

-*W1 


i = 0,1 . 


Consider the 

vector-matrix product . 



000 ... -w 1Q 


_ — 
0 0 0 • • « ^Wqo 


10 0 ... -w^ 


10 0 • • • — Wq^ 

(Wj S- w Q )q = 

0 10 • * # -W l2 

% 

010 ... -Wq2 


0 0 1 ... -w 13 

♦ 


0 0 1 * • t -Wq3 

1 • 


♦ 

• 

0 0 0 -w-j^n^l 

m mm 


* 

• 

0 0 0 ... -w n -1 

0 0 


( 2 . 6 . 37 ) 

It is seen that 

q i m %n 0 -l w io w OO 

4 - %n o -l w XO w or < ’(n 1 -l)n 0 w 10 {2 - 6 ’ 38) 

q £ “ ^n^l W 1CP02 " q ( ni -l)n 0 +l w io 
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which are the coefficients of a£a°, a l a o* a l a o * n a l a o a i> a o^ 
as given in Equation (2.6.36). 

Thus we have a x a 0 q(a 1 ,a Q ) mod[p; W 1 (a 1 ),W 0 (a 0 )]^ (W^ W Q )q . 
Likewise, it can be shown that 

a i x 4 ° <l< a l, a o> 8 "i 1 w o° q 

The multiplication of n-tuples can hence be represented by 
matrix and vector product. The product of two n-tuples 
corresponding to 9(S]j a 0 ) and q(a l7 a 0 ) can then be represented 
by G q • 


where 


G * 


n l“* "o" 1 i. i 

2 2 g, . w/'^W, 0 

i lS <) i o =0 1 l 1 o 1 


(2.6.39) 


n, T n 

Since the multiplication in P e x [W 1 (a 1 )] >'£ P D °[W 0 (a )] is 

r * a r v w 

commutative the product of g(a 1> a Q ) and q(a 1 ^ Q ) cam also be 
represented by Qg 


where 


Q = 


n.-l n -1 

1 o 

2 2 
il=Q i Q =0 


i, ± n 

i Ml O 


q i 1 i 0 W 1 3 w 0 (2.6.40) 


In general it can be analogously shown that for r > 2 , the 
multiplication of two elements in the ring of n-tuples is 
multiplication of appropriate nxn matrix corresponding to one 
n^tuple and nxl vector corresponding to the other n-tuple. 

n r-l“ 1 


If ^ a r -l > a r-2; * * * a l> a o ) “ . 2 2 ••• 


"o- 1 


i_ -,=0 
r— l 


f « a i r-l. 1 r-2 -o 

4=o r - x r " 2 - •" a ' 


i < 

l 0 
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then the corresponding matrix is 


"r-l ' 1 


V 1 


Q » I 
i 


£ • • • 2 cj* • W„ .. 

, i =0 1 r-l*” 1 ° r ~ 1 

—1 ~ 0 


5 1 ® "rfi 1 ® ••• ® »< 


Given q(a r- j_ ••• a i a 0 ) the procedure of constructing Q is 
discussed in Subsection 2 . 6 . 2 . 

T n • v, 

If 9( a js„.^» ••• ®o^ anc ^ •••» a g) & (^CPp C^( a j[)3l 


With corresponding n-tuples g and q respectively, the multi- 
plication of the n-tuples g and q can be regarded as multipli- 
cation of the matrix G and vector q or alternatively of matrix 
Q and vector g. 


In the following examples we give the correspondence 

T n. T * n, 

between elements of 0 C P p [W ± ( a) ] I and 0 1Z 1 [W^J 

T n, 

and illustrate the multiplication in 0 tZpiW^I • 


Example 2,6.17 

2 2 T 2 2 

Consider P^la^tl] ® p 2^- a o +a o +1 ^ which is taken up in 

Examples 2.6.5 and 2.6.15. Consider the multiplication of 


~1 * 


"l - 

1 

St (l+a_) and 

0 

0 

O 

1 

0 

m 


0 

M ai 


0 1 

We have « , 

i. 


. ( l+a, ) as in Example 2.6.15. 
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(l+a 0 ) ;* 


1 1 
1 0 
0 0 
0 0 


Hence 

1 
1 
0 
0 


1 

0 

i 

o 


alternatively. 


1 

0 

1 
0 


1 

1 

0 

0 


Example 2j6 .18 


0 

0 

1 

1 


1 
1 
0 

1° 

1 

1 0 
1 
0 


0 

0 


0 

1 

0 

1 


0 

0 

1 

o 


and (1+a^) £ 


1 0 
0 1 
1 0 
0 1 


1 0 
0 1 
1 0 
O 1 


10 0 
0 0 0 


1 1 
1 0 


1 

0 

1 

0 


1 o 
0 1 
1 0 
0 1 


1 

1 

0 

0 


1 
1 
1 
1 J 

1 

1 

1 

1 


(l+a 0 )(l+ai) = 

1+a o +a i +a i a o 


(l+a 1 )(l+a Q ) = 
1+a o +a i +a i a 0 * 


Consider P^a^+l] plCa^+lJ which is taken up in 
Examples 2.6*6 and 2.6*16. Consider the multiplication of 


~1~ 


"ll 

0 


1 

1 


0 

1 

2 (l+a^+a^) and 

1 

0 


1 

0 

*w MM 




* (l+a 0 +a 1 +a 1 a 0 ) 
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-Ve have W = 
o 


1 

H 

o 

o 
1 — 

1 

— i 



0 1 

10 0 

«^.rr 

II 



1 

1 0 

JO 1 0 



2 

(i+ a o+ a i) * [I 6 +I 2 <s> tv^+Wj^ i 3 = 


i i 

0 1 

1 0 


and 


0 ; 

a * 
« 

1 » 


1 

o 

0 


0 

1 
0 


0 

0 

1 


1 0 0 J 1 1 o 

o 1 o f o 1 1 

o 0 1 j 1 0 1 


(l+a 0 +a 1 +a jL a o ) £ [l 6 +I^ W Q +W^ & I 3 +W^5?. w ] = 


1 0 1 i 10 1 

1 1 0 , lio 

Oil Oil 

i o "i *" i “ o ~ i“ 

iio, 110 

Oil ( oil 


and 


V 


* 

* 1 


r l 

1 

o ; 

i 

0 

*■ 

0 


■r 


" 1 “ 

0 


1 


0 

1 

I 

i j 

0 

1 

0 


1 


0 

1 

• 

0 


1 

0 

« 

i ; 

0 

0 

1 


0 

-1 

1 





Vmmrn 


***--• 

— 


— _ 





1 


1 1 


1 

0 

o f 

1 

1 

1 

0 

! 

f i 


1 1 

0 


1 


0 

1 

o ; 

0 

1 

1 


! 

1 


0 , 

L°J 


0 

a 

.0 

0 

1 ! 

1 

0 

1 _ 




1 

m m 


-j l- 4 L 

( 1 +a o +a l )( 1 +a o +a i +a X a o ) = 1 +a o +a l +a i a o 
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alternatively 


MP «« 


mm 


— 





•mm. 

r - 



1 


1 


1 

0 

1 

1 

0 

1 


1 


1 

1 


0 


1 

1 

0 

1 

1 

0 


0 


0 

0 

• 

1 

5 ? 

0 

1 

1 

0 

1 

1 


1 

s 

1 

1 


1 


1 

0 

1 

1 

0 

1 


1 


1 

1 


0 


1 

1 

0 

1 

1 

0 


0 

I 

0 

0 




! 0 

1 

1 

0 

1 

1 


0 

1 

1 


( 1+a o +a l +a l a o> ( 1+a o +a l) 53 (1+a o +a l +a l a o ) 


The results of this section will be used in Section 3.5 in 
the implementation of LSS over GF(p). 



CHAPTER 3 


LINEAR SEQUENTIAL SYSTEMS OVER RESIDUE CLASS RINGS 
OF POLYNOMIALS OVER GF(p) 


This chapter presents the state space description, 

implementation, input-output analysis, classification and 

decomposition of p”[W(a)]-LSS. LSS over the tensor 

product of residue class polynomial rings and other families 

of commutative rings isomorphic to P n [ft(a) J-LSS are also 

P 

considered. LSS over tensor product of residue class poly- 
nomial rings may be regarded as a generalisation of 
Pp[Ma)]~LSS. Isomorphisms in -P n [W(a)]-LSS lead to the 
notion of distinct classes of Pjj|>(a) ]-L^S; the system 
over finite field GF(p n ) constitute one of these distinct 
classes. Finally, implementation of PjJ[W(a)J-LbS in 
terms of isomorphic LSS over the ring of n-tuples over 
GF(p) are given. 

Section 3.1 gives the description of Pp[W(a)]-LS6 in 
terms of the state and output equations. The implementation 
of Pp[w(a)]-LSS in terms of addition and multiplication 
operations in Pp[W(a)J is considered in general. This is 
followed by serial implementation of P!J[W(a)]-LSS in which 

r 
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the addition and multiplication operations in Pp[W(a)J are 
implemented serially in terms of GF(p) arithmetic* 

The input-output analysis of Pp[W(a) ]-LSS, taken up 
in Section 3*2, is of interest in applications such as 
sequence generators and sequence transformers for enciphering 
and encoding of data sequences to provide message privacy 
and error correction capability. Expressions for zero-input 
response and zero-state response have been derived. The 
response of nonsingular P^[W(a) ]-LSS for periodic inputs and 

r 

the periodicity properties of the resulting output are 
studied. It is shown that if the input is periodic with 
period J and period of a is T, then the output is also 
periodic whose period divides pJT. The autonomous response 
is studied in detail in Chapter 4. 

In Section 3.3, we study classification and decom- 
position of P£[W(a)]-LSS. The classification of P£[W(a)]-LSS 
into nonsingular, singular or nilpotent P^[W(a)]-LSS is based 
on whether the characteristic matrix A is nonsingular, singular 
or nilpotent respectively. Conditions for A to be nilp- 
otent and bound on the order of nilpotence of A and period 
of A are obtained using the results on the decomposition of 
rings discussed in Section 2.4. Determination of the 
period of nonsingular matrix A over finite field, local ring. 
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semisimple ring and semilocal ring are presented. The 
decomposition of P*2[Vi/(a)] leads to the notion of decompo- 

r 

sition of LbS over semisimple or semilocal Pp[V»(a)J into 
LSS over orthogonal ideals in P^O(a)] or over primary rings. 

r 

Characteristic matrices A^, • • • of component subsystems 

of a nonsingular P^[V«(a) ]-LSS are strictly periodic. Compu- 
tation of period of A and study of autonomous response of 
P„[W(a)]-LSS can be carried out in terms of the subsystems 
of the decomposed Pp[W(a) J-LSS. 

LSS over other families of finite commutative rings 
are presented in Section 3.4. Towards this end we first 
consider LSb over tensor product of residue class polyno- 
mial rings and isomorphism between such systems and 
p’jTW(a) J-LSS. Commutative rings z£[w] and m£[w] isomorphic 
to p£[v<(a)j# and <S> ^ and 0 X M p i J- isomorphic 

to 0 ^ ] }» considered in Section 2.5 are utilised 
to obtain the LSS over these isomorphic rings. Isomorphism 
between P^[W(a)]-LSS and z£[W]-LSS leads to the implementation 

r r 

of PpO(a)]-LSS in terms of z£0]-LSS. z£[W]-LSS of order K 
are a subclass of GF(p)-LSS of order nK.. which can process 
sequences of n-tuples over GF(p) and whose analysis can be 
carried out in terms of p£[w(a)]-LSS. By means of examples, 
it is illustrated that for the above class of GF(p)-LSS, 
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the computation of period of A is more compact and straight- 
forward if carried out over P?[W(a)]. Implementation of 

T n i -i P 

0£2p 1 [W' i ]}«~LSS is also given. For the specific case of LSS 
over residue class polynomial rings with modulus polynomial 
(a n -i), the corresponding Zp[w]-LSS has an additional advan- 
tage that serial implementation of multiplication with 
serial output can be obtained, using cyclic shift registers 
and modulo p adders and scalers. 

Isomorphisms in P^CwCa) ]-LSS are studied in Section 

3.6. In Section 2.3 we have seen that in contrast to finite 

* 

fields, residue class polynomial rings of the same order need 
not be isomorphic to each other. Isomorphic residue class 
polynomial rings of a given order are said to belong to a 
class and the LSS defined over polynomial rings from such 
a class are said to constitute a distinct class of 
Pp[rf(a) ]-LSS. Such a notion does not exist in the case of 
GF(p n )-LSS. In fact GF(p n )-LSS constitute a specific 
distinct class of P^[V/(a) ]-LSS. The number of distinct 
classes of P^[V<(a) ]-LSS for any specified order of 

r 

Pp[W(a)] are straight-away given by the number of noniso- 
morphic residue class rings of polynomials of the specified 
order as already given in Section 2.5. 
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3.1 STATE SPACE DESCRIPTION OF LSS OVER RESIDUE CLASS RINGS 
Pp[W(a) ] OF POLYNOMIALS OVER GF(p)t 

Consider an m input, j output linear sequential 
system of order K over P^[W(a)]. The elements of inputs, 

r 

output and state sequences consist of m- tuples, j -tuples and 
K- tuples over P^[W(a)j. The system is described in terms of 
the state and output equations, which give respectively the 
state at instant (N+l) and output at instant N, in terms of 
state and input at instant N. Given the initial state x(o) 
and input sequence u(o), u(l),... the state and output 
sequences are obtained respectively from the state equations 



(3.1.1) 
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and the output equation 



(3.1.2) 

Symbolically , Equations (3.1.1) and (3.1.2) may be written 
as, 

x(N+l) • Ax(N) + Bu(N) (3.1.3) 

y(N+l) * Cx(N) + Du(N) (3.1.4) 

where. 



x ( N+l ) =* 


is the state of the system at 
instant (N+l) 
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u(N) * 


y(N) = 


and matrices , 


1 a . • • a i 

O $ O O t &—± 


^ 1 

b o,o ••• b o,m-l 


• B a 


1 

f 


a K-l , o *•* a K-l,K-l 


b K-l,o *•* b K-l,*-l 
— - 


- 


- -i 

c o,o •** c o,K-l 


d o,o ••• d o,m-l 

• 

and Ds 


e j-l,o ••• C j-1K-1 

! 

d j-l,o *** d j-l,m~l 

« «p* 




are called the characterising matrices of the system; A is 
specifically called the characteristic matrix and {C» the 
size of A is called the order of the system. 


u 0 (N) 




is the input to the system at the 
instant N 


y 0 (N> 




is the output from the system at instant 
N 



X86 


x(N) is called the present state and x(N+l) is called 
the next state of the system. 

Sometimes Equations (3.1.1) and (3.1*2) are also 
written as 

x' a Ax + Bu (3.1.5) 

y a* Cx + Du (3.1.6) 


where x is the present state and x’ the next state of the 
system, u is the input to the system and y is the output 
from the system. 

The sets of inputs, outputs and states constitute free 
modules over Pj?[W(a)], of rank m, j and K respectively. When 
W(a)is irreducible over GF(p), P^[W(a)j becomes GF(p n ); the 

r 

elements of input, output and state sequences are respectively, 
m-tuples, j-tuples and K-tuples over GF(p n ), which constitute 
vector spaces of dimension m, j and K respectively. 


>.l.li 


Consider a second order LSS over F^[a^-fl] = {0,1, a, 
l+a) described by the equations, 
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I 

o 

>* 


f 

10 

■H 

! 


1 

o 

X 

1 


to* 

0 


35 




+ 


*1 

*■ m 


1 0 
■to — < 


X 1 

to* to* 


a 

m 


where x q , x^ y Q , y v u€ p|[a 2 +l]. Here the characterising 
matrices are 



(to 

*■ 


to* ■« 


*t • 


- 


1+a 

a 


a 


1 a 


0 

A a 

1 

a 

i B * 

1 

5 C* 

1 o 

; and D == 

a 


M> 

- 


■ - 


tm 


i* «■ 


Sets of inputs outputs and states are free modules of rank, 
one, two and two respectively. 

3.1.1 Implementation of p£[’w(a) ]-LSS: 

Referring to Equation (3.1.1), we see that elements 
of state x(N+l) are computed in terms of the elements of 
the state x(N) and input u(N) at instant N* Likewise from 
(3.1.2) we see that the elements of y(N) at instant N are 
computed in terms of x(N) and u(N). These computations 
require subsystems which perform addition and multiplication 
operations in a residue class polynomial ring and also 
memory elements which store elements of state x(N). sche- 
matic representation of P^[W(a) J-LSS described by Equations 
(3.1.1) and (3.1.2) will be as shown in Figure 3.1.1. 

Po[V»( a )]*"LSS can thus be implemented by a network of 
basic components called adders, scalers, and memory elements* 




Fig. 3.1.1 5c<h? mafic 
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Adders perform the addition of two or more elements 6 Ep[w(a)J* 
For the inputs say r(a) and s(a) 6 P^[W(a)] the output is 

q(a) > r(a) + s(a) 6 p£[W(a)], 

the addition is performed modulo [p; W(a)]. Scalers perform 
multiplication by a fixed element g(a)e Pp[W(a)]. This is a 
single input single output component* If input is r(a), output 
is g(a)*r(a) modulo [pjW(a)]* Memory element is a single 
input single output component* If x(N+l) is the input at the 
(N+l)th instant, the output is x(N). The symbols for the 
basic components described above are given in Figure 3*1*2* 

Consider an m-input and j-output Pp[W(a)~LSS of 
order K, whose state and output equations are given by 
Equations (3*1.1) and (3.1.2) respectively. Input is 
m-tuple, output is j-tuple, state is a K- tuple, A is a KxK, 

B is a Kxm, C is a jxK and D is a jxm matrix over p£[V.'(a). 

The schematic diagram of this LSS using the basic components 
adders, scalers and memory elements is shown in Figure 3.1.3. 

In this diagram, input and output lines are represented by 
m and j lines respectively. The sth input line and rth 
output line are denoted by u e and y_ respectively. Scalers 

a ij 9 b ij * c ij » d ij are over p pt w ( a )3* Each 
input/output component gives rise to a terminal and each 



r W 

sto) ^^9CQ)- >r ( g )© r (d) g(a) r (aJmodulofpjWCail 


19C 



Fig. 3.1. 2 Basic Components of P^ [W(a)J LSS 





SS described by Equations 
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state component gives rise to a delay (memory) 
element. 

The input and output of the ith memory element are 
denoted by x£ and x^ respectively. Each input to memory 
element and each output terminal leaves from one adder. The 
inputs to the adder associated with the ith memory element 
i = 0,1,... K-l are the outputs x each applied 

5 

after multiplication by a is 6 Pp[W(a)]»s = 0,1, ...K-l and 

the inputs u. each applied after multiplied by b.„ 6 P^[W(a)l; 

5 is p 

i = 0,1,... K-l; s =s 0,l...(m-l). The inputs to the adder 
associated with the output terminal y r ; r » 0,1, ...(j-1) are 
the outputs x_ each applied after multiplication by c ^ e 
Pp[V<(a)]s s = 0,1, . . .(K-l) , and the inputs u g each applied 
after multiplication by d__6 Pl?[W(a)], r = 0,1,.. .(j-1) and 
s s® 0,1, . . .(m-l) , The output elements y^; i=0,l,,..j-l are 
available from the output .terminals. Two types of imple- 
mentations of addition and multiplication are possible. 

In the first type the operations of addition and multipli- 
cations of elements from P^[Vv(a)J take place serially. As 
a consequence the operation is slow and the system needs two 
clocks, a faster clock for serial operation and a system 
clock which is n times slower than this. In the second 
type the operations of addition and multiplication of elements 

from Pp[W(a)] take place in a parallel fashion in one period of 
the system clock. 
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Implementation of adder and scalers in p£[W( a) J-LSS: 

■ ..-- m ,, - . , i — w 


Adders and scalers in Pp[W(a)] can be implemented over 
GF(p). Here we give serial implementation. Parallel imple- 
mentation is discussed in Section 3.5. 


Adders: 


n-1 


Let q(a) * E i and g ( a ) - s g a 1 e P?[W(a)], 
101 i=o p 

then the addition of q(a) and g(a) may be implemented with 

serial operation where q(a) + g(a) = y(a) modulo jp. vy/iSi)] 


i) ferial operation : The coefficients q^^ and g^^ of q(a) 
and g(a) respectively are available in two registers. The 
corresponding coefficients and g^ t i=0,l,...n-l are 
added modulo p in each clock period and stored in a third 
register. Only one 2-input modulo p adder is needed. The 
operation takes place in n clock periods. An additional 
clock which is n times slower acts as system clock. The 
scheme is shown in Figure 3.1.4. 


q(a) 



Fig. 3.1.4: Serial Implementation of Adder 


ft 




194 


Serial imp lementation of scaler g(a) 6 P^[W(a) ]; 

Let g(a) « g Q + g^ + ... g^a 11 "" 1 6 p£l>( a )]: 

and w(a) * a n + to^a 0 "* 1 + ... w^a +VV Q ; g ± , V<\e GF(p). 

n-1 • _ 

If the input to the scaler is g(a) = E q.a 1 6 P„[W(a)], 

i=o 1 p 

then the output of scaler g(a) is 

y(a) a q(a). g(a) modulo [p ; V*(a)]. 

Thus the scaling is to be done in two steps. 

i) usual polynomial multiplication q(a)jg(a) 
ii) finding the remainder y(a) after dividing q(a)g(a) by W(a). 

Then y(a) = q(a) g(a) modulo[p; W(a)]. 

The operation of multiplication by g(a) and division 
by Vr(a) can be implemented in a single shift register 
circuit [12] « The scheme is given in Figure 3.1.5. The 
shift register is of n-stages. Lach memory element stores 
element from GF(p). Coefficients of polynomial q(a) 6 
Pp[W(a)] are fed in serially, with coefficient of highest 
degree term q n __^» henceforth called highest degree symbol, 
entering first. After n clock pulses, coefficients of 
y(a) » q(a) g(a) modulo [p; W( a ) 3 are stored in the memory 
elements. Since the operation is serial, two clocks are 
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required; a system clock, and another which operates n-times 
faster than the system clock, for serial operation. 

The number of scalers over GF(p) is atmost 2n. 

The number of 2 or 3 input modulo p adders is atmost n. 

If Vf(a) =* a n -l, the number of scalers over GF(p) is 
atmost n; and 2-input adders modulo p are atmost n. 

Exa mple 3.1,2 : 

Consider the scaler (l+a 2 ) 6 p| [a 3 +a 2 +a+l]. The 
implementation over GF(2) is given in Figure 3.1.6. 

Consider the multiplication of (l+a) by (l+a 2 ). The 
input and contents of memory elements 0,1,2 are given below. 


Instant Input 


0 

1 0 

2 1 

3 1 


Memory contents 


0 

0 

0 

1 

0 


£ 

0 

0 

0 

0 


£ 

0 

0 

1 

0 


o 

The remainder is 0 since (l+a )( l+a) modulo 

[2, a +a +a+l] = 0. Consider the multiplication of 
2 2 

(l+a ) by (l+a ). The input and contents of memory elements 


0,1,2 are given below. 
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Instant Input 


0 

1 

2 

3 


1 

0 

1 


"M'emo fy "£oTTre?rr§ — 

0 1 2 


0 

1 

1 

0 


0 

0 

0 

0 


0 

1 

1 

0 


Consider the multiplication of (1+a+a 2 ) by (14a 2 ) 


_ . Memory contents 

Instant Input 

0 1 


0 0 

11 1 

2 1 0 

3 1 1 


0 

0 

0 

0 


2 

0 

1 

0 

1 


(l4*a+a 2 )(l+a 2 ) modulo [2; a 3 +a 2 +a+l] is (1+a 2 ). 

Example 3.1.3 ; 

Consider the scaler (2+a) e p|[a 2 +2a+l] . The imple- 
mentation over GF(3) is given below in Figure 3.1.7, 



i9a 



Highest degree 
symbol enters first 


Fig. 3. 1.6 Scaler 11+a) of Example 3-1-2 



symbol enters first 


Fig. 3.1.? 


Scaler ( 2+a ) of Example 3.1.3 
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Consider the multiplication (l+2a)(2+a) modulo [3;a 2 +2a+l]. 


Instant 

Input 

Memory 

0 

contents 

1 

0 

- 

0 

0 

1 

2 

1 

2 

2 

1 

0 

1 


Hence (l+2a)(2+a) modulo [3 j a 2 +2a+l] = a. 

Consider the multiplication (2+2a)(2+a) modulo [3; a 2 +2a+l]. 


Instant 

Input 

Memory 

0 

contents 

1 

0 

0 

0 

0 

1 

2 

1 

2 

2 

2 

2 

2 


Hence (2+2a)(2+a) modulo [3$ a 2 +2a+l] is (2+2a). 

Example 3,1.4 ; 

Consider the scaler (l+a 2 +a^) 6 P^ta^+l]. The serial 
implementation is given in Figure 3.1.8. 






200 


Consider the multiplication (a 3 +a+l) .(a 3 +a^+l) modulo 

[2ja 4 +l3. 


Instant 

Input 

0 

Memory contents 

1 2 

3 

0 

- 

0 

0 

0 

0 

1 

1 

1 

0 

1 

1 

2 

0 

1 

1 

0 

1 

3 

1 

0 

1 

0 

1 

4 

1 

0 

0 

0 

1 


Hence (a 3 +a+l) .(a 3 +a 2 +l) modulo [2; a 4 +l] is a 3 . 
Example 3.1 .5 : 

Consider the scaler (2+2a+a 2 )6 p|[a 3 -l]. The 
serial implementation is given in Figure 3.1.9. 

Consider the multiplication (l+2a+2a^) .(2+2a+a^) 
modulo [3; a 3 -l]. 


Instant Input Q Memory contents^ 

0 0 0 0 

12 112 

2 2 0 2 0 

31 2 2 0 

Hence (l«f2a+2a*) .(2+2a+a z ) modulo [3; a -l] is (2+2a). 
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symbol enters first 

Fig. 3.1.8 Scaler l i+a+a 3 } of Example 3.1.4 



Highest degree 
symbol enters first 


Fig.3.1.9 Sc<*Ur(2+2a+a 2 ) of Example 3. 1.5 
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The serial implementation of scaler discussed above is 
arranged such that if q(a)e p£[w(a)] is to be multiplied by 
fixed polynomial g(a), then the sequence of inputs is the 
sequence of coefficients q n _^, q n-2’ •••* ^l'^o’* 11 
descending order of powers of x. It is possible to obtain a 
serial implementation where the input sequence is q o ,q^,..., 
^n-S’^n-l* * n * he ascendin 9 order of powers of x. In this 
case the scalers -w o> -w lf -w^, ... ~ w n“2 ' “ w n~l and g o ,9 l ,# " 
g n ^i ere arranged in the reverse order. The operation 
remains the same. At the end of the operation, the coeffi- 
cient y^ of y(a) is stored in the (n-l-i)th memory device} 
i » 0,1,2, • . ,n-l« 

In Section 3,6 we give parallel implementation of 
scalers where the multiplication operation modulo [p; W(a)] 
is performed in one clock cycle of the system, a second 
faster clock as in the case of serial implementation is 
not needed. 

3.2 RESPONSE OF F^C-V(a) J-L&S: 

Given an initial state x(o) and an input sequence 
u(o) ,u(l) , . . . , the corresponding sequence x(o), x(l),,.., 
of states is called state sequence and the sequence y(o), 
y(l)#*. of outputs is called output sequence. State sequence 
and output sequence of P^[W(a) J-LSS can be computed recursively 
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frero the state and output equations (3.1.1) and (3.1.2) of 
the system. These equations can also be solved to obtain 
directly the expressions for the state at (N+l)th instant 
and element of output sequence y(N) at Nth instant, in terms 
of the initial state x(o), input sequence and the characteri- 
sing matrices.' These expressions are given below. 

x(N+l) = A N+1 x(o) + S A N_i B u(i) (3.2.1) 

i=o 

and 

m N 

y(N) * CA N x(o) + 2 H(N-i)uU) (3.2.2) 

i=o 

where, 

H(N-i) = D foi i = N 

* CA^ N " i, " ;L) B for i < N. 

The sequence £y(N) } given by Equation (3.2.2) is called the 
total response. The response £y(N) } obtained by setting 
u(N) * 0 for all N > 0 is called the autonomous response or 
zero input response £Y zir (N) } given by 

^ZIr(^) “ caNx (°) (3.2.3) 

Likewise , x(N+l) with u(N)=0 for all N > 0 is called the 
autonomous state response given by x(N+l) = A^ ^ x(o). The 
response CY zsr (N)} obtained by setting x(o) = 0 in Equation 
(3.2.2) is called the zero state response. 
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N 

Y 2SR (N) = £ H(N-i)u(i) (3.2.4) 

i=0 

Vie note here that the right hand side of Equation (3.2.4) 
represents the convolution operation. 

Given any input sequence {u(N)}$ N = 0,1,... and 
initial state x(o), these two components can be found 
separately and then added up to get total response. At this 
stage we observe the following properties of responses. 

i) If the elements of the input sequence belong to an 
ideal, then the elements of the output sequence also belong 
to the same ideal. If the elements of the matrices C and D 
belong to an ideal, the elements of the output sequence 
belong to the same ideal. 

ii) In Equations (3.2.1) and (3.2.2), if the input 
sequence is periodic and A is periodic, then the state response 
and the total response are periodic. The zero state response 
given by Equation (3.2.4) is periodic, if A and £u} are 
periodic and the autonomous response given by Equation (3.2.3) 
is periodic if A is periodic. The autonomous response of 
Pp[W(a)]-LSS is taken up in Chapter 4. We will see that the 
autonomous response of a nonsingular P^[W(a)]-LSS is periodic, 
whose period divides the period of A. Th^' in the study of 
response of P£[W(a) ]-LSS the period of characteristic matrix 
A plays a prominent role. 
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3.2*1 Response to Periodic Inputs: 

As we have already pointed out, although there is nc 
satisfactory method for finding zero input and zero state 
responses simultaneously, fox specific nonzero input sequences 
some gross properties of the total response may be obtained. 
Here we consider the system to be excited by a periodic 
sequence of period J. The result demonstrates the role played 
by the period of the characteristic matrix of L£i’S 

The total response of a LSS, say L, is given by 
Equation (3.2.2) which is ftewritteiv below. 

M N 

y(N) = CA N x(o) + E H(N-i)u(i) 

i=o 

where 

H(N-i) = D for i = N 

s C N-i~l) b f 0 x i < N 

That is, y(o) - Cx(o) + Du(o) 

and y(N) = CA N x(o) + ^ CA^" 1 ’’ 1 ^ u(i)+0 u(N); N > 0. 

i=o 

Th6oi6in 3»2»1 » 

Let the input sequence {u(i)j * {u(o) ,u(l) . . •> over a 
given ring, p£[W(a)] be periodic with period J. If the 

r 
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characteristic matrix A is nonsingular with period T, i.e. 

T 

A « I, then the output sequence, 

Cy(N)}a (y(o),y(l), •• .) is periodic with period equal 
to a divisor of pJT. 

Proof: 

We have y(o) » C x(o) + D u(o)» 

y(H) = C A N x(o) + N i 1 C A N " i_1 B u(i)+D u(N) N>0 

i=o 

Consider y(N+pjT). 

y(N+pjx) - C A l ' i+PJT x(o) + N T T_1 C A^P 11 - 1 - 1 .Bu(i) 

i=o 

+ D u(N+pjT); N > 0 
But A is periodic with period T 

Hence, A WT - X end A 1 *™* = A N , 
and u(i) is periodic with period J 

Therefore u(N+pJT) * u(N) 

v(N+pJr)= C A N x(o) + N+ E JT-1 o A N - i_1 B u(i) + D u(N) 

i=o 

= C A N x(o) * V c A^- 1 B u(i) 
i=o 

+ N+ E JT ' 1 CA N - i " 1 Bu(i) + Bu(N) ... (3.2.5) 

i=*N 
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Considering the third term in Equation (3.2,5) separately, 
we break this summation, into p summations as below. 


N+pjT-1 

Z 

i=N 


C A N " i " 1 B u(i) = 


N+JT-1 

Z 

i=N 


C B u(i) + 


N+2JT-1 

Z 

i»N+JT 


C A^ 1 ” 1 B u(i) + 


• • • 


N+(j+l)JT-l 

+ E c A N *“ irl .Bu(i) 

iss N+jJT 


N+pTTM 
+* • .+ Z 

i=N+(p-l)JT 


C B u(i) ... 


(3.2.6) 


In each of the p summations in Equation (3.2.6), there 
are JT terms. Consider the first summation. Since the 
period of A is T and {u(i)} is periodic with period J, we 
have, 

E C A N “’ i ’’ 1 B u(i) - C [A*" 1 Bu(N)+A~ 2 Bu(N^ ... 
i=N 

+ A'“ JT Bu( N+JT-1)] (3.2.7) 

* C[A T ” 1 Bu(N) + A T ” 2 Bu(N+l)+ ... + B u( N-l) ] 

Likewise, the (j+l)th summation, 

N+(j+l)JT-l c A N-d.-l Bu(i) „ o[ A T-l B u(N)+ A 1-2 Bu(N+ 1)+ 
i=W-JJT 

, . .+ Bu(N-l) ] (3.2.8) 
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Thus all the p summations on the right hand side in (3,2.6) 
are identical and the overall summation modulo p is identi- 
cally equal to zero. Hence (3.2.5) becomes 

y( N+pJT) =CA N x(o) + V C B u(i) + D u(N) 

i=o 

* y(N), ¥ N. (3.2.9) 

Hence the output sequence is periodic. * 

We next show that period of Cy(i)} divides pJT* 

Let the period of the output sequence be k. By definition 
k is the least integer such that, y(N+k) =* y(N), ¥ N. 

Suppose k does not divide pJT, then we have, 

pJT a* kq+r where 0 < r < L. 

y(N) = y( N+pJT) = y(N+kq+r) ■ y(N+r) ,¥ N 

Hence period of Cy(i)} is r < k, which is a contradiction. 
Hence r * 0 and kipJT. 

R emark 3.2.1 : 

The set of all inputs of period J constitutes a 
P„[W(a) J-module of finite rank J. The set of all total 
responses whose period divides pJT constitutes a P!!![W(a)]- 
module of finite rank atmost pJT. 
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Example 3.2. I t 

Consider a P^Ca^+lJ-LSS with characterising matrices 
A « [l], B— [lj; C=[lJ and D=[oj* 

For the input ,(1 0 a a 1 0 a a ... )the responses 
for the two cases^i) with initial state (l+a) and ii) with 
initial state 1 are tabulated in Table 3,2.1, 

Table 3,2,1: Input, state and output response of 
p|[a 2 +lj-LSS of Example 3.2.1 


Input 

— HI 

Initial state 
(l+a) 

nr) 

Initial state 

1 

State 

Output 

State 

Output 

1 

a 

l+a 

0 

1 

0 

a 

a 

0 

0 

a 

0 

a 

a 

0 

a 

a 

*0 

0 

a 

1 

l+a 

a 

1 

0 

0 

l+a 

l+a 

1 

1 

a 

1 

l+a 

l+a 

1 

a 

l+a 

1 

1 

l+a 

1 

a 

l+a 

0 

1 

0 

a 

a 

0 

0 

a 

0 

a 

a 

0 

a 

a 

0 

0 

a 

1 

l+a 

a 

1 

0 

0 

l+a 

l+a 

1 

1 

a 

1 

l+a 

l+a 

1 

a 

l+a 

1 

1 

l+a 

1 

a 

l+a 

0 

1 

0 

a 

a 

0 

0 


In this example p*2, J=4 and T«=l 
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The output is periodic with period pJT « 8. If C = [l+a] 
instead of [l], the total response with initial state 
(l+a) is £0, (l+a) f (l+a), 0,(l+a),0 ,0,(l+a),0, (l+a) f (l+a)>0 } 
which is periodic with period equal to 8 but has elements 
only from the ideal £0, (l+a)} in p|[a 2 +l]. Considering 
i^Cwj-LSS isomorphic to the given P^[a 2 +l]-LbS, the 
corresponding input sequence of 2-tuples is 


10 0 0 
0 0 11 


10 0 0 
0 0 11 


The output sequence 


for this input sequence with initial state (l+a) is 

|l 0 0 00 1 U 1 0 0 0j 
£1110X1101110 J 

The output sequence with the initial state [^] ;1 is 

1 0 0 0 0 1 1 1 1 0 0 0 ^] 

*0 0 0 1 0 0 0 1 0 0 0 1 M j 

The output with matrix C ** ^] # [l+aj = C and initial 

state [*j is 


0110100101 

0110100101 


Consider the 2nd order P^[a 2 +l]-LSS which can be used 
as a sequence transformer given in Figure 3,2.1, 



* 4 
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A • [g *] ; period of A is 6. 

Let the input be ( 0 a 0 a ...); a sequence of period 2. 
Let the initial state be [l 0j tr • The inputs, states and 
outputs over P^[a^+l] and the corresponding 2-tuples over 
z|[w]-I^[a 2 +l] are given in Table 3.2.2a. For the sake 
of convenience the 2-tuples are written as row 2-tuples.. 
The period of the output is 6, which divides 2x2x6 = 24. 

Table 3.2.2a: Input, state and output of LSS of 
Example 3.2.2. 


Instant 


pp 

a 2 +l] 


zf ['v J 


Input 

state 

X 1 x o 

Output 

Input 

Output 

0 

0 

0 

1 

a 

00 

01 

1 

a 

0 

0 

0 

01 

00 

2 

0 

0 

0 

0 

00 

00 

3 

a 

a 

0 

1 

01 

10 

4 

0 

i 

a 

1+a 

00 

11 

5 

a 

i 

i 

0 

01 

00 

6 

0 

0 

i 

a 

00 

01 

7 

a 

0 

0 

0 

01 

00 

8 

0 

0 

0 

0 

00 

00 

9 

a 

a 

0 

1 

01 

10 

10 

0 

1 

a 

1+a 

00 

11 

11 

a 

1 

1 

0 

01 

00 

12 

0 

0 

1 

a 

00 

01 
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Consider the input sequence {(1+a), 0, (1+a), 0 ..•} 
of period 2. For the initial state x Q =* 1 and = 0, the 
input state and outputs over P^fa^+l] and the corresponding 
2-tuples over z|['v»J tlp 2 [a 2 +lj are given in Table 3.2,2b. 
The period of the output is 6 which divides 24. 


Table 3.2.2b: Input, state and output of LSS of 
Example 3.2.2. 


Instant 



P 2 [a 2 +l] 

z|[w] 

Input 

State 

X 1 x o 

Output 

Input 

Output 

0 

0 

0 

1 


00 


1 

1+a 

1 

0 

a 

11 

01 

2 

0 

a 

1 

a 

00 

01 

3 

1+a 

0 

a 

1+a 

11 

11 

4 

0 

1 

0 

1 

00 

10 

5 

1+a 

1 

1 

a 

11 

01 

6 

0 

0 

1 

0 

00 

00 

7 

1+a 

1 

0 

a 

11 

01 

8 

0 

a 

1 

a 

00 

01 

9 

1+a 

0 

a 

1+a 

11 

11 

10 

0 

1 

0 

1 

00 

10 

11 

1+a 

1 

1 

a 

11 

01 

12 

0 

0 

1 

0 

00 

00 
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3.3 CLASSIFICATION AND DECOMPOSITION OF pj}[w(aj~LSS 
We study the following topics. 

i) Classification of p£[to(a)]-LsS into nonsingular, 
singular and nilpotent systems based on the type of 
characteristic matrix A, namely nonsingular, singular 
or nilpotent respectively. Conditions for A to be 
nilpotent are obtained using the results on the decom- 
position of rings discussed in Section 2.4. 

ii) Computation of period of characteristic matrix A of non- 
. singular p£[W(a) ]-LSS. 

iii) Decomposition of Pj![W(a)]-L3S based on the decompo- 

sition of P^CMa)]. The properties of P^twCa) J-LSS can 

r r 

then be studied in terms of the component subsystems 
over orthogonal ideal or primary ring. 

3.3.1 Nonsingular, Singular and Nilpotent Pp[W(a)]-LSS: 

As we have seen in Section 3.2 the expression for 
x(N+l) and y(N) involve powers of A* the characteristic 
matrix of Pp[Vv(a)]-LSS. Thus the nature of response of 
Pn[h(a)3“LSS is determined by the nature of its character!- 
stic matrix A. Since the elements of A are from a residue 
class polynomial ring of finite order p n , if we list the 
powers of A there will be repetition and the following cases 
may arise depending on the value of determinant of A(jAj). 
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i) 1 A) is a unit in P!?[w(a)], hence A and its powers are 

Jr 

nonsingular [71,77] and there will be repetition in 
powers of A i.e., there exist least integers i and j, 
i < j, such that A* = A** 

A 1 - 

Hence A 5- = A i+k( j-i) = A i+kT k _ q,1, ... 

i 

since A is nonsingular this implies 
I = A^' 1 * 

T 

The least positive integer T for which A = I is 
called the period of A. The sequence of its powers is 
periodic with period T. A is then called periodic with 
period T. 

ii) |A( is either zero or zero divisor in Pp[W(a)] and i and 
j, i < j, are the least integers such that A* » A^ 

Hence A 1 - _ A i+kT k = 0,1,.,. 

But for no integer m, A m *= X. 

A is then singular [71,77] and sequence of its powers, 

{ A 0 A I, A, A^,.*.J is ultimately periodic with 
period (j-i) * T. 


A is then called ultimately periodic with period 
(j-i) = T. 
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ill) | A) is either zero ox zero divisor and if in addition, 
A 1 » Q for all i > v* Then A is called nilpotent 
matrix and v is called order (index) of nilpotence. 


Example 3«3.1 s 

Consider A = 


1*1 


1 0 

a a 


over P? [a 2 + l] 


I* a is a unit in P^[a 2 +ij. 


a a 

Hence A is nonsingulax 

0 

a a 


f* -4 | *» 

1 0 I 1 

, a a J L a 


l 

1+a 


0 

1 



► «■ 

1 0 


o 

1 


1 0 

a 



! 

a 



a a 


1+a 1 


<0 

«H 


■*» 


L J 


L. J 


r> — « 


— M. 


* +* 


1 0 


1 0 


1 0 

a 




a 



a a 


1 a 


0 1 


» «« 


VN 


» «■ 


Hence, period of A is 4. 


Example 3.3.2 : 

Consider A =* 


a 0 

1 0 


over P? [a 2 +a+l] £GF(2 2 ) 


| A) * 0. Hence A is singular. Further A is ultimately 
periodic with period 3* We have* 
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A 


i 0 I I a Of a 2 0 I 

0 I J 1 0 j [ a oj 


Example 3.3,3 s 

Consider A 


[ i ~] 


over P?[a 2 +l] 


|A| m ® | * (1+aJ is a zero divisor in p|[a 2 +l]. 


A is therefore singular and 


1 

1 


0 

1-w 


A 3 = 


:] 


1 o 

a 1+a 


and A 1 = 


1 0 

a 0 


a 


0 

0 


for all i > 2. 


Hence A is ultimately periodic with period 1. 


Example 3.3.4 : 


Consider A 


(l+a^ ) (l+a) 


a 


( 1*0 


over ?2 [a 3 +a 2 +a+l] 
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I A 1 = (1+a) is a zero divisor in P^Ca^+a^a+l]. 
Hence A is singular# 



Since = 0, A is nilpotent of order 6 over 
p|[a 3 +a 2 +a+l]. * 

If the characteristic polynomial F(x) = |xI-Aj = 

K 

x K - S a. x K "^ of the matrix A over P^[W(a)j is known, 
i=l 1 p 

the coefficients of the characteristic polynomial gives the 

information regarding the nature of the matrix A. If a v is 

is. 

a unit in Pj?[V*(a)], then A is nonsingular* If a . is either 
zero or zero divisor in P^[W(a)J, then A is singular. A 
bound on the order of ni'lpotence of a nilpotent matrix A is 
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obtained in terms of the order of nilpotence of the 
coefficients of F(x). Towards this end we prove the 
following lemma. 

v h. 

An element r(a) in a semilocal P”[W(a)]; % W. (a), 

p i=l 1 

is nilpotent iff its internal and external direct sum 

■o b* 

components r^aje and r^aje P p [W^ (a)] i = 1,2,.. ,v 

respectively, are nilpotent, where J i is the orthogonal 

ideal generated by the orthogonal idempotent e.(a) in 
h.n. h. 

Pp[to(a)] and P x x [W^ x (a)] is the local ring isomorphic 
to J^. 

Proof s 

Let r(a) be a nilpotent element in p£[VH(a) ] . Then 

* tr 

there exists an integer j such that (r(a)) J - 0 modulo 

[p;W(a)3. 

We have P p [W(a)J = J i +J 2 + ••• + ^ [p» W(a)3> 

and r(a) = r^Ca) + r 2 (a)+ ... + (a) modulo [p; W( a) ] 

where r^a) GJ^ 

. [r(a) ]** * [r JL (a)+r 2 (a)+ ... + ( a ) 

Since r^aJ.rj^a) = 0 modulo [p;V»(a)], i j^k we have 

[r(a)] j =» (rj^C a) + ( r 2 ( a ) )^+. . (a)) j » 0 
modulo [p?W(a)]. 
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This implies [x i (a)] j = 0; i * 1,2, ...v . Thus if r(a) is 
nilpotent its internal direct sum components are also 
nilpotent. 

On the other hand suppose 
3 * 

(li(a)) 1 * 0 i » 1,2, ...v 

Let 1cm ( 1» $2* * * ) 38 3 

then (r x (a)) J + (r 2 (a)) j + ...+(r y (a)) j a 

(r 1 (a)+r 2 (a)+...+i^ (a)) j « 0 modulo [pjvV(a)]. 

Hence (r(a)p « 0 modulo [p;W(a)j. 

Thus r(a) is nilpotent iff its internal direct sum components 
are nilpotent. Likewise the lemma can be proved for the 
case of external direct sum. 

Let r(a) $ [r^(a), r 2 (a), ... r y (a)] 

h. h.n. h, 

where r^(a) = r(a) modulo [p;W^ (a)]8P 1 1 [W^ 1 (a) ] . 

If r(a) is nilpotent then there exists an integer j such that 
[.(atf = 0 modulo [p;V»(a)J, 

Therefore [r(a)]^ a o * [(r 1 (a))^,(r 2 (a))^,...(r y (a))^]a[oo..O] 

. h.n. h. 

This implies (r^a^aO; r^a) is nilpotent in P p x 1 [w i 1 (a)]; 

i a 1,2 , ... v , Thus the external direct sum components of 

r^(a) are nilpotent elements* 
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On the other hand let r^(a) be nilpotent with order 
of nilpotence j jL , Let 1cm ( j 1? j 2 > • • -jy ) * j then 
(r-^a)) 5 » 0 isl,2,.,.v # and (r(a))^ * [(r^a))^, 

(r 2 (a))^,.,.(^ (a))J] - [ 0,0, ...0]. 

Hence (r(a))*^ = 0, 

Thus r(a) is nilpotent iff its external direct sum 
components are nilpotent* * 

Remark 3*3*1; 

The above result for the case of external direct sum 
can also be obtained by using the isomorphism between the 
internal direct sum and external direct sum components of 
Pp[W(a)]. 

We now take up the condition for A to be nilpotent. 
Theorem 3*3*1 ; 

Let F(x) « x K -a 1 x K "' 1 - ... - a K-1 x “ a K > be the 
characteristic polynomial of A over semilocal Pp[W(a)]. 

Then A is nilpotent iff the coefficients a^a^..^ of F(x) 
are either nilpotent or zero in Pp[W(a)jj. 

Proof : 

A is nilpotent if some power of it is equal to the 
null matrix. Suppose a i is nilpotent with order of nilpotence 
v i , that is a ± i » 0*if a i * 0 we take v ± = 1, ial,2,...K* 
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Let v m » max {v r v 2 ... v K } < 

£ 

V.e have x K « z a^ -1 modulo [p;F(x)J 



C 


K 

Z 

i=l 


a i x K *“ i ]P j 


K 

Z 

1=1 



(* K -V J . 


i 

Since a^ a o and p^ > VjL 
pj 

® j ® 0 ^1 s 1)2) • • «K 
therefore [x K ] pJ a o modulo [p;F(x)j. 


Since F(x) is characteristic polynomial of A, by 
Cayley Hamilton theorem for matrices over commutative 
rings [7lJ,F(A) * o and 

w 53 

K 

^ * Z a.A^"’* modulo [p$F(A)] f which leads to 
i=l 

[ a k jP a [ j a^A^""* j p = 2 a f (A K " i ) P = 0 modulo[p;F(A) ]• 
i=l 1 i=l 1 


Therefore A is nilpotent, if coefficients of F(x) are 

nilpotent. On the other hand suppose A is nilpotent, then 

there exists an integer v such that A v =* 0 modulo[p;F(A)] 

or x v a o modulo[p;F(x)] 
h. 

Let Fj.(x) a F(x) modulo [p$ W i i (a)j. 


a x K - a, .x^ 1 - a, . x K ~ 2 

X f 1 4^1 


a 


K,i 


• • • 
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where a^^ = a^modulo [p;W i i (a)J; j=l,2,...K and 1*1,2 , ... * . 
% 

Hence x v * 0 modulo [pj F^x)]. 


This implies that, 

g i,o + g i,l x + — 
that is 

x v as (x^-a^ i 5 


,K-1 


there exists a polynomial G^(x) * 

g 4 •« v x^~ K +...) such that F. ( x) .G. (x)=x v , 

X $ J *•!% X X 


•^2 i p f "*9 


K,i^ g i,o +g i,l x+ 


,g i, j-K x 


3-K 


+ • • • ) 

Equating coefficients of like powers we have, coefficient 
of x° 


-a k , . .g. ^-O^a,, . is a zero divisor ox zero 

is. pJL 1>0 N p X 


coefficient of x. 


(3.3.1) 


" a K,i g i,l ~ a K-l,i g i,o = 0 
multiplying by g^ Q and using the relation (3.3.1), 

, 4 C » a v . 4 is a zero divisor or zero 

is.— x*i i*o K.— l f i 

(3.3.2) 

coefficient of x^. 


~ a K,i g i,2 ~ a K-l,i g i,l ” a K-2,i g i,o * 0 
multiplying by g? „ and using the relation (3.3.1) and 

X f o 

(3.3.2) we have 


-a K-2,i 


o 

g: «0 *> a v « . is a zero divisor or zero 

1,0 IV - " , 1 


• * * 


(3.3.3) 
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Thus it can be shown that a, . . gl + ^ » Q*»>a v . • 

0 < j < K-l is a zero divisor or zero. 

a. i=l,2,...v are the external * direct sum components 

h.n. h, 

of a j . Since a j^ ® Pp [W^ x (a)] iff it is a zero divisor 

it is a multiple of Vv . ( a ) • Hence (a. .) * *= 0 modulo 
h 1 J * 1 

[p;w^ x (a)J; j=l,2,...K; i=sl,2,,.. v . Thus the external 
direct sum components of a., js=l,2,...K are nilpotent 

J 

elements and from the result of Lemma 3.3.1, a.; j=l,2,...K 

J 

are nilpotent elements. Thus if A is nilpotent the coeffi- 
cients of its characteristic polynomial are also nilpotent 
and thus the theorem is proved. * 

Corollary 3.3.1 t 

If A is over semisimple P^[w(a)], then A is nilpotent 
iff its characteristic polynomial F(x) = x^. 

Proof : 

In a semi simple ring there are no nilpotent elements. 
Hence from the result of Theorem 3.3.1 it follows that if 
A is nilpotent the coefficients s^* 3 ^****^ of characteristic 
polynomial of A, are zeros. Therefore F(x) = x^ . 

On the other hand if F(x) a x K then F(A) = A K » 0. 


Hence A is nilpotent. 
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Corollary 3.3«2 s 

If A is over finite field then A is nilpotent iff 
its characteristic polynomial F(x) * x ♦ 

Proof : 

This is a special case of semi6imple ring and the 
proof follows from Corollary 3.3.1* * 


Having obtained the conditions for the characteristic 
matrix A to be nilpotent. we now take up bounds on the order 
of nilpotence of A. Towards this end we first prove the 
following Lemma. 

Lemma 3.3.2 : Let F(x) « x K -a 1 x K ~ 1 - ... a K-1 x - a K > be the 
characteristic polynomial of KxK matrix A over Pp[W(a)3* 

If the elements a. are nilpotent in P”[W(a)J and v ± is the 

1 v. v K v 1 

least integer such that a. 1 = 0 for i=*l,2. • . then A =0 
K 1 * 

where v* = 2 v. - (K-l). 08P"[W(a)] is considered to be 

i=l 1 p 

nilpotent element with order of nilpotence equal to 1. 


Proof : 

We prove the Lemma by induction. Suppose element 
a. 4 0, a. * 0; ¥ i we then have v* * v^, and 
F(x) » x K -a^x K "^; by Cayley Hamilton theorem F(A) * 0. 

Hence *» ajA^”"^. since aj^*0 we have A^ v 

* a^(A K ^) V J « 0. 

J ® 
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Suppose two elements and are nonzeros, then 
v'« (Vj. + Vj - 1) and 


K-J 


IC K— i 

x = a^ 1 + a., X 

A K = + aj A k "J 


,Kv' 


A 1 " « (a i A K-i + a . A K * J ) 

<a i A K - i ) v '^'(a i A K -V v '- 1) .(a J A K -J) ♦ (*’) 

(a l A K - i ) v, - 2 (a j A K -J) 2 +...+(^)(a i A K - i ) v ' HI '(a J .A K -J) m ... 
+ v'JajA^Ha^-V'- 1 +(a 3 A K -^) v ' ... (3.3.4) 


K- 1 .V' 


where 


/ v 1 \ = y» 1 

'm * mT(v'-myi 


we have v* « Vj+Vj-1 

V* -Vj * v^-1 

Thus if m < Vj 

(v’-m) > (v^-1) 

(v’-m) > v i 
a ( v '-n) - o 

and if o £ v. , a? » 0. 

Hence all the terms on the right hand side of Equation 

Kv* 

(3.3,4) are nxn null matrices. Thus A = Q* 


! 
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Now we assume the lemma is true for (K-l)nonzero elements, 
a^,a 2 » ••• a j-i» a j+l > ** ,a K* anc * s ^ ow ^at it is true for K 
nonzero elements a 1 ,a2>*««a^ 

x K * (a 1 x K * 1 +...+aj -1 x K “j H * 1 +aj +1 x K “^~ 1 +..,+a K ) 


Let v'* * (vj+Vg*^* * • *+Vj^)-(K— 2) 

.Kv* ' 


Then by hypothesis x 


sa ( a^x^*" 1 *. . .+a j -1 x K ’"^ +1 
+ a. 1 x K ^” 1 +•..+a l ,) v,, « 0 

J+l Jv 


Assuming all the elements are nonzero, we have 

x K « [(a^x 1 ^ 1 *. ... a^x^+l + aj +1 x K ~^“’ 1 +. ,.+a K )+ajX K ”^] 


v* * [(v 1 +v 2 +» » • Vj ->1 +Vj +1 +. . .+v k )-(K-2)]+Vj-1 

a [(v 1 +V 2 +.*«Vj+.*.+v 1( .)-(K-l)]* 

Heating the expression 0(x) m ( a^x K “ 1 +a ^ ^ +1 
x K-j-l + ^ # ,+a ) as a single term we have, 

A Kv * « [0(A) +a j j v * 

* .0(A) V, +v»(0(A)) V, ” 1 (a :j A K *' j ) 

<)(0(A)) v, - 2 (. J A«) 2 + ...<) (0(A)) V *^ 

( a^A K ^ ) m +. ..■fv* (0(A) )(a jA K ~^ ) v ' -i +( a ^A K “^ ) 7 * 


(3.3.5) 
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We have v' ■ v* ' + Vj-1, 
v’-Vj ■ (v»»-l), 

Therefore, if m<Vj ; (v*-m)>(v* '-1) and (0(A)) v, " m =*O; 
by hypothesis and if m > a“ * 0, j ■ 1,2,...K. 

Hence all the terms on the right hand side of Expression 
(3*3.5) are null matrices. Thus 

A Kv ’ - 0 

55 

The lemma is ‘proved. * 


Now we find the bound on the order of nilpotence of 
matrix A in terms of the order of nilpotence of the elements 

^1* ^2* * * *^K" 


Theorem 3.3.2 : 

Let A be a nilpotent matrix over p£[W(a)] f with 

characteristic polynomial F(x) = x -a^x - ... “ a K-i x " a K* 

Let the elements a^e P^[W(a)], be nilpotent of order v^ 

i * 1,2, • • .K. Let v m = max Jv 1 » v 2 » • . .v^} < p^-i Then A is 

nilpotent of order < min [Kp^, K (( Z v.)- (K-l)) ]• 

i=l 1 

Proofs 


From Theorem 3*3.1 . if v m =max £ v^, v 2 . ..v K J < P - ^ 

.Kp 3 _ 


then A H « 0 and from 


Lemma 3.3.2 


K 


a k 0. 
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Therefore A is nilpotent of order < min[Kp^,K(( 2 v.)-(K-l))]. 

i=l 

Hence the proof* * 

If the characteristic matrix A of PjJ[w(a))-LSS is 
of the form 


A * 


010 ... 0 

001 ... 0 


— A c » a i 6 PpCv<( a )]»i® 1 »2, . . .K, 


a K a K~l * * * a l 


then A„ is said to be in canonical form and the P^[w(a)]-LSS 
c p 

is called a canonical system. 


For A over p£[W(a)] in canonical form the above 

V r 

results can be summarised as follows. 


i) A c is nonsingular iff |A c | = a K is a unit in Pp[W(a)]. 

ii) A* is nilpotent iff a.; i=l,2,...K are either zero 

C 1 

or nilpotent. 

iii) If A_ is over a semisimple p”['v»( a ) ] or a finite field, 

C P 

then It is nilpotent iff a^^ ■ Oj ¥i 

• K 

iv) Order of nilpotence of A c is < min [Kp»,K(( 2 L 

i-1 

where v^ is the order of nilpotence of a^ i=l,2,...K 
and > max $ v i» v 2 » •* ,v k** 
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Example 3.3,5 : 

be over P^ta^+l]} aj=(l+a) and 

2 

a 2 88 (1+a ) are nilpotent elements with order of nilpotence 
4 and 2 respectively in P^Ca^+lj. A c has the characteristic 
polynomial F(x) = x 2 +(l+a)x+(l+a 2 ) . 

From Theorem 3,3,2 K=2, p=2j j=2, v 1 »4, V2=2 . 

Order of nilpotence of A c < min [8, 10 ] 

« 

Actual value is 5, That is 5 is the least integer such 
that A^ » o. 

Example 3,3,6 : 

Considering the above example with a^ and a^ inter- 
changedjthat is,for 

0 1 

A c “ 2 

c 1+a 1+a* 

F(x) * x 2 + ( 1+a 2 ) x+( 1+a ) 

The order of nilpotence of A c < min [8, 10] 

* 

Actual value is 8. 

3,3*2 Periodicity Properties of Characteristic Matrix A: 

As we have seen- in Section 3*2, the periodicity of 
output for a periodic input depends on the period of chara- 
cteristic matrix A and as we shall see in Chapter 4* the 


Let A, 


1+a 1+a 
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maximum possible period of autonomous response of a 

nonsingular P^[W(a) J-LSS, is equal to the period of the 

characteristic matrix A of the system. Thus period of A 

plays a prominent role in the response properties of 

Pp[W(a)KSS, in this subsection we give procedures for 

computation of period of nonsingular matrix A. These are 

analogous to the determination of period of A over Z . The 

m 

particular procedure used depends on the type of f^Cw(a)] 

tf 

over which A is defined. 

The following cases are considered, 
a) Pp[W(a)j is a primary ring: 

i) V»(a) irreducible over GF(p); pJJ[\v(a)] is a finite field 

r 

ii) W(a) power of an irreducible polynomial over GF(p)$ 
Pp[‘<(a)] is a local ring. 

b) Pp[W(a)J is isomorphic to direct sum of primary rings 

iii) W(a) product of irreducible polynomials over GF(p)$ 
P*![W(a)] is a semisimple ring. 

iv) W(a) product of powers of irreducible polynomials 
over GF(p); P^[fr(a)] is a semilocal ring. 

The computation of period T of A when it is over 
GF(p) is discussed in [4,7,12,13,40]. The procedure can be 
extended to the case where A is over GF(p n ). 
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i) W(a) irreducible over GF(p); A is over GF(p n ): 

Let degree of Vv(a) be n, then P^[ T .v(a) ] becomes 
UF(p n ); finite field of order p n » Let a be a root of W(a) 
in GF(p n ). The set of all polynomials in a whose degree 
is less than n over GF(p) are the elements in GF(p n ) and if 
P is a primitive element, powers of p, that is p, p 2 ,...p p 
are the nonzero elements in GF(p n ). The characteristic 
matrix A is then over GF(p n ). It is well known [4,12-14,40] 
that the period of a nonsingular matrix A over GF(p n ) is 
determined by its minimal polynomial m(x) (the least degree 
unique monic polynomial over GF(p n ), such that m(A)=0) 
[4,12-14,57]* A procedure for obtaining the minimal poly- 
nomial of A is outlined in Appendix D. If it is found that 
the constant term in m(x) is zero the matrix A is singular* 

The following theorem relates the period of a nonsingular matrix 
A over GF(p n ) and the period of its minimal polynomial [40]* 


The period of nonsingular matrix A over GF(p n ) is 
equal to the period of its minimal polynomial m(x). 

Let T be the period of m(x)* Then T is the least 
integer such that, 

m(x)|(x T -l) 


(3.3.6) 
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This implies x 7 ss X modulo [p;m(x)J 

m(x) is the minimal polynomial of A. Hence m(A)=0 [40] 
and A T w I modulo [p;m(A)] * 

The period of m(x) can be determined by using the 
procedure [18] given in Appendix D, which involves computing 
the periods T^, ^2'***^r *‘*’ s factors m^ (x), xci^ (x),... 

n» r r (x), where m^x); ia=l,2,.*.r are irreducible over GF(p n ) 
and computing the 1cm of periods of T i» T 2' # * * T r # Alter- 
natively, the period of m(x) can be obtained by finding the 
least integer T, such that, x =* i modulo [p;m(x)J [43 j. 

Thus given m(x) its period can be determined without 
performing the operation indicated in the expression (3.3.6)* 


E xample 3.3*7 : 


Consider A » 


0 0 1 
10 1 


over GF(2); minimal polynomial m(x) 

•a LO 1 0 J 3 

of A is x'rX+l . Listing powers of x modulo 2 and x +x+l, 

we get, x 3 = 1+x, x 4 « x+x 2 , x 5 * 1+x+x 2 , x 6 = 1+x 2 , x 7 =l. 

Hence period of m(x) and A are each equal to 7. * 


Example 3*3*8 ; 

fo 2] 

Consider A *1 lover GF(3), the minimal polynomial 

m(x) of A (which is obtained as outlined in Appendix D) is 
x 2 -x-2 ■ (x 2 +2x+ 1) modulo 3. Listing power of x modulo 3 
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and ( x 2 +2x+1) , we get x 2 = 2+x, x 3 *2, x 4 »2x, k 5 »l+2x and 
x 6 «l. Hence period ttf m(x) and A are each equal to 6, 


Example 3.3.3 s 
Let A 



over GF(2 2 ), where a6GF(2 2 ) and 


a +a+l a 0. Minimal polynomial m(x) of A over GF(2 2 ) i« 


x +ax+a# Listing powers of x modulo [2; (a^+a*hl)jand 
c 2 +< 

.15 


x 2 -hxx+«, we get, x 2 « ot+ax, x 3 *a 2 +x, x 4 «a+x, x 5 *a and hence 


1* Hence period of m(x) and A are each equal to 15. * 


In the following we take up the computation of period 
of A for the other three cases. Towards this end we first 
prove the following lemma. 

Le mma ^3 » 3.3 * 

Consider a KxK matrix A over P”[U(a)], where W(a) * 
v h» p 

•n W. x (a), and W 4 (a), i»l,...v are irreducible polynomials 
i*l 1 x 

over GF(p). Then 

|A| modulo [pjW^CaJJssjA moduloCpj'^CaJjl^j^l ; i*l,...v . 
Proo fs 

| A( is algebraic sum of Kj terms constructed in the 
foliewing manner. The terms are all possible products of the 
K elements of the matrix taken one in each row and each 
Column* the term having a plus sign if its subscripts form 
an even permutation and a minus sign otherwise [76]. 
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A typical term in the summation is 

(a o,a Q a l,a 1 '*2,« 2 -*' a K-X,a K _ 1 ) wh « e is a 

permutation of the K elements ( 0 , 1 , . ..K-l). We have 

{a 0,« 0 *1,^ ••• a K-l,a lc _ 1 > “ odul ° CpjWi(a)3 
= ( a 0>ct modulo [pjW^a) JKapO^ modulo [pjW^a)]).. 

( a K-l^C»l modul ° CpiWjCa)]) 

Since Ja| is a sum of K! such terms we have 

|A| modulo [pjW^CaJJsjA modulo Cp» W^( a ) J { = | A^| . * 


As we have seen in Section 2.4, if an element is a 
unit in P^[W(a)3, its external direct sum components are also 
units (nonzero elements over Pjjtw^a)]. If an element in 
Pp[W(a)J is a zero divisor, then in the external direct sum 
components at least one component is a nonunit, (zero element 
over Pj^C^Ca)])*. Thus if |Aj is a unit in Pp[«(a)], then 
the component |X| is a unit in p£[w.(a)], i=l,...v • If 
| A | is a zero divisor in P£[W(a)], at least one component 
| Aj i=l,...v is a zero. Thus if A is nonsingular its 
external direct sum components are also nonsingular. 


ii) W(a) » wj (a)$ W^(a) is an irreducible polynomial 
of degree n^ over GF(p) and hence A is over a local ring 
of order p n ; n^hn^ 
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Let A = 


a. 

a 


oo 


a 


o,K-l 


K-l,o 


• • * • 

• ♦ * • 

• * • 3 


K-l.K-l 


5 a ij e *p [’>«(a)3- 


We define AAA modulo [p>W^(a)] 

;a Q ^ 0 modulo [p?W i (a)j . « .a o ^ >-1 modulo [p;V< i (a)J 

a K-l , 0 modul ° C P> W 1 ( a ) j . . • a K-1 ^ K-1 modulo [ p ; W ± ( a ) ]| 


n. 

A is over a finite field of order p and the determination of 
the period of such a matrix has been already discussed in 
case (i). We now show that the period of the characteristic 
matrix A is determined in terms of the period of A and the 
integer h. Towards this end we first prove the following 
Lemma • 


Let A be a KxK matrix with elements from P^[W^(a)] f 
where W^(a) is an irreducible polynomial over GF(p). Then 

A** * A^ modulo [p;W^( a ) ] , where p is any integer. 

Proof : 

We denote the KxK matrix AA(a.j); a ij ® PpC W i( a )3» 
Since A » A modulo [p; tv^(a)J 

A A (a^j modulo [p;W i (a)]) 



237 


Consider /? = ^ s ^ a iK modul ° C P* Vv^ ( a ) 3 ) ( a i<^ j modulo [pjVv^C a) )) 


( £ a iK a Kj modul ° [PiW^a)]) 

K 


* ( £ a iK a K -) modulo CpjV^Ca)] 
K 


« Ak modulo Cp;W^,(a)]* 
In general it can be shown that 


A* 3 « [A modulo [pjW^a)]^ a modulo Cp? Vw-^C a ) 3 * * 

Theorem 3.3.4 : 

Let A be a KxK nonsingular matrix with elements from 
PpCv^(a)], where W^a) is irreducible over GF(p). Let integer * 
j be such that* jp" 1 < h < p j . If period of A is T, that is 
if A T « I modulo [pjW^a)], then A pJ<r ai modulo[p»wJ(a)]. 

Proof ; 

From Lemma 3.3.3 if A is nonsingular X is also 
nonsingular. 


a i modulo [pjV/^Ca)] 

*T 

i.e. [A modulo CpjV^C a)]] * I modulo [pjWi^a)] 

From the result of the Lemma 3.3.4 we have 

A T modulo Cp;W i (a) ]*i modulo [p;W i ( a)] 
i.e. A T a I modulo [pjW^a)] 
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This implies that is of the form 

A T = I + W . ( a ) * B 

1 n. 

whexe B is a KxK matrix with elements from P X [W^ (a) ]* 

Hence [a T ] p * * i + W? ( a ) • B p * 

Since p^"’^ < h < W?^(a) is a multiple of w|?(a). Hence 

JL * 

[A T ] pj = A^ 1 ssl modulo [p;W^(a)j. * 

% = a modulo [pjW. (a)J has elements from finite field* 
Its period T can be computed using the results for case (i). 
From the results of Theorem 3,3.4, we have period of A 
modulo [pjlV^(a)] equal to p^T, where p^” 1 < h < p^ . 

Example 3*3,10 : 

over pgta^+a^+a+l] 

VVe have, W(a) * (a+l) 2 . Hence \V(a) = (a+l) and h = 3, 

A =* A modulo [2; a+l] = q] 

A 2 - I modulo [2; a+l]. Hence T - 2 
and 2 1 < 3 < 2 2 

3 2 

Therefore period of A modulo [2; a +a +a+lj is 4.2 * 8. 
Example 3*3.11 : 

be over P^ [a^+lj* 


Let A 


0 1 

a a 


Consider A = 


He 




1-fe 
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(a +1) =s (a+l)^ , Hence W^(a)=(a+l) and h = 16. 

A modulo [2; a+l] as J] 

Period of A modulo [2, a+l] is 3 
and 2 3 < 16 = 2 4 

Therefore period of A is 2 4 x 3 * 48, 


We now consider case (iii) 


iii) W(a) is a product of distinct irreducible 
polynomials: 

v 

A is over semisimple ring. Let V«(a) = n W. (a)j 

i=l 

Wj,(a) is n^th-degree irreducible polynomial over GF(p) and 

v 


Z m a* n =s the degree of W( a ) . 
i=l 1 


We have seen in Section 2.3, that for this case the 
ring P^[W(a)] is the internal direct sum of ideals 
generated by the orthogonal idempotents e 1 (a), e 2 (a),...e v (a) 
respectively. Each element r(a) 6P^[W(a)] can be written 

r 

as a unique sum 


r(a) a* r 1 (a)+r 2 (a)+ ... + x v (a) modulo [p;W(a)] 


(3.3.7) 
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where J i and || a multiple of e^a); i=l,2,...v 

and ~ =. 06Pj[»(a)]. Then 

^(a) * oe J it ¥ i * 1 , 2 , ...v 

As a consequence, A over Pp[W(a)] can be written as internal 
direct sum of v matrices* 


A * a x +A 2 + •** + Ay modulo [p;W(a)] 
where the elements of KxK matrix A^ are from i=l,2»...v 


Consider one of the components A^ of A. The elements 
of Aj are from ideal JN and hence the determinant of A^ is 
an element from J i and hence a zero divisor. Although the 
matrix is singular, since the order of is finite, as we 
list powers of A^ there will be repetition. If there exists 
an integer su|h that 



i 

e^(a) 0 

♦ 

0 e i (a) 


(3.3.8) 


We call pseudo period of A^ 


Since e^(a) is an orthogonal idempotent, e^(a) ,e i (a)=se i (a) 


T i jT i 
Hence A.^ *» A^ 1 


e.(a) 


» * • 
9 # • 


for all integer j>0* 


0 • • • ®j > (a)j 

We shall obtain a relationship between the period of 
A and the pseudo periods of components A^^* • .A y • Towards 
this end, we first prove the following. 
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Theorem 3.3.5 s 

Let A = A^+A^ ... A y be the internal direct sum 
decomposition of matrix A, 

A m * A® + a55 + • . . aJJ 

Proof : 

WMMMnMUM 

We prove the theorem by induction on v « The 
theorem is true for v * 1 . 

Since A » A^, this implies A m = A® modulo [p;w(a)j. 
For v sa 2 we have 

A ■ + Ag modulo [p; W'( a ) J 

Now A m ■ ( A i* f ‘A 2 ) m 


= A® + 


m\.m-l . . /m x .m-m 1 ^m 1 


(?> A i 


a i /iu \ A ui— iu- A m’ , 

A 2 + ^m'* A 1 *2 + 



Elements of A-^ are multiples of e^(a) and elements of A 2 are 
multiples of e 2 (a)# Since e^a) and e 2 (a) are orthogonal 
idempotents in p£[w(a)], e^a) .e 2 (a)*o modulo [p$W(a)3. 
Hence all the products A®" 1 ” 1 A®* «£ modulo Cp;W(a)] for 
all m f f m. 
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Therefor e,A m * A® + A$J 
The theorem is true for v ~ 2 » 

Suppose the theorem holds good for v-1 i.e. (Aj+Ag + ... 

+ 53 A® + ... + A m y _^ , we show that it holds good 

for v . 

A m ■ [(A i +A 2 + ... ] m modulo [p;W(a)] 

« [( Aj,+A 2+» • .A y + A™ ] modulo [p;Vf(a)] 

■ [A^+A™ + ••• A® ^ + A® J modulo [p;»v(a)J ^ 

We consider the relation between the period of A and the 
period of its components A^, A^.-.Ay . 

When A is nonsingular, there exists a least integer 
T 

T such that, A = -*-kxK* ,,e ^ ave seen in Section 2.4, that 

e^(a)+e 2 (a) +> ... + e y (a) = it modulo [p;W(a)J. Also from 

T j 

(3,3.8) we see that the off diagonal terms in A^ are zero 
i = 1,2 » • • v 

Hence^ * j 



©^(a) 0 


e 2 (a) 0 0 

a t = 

0 e-^a) 0 

• 

+ 

e 2 (a) 0 

• 


0 


• 


0 e x (a) 

mm 


0 .. e 2 (a) 

MM *«« 


+• •+ 
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From the results of the Theorem 3*3.5 we have, 




* 


A^ * CAl + Ag + **•+ aJ ]== Ij^ xK modulo Cp;W(a) j 
This implies that. 



Let T a be the least integer such that 



T^ is then the pseudo period of i=l,2...y and as seen 
earlier since e^(a) ** e^(a) we have A^ ~ A^ ; j ar< V 
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integer > 0. Thus when A is nonsingulax the component A ± is 
strictly periodic, i * i t 2,,..v* 

We prove the following theorem which relates 
T and , * *T y . 


Theorem 3.3*6 ; 

The period T of A is equal to the lem of the pseudo 
periods T^»T 2 »«.*T y of ApA 2 *»«A 3 , respectively* 

Proof ; 

T is the least integer such that, A T =I KxK modulo 
[pjV<(a)J* »Ve have, 

A^ » I^ x ,. * [aJ + A^ + ... Ay] modulo [p;W(a)j 





T^ is the pseudo period of A A * 


v 
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It is the least integer such that* 


Aj 


but 


e,(a) 


A I- 


0 


e,(a) 


•«(a) 


modulo [p;V»(a)J; i»l,2,...v 


e,(a) 


modulo [p;tt(a)3? i * 1,2,,.. y. 


Therefore, T^jT i * 1,2,,.. y. 

The least integer T such that, T^jT fox all i « 1,2,... v is 
the 1cm of T^Tg. * *T y . 


Hence the proof. 


We illustrate the application of Theorem 3.3.6 in 
computing the period of A in the following example. 


Example 3,3,12 : 



Let A ■ 


1+a+a 2 


1+a 

a 


be over FgCa 3 *!]. 


|A| « a 2 .a+(l+a),(l+a+a 2 ) =* 1 modulo [2;a 3 +lJ, which is a 
unit in p|[a 3 +lj. Hence A is nonsingular. We first compute 
the period of A by computing its powers. 
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• « 


~ 0 -] 


0 "* 



a" l+a 


a l+a 


a l+a 

0 

1+a+a a 


O 

1+a+a a 

5=5 

0 

0) 

to 

* 


** m 


J 


modulo [2$ a 2 +lj 


modulo [2; a 2 +lj; thus period of A is 6. 

We have seen in Hxample 2.3. l, that P«[a 3 +l]=j,+J 0 = 

(a +a+l)+(a 2 +a) where (a 2 +a+l) * e^a) and (a 2 +a)= e 2 (a) 
are the orthogonal idempo tents. Thus matrix A can be 
decomposed into its internal direct sum components 
A + A 2 88 o^(a) A + e 2 ('a) A. That is, 

Q 

modulo [2;a J +l] 

where A^ has elements from ideal., =* <a 2 +a+l> and 

2 

A 2 has elements from ideal, J 2 * <a +a>. 


9 

1+a+a 

0 


l+a 

l+a 

1+a+a 2 

1+a+a 2 

+ 

0 

l+a 2 




*» 

mm 



Since A 2 ■ 


1+a+a 


■] 


*3 

modulo [2;a°+l] 


0 l+a+a‘ 
e A (a) 0 
0 e x (a) 


Pseudo period of A^ is 2. Similarly, 


A 2 — 

m fm m 

a+a* 0 

modulo [2;a 3 +lJ= 

e 2 (a) 0 

2 

0 a+a 2 

m «■ 


0 e 2 (a) 



247 


Hence pseudo period of Ag is 3, 

Period of A is 1cm (2,3) =* 6, as obtained earlier by 
computing powers of A* # 

In the internal direct sum decomposition of the ring 
PpCvv( a ) J , since the summands are ideals in p£[W(a)], the 
elements of each summand belong to Pp[v»(a)]. In the 
decomposition of A, the elements of the matrices A i>A2««*A y 
belong to the ideals respectively and hence 

are zero divisors. Hence the technique developed for finding 
the minimal polynomial and hence period of A over finite 
field is not applicable here. For matrices of small size over 
ring of small order, it is possible to obtain the periods 
of by taking powers of A^ i=l,2,...v , as illustrated 
in the Example (3.3.12). However, when the size of the matrix 
and the order of the residue class polynomial ring over which 
it is defined are large, computing of powers of matrix A^ 
with elements from the ideal J^, involves multiplication and 
addition of elements from and then reducing to W(a). 

Though the order of the ideal is smaller than the ring 
p”Tw(a)L the elements of J* are from the same ring P£[W(a)], 
and hence are of degree n-1 or less. Hence the above 
procedure of computing period of A is not simple. We will 
see now that the computation of period of A is simplified by 
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considering the external direct sum decomposition of 
Pp[fc(a)]. Since W(a) is a product of irreducible poly- 
nomials over GF(p) the external direct sum components of 
Pp[W( a )J are finite fields. The corresponding decomposition 
of A, will have direct sum components of matrices over these 
finite fields. In a component of A the elements are from 
a finite field of order less than p n , and hence the elements 
of component of A are polynomials whose degrees are less 
than n-1. For determining the period of any component of A, 
the procedure discussed in (i) can be adopted. 

IVe have seen in Section 2.4, that 
PpMa)] “Pp 1 [V^(a)j © ...@ Pp [tty (a)] 

and P p 1 [w i (a)]~ 

We note here that W^(a) is irreducible over GF(2) ; 
i=l,2, ... v . The external direct sum decomposition gives 
rise to a one to one correspondence between a KxK matrix A 
over pjCwCa)] .and v-tupie of KxK matrices 

r 

LAi, Ag# • • • Ay J 

n i 

where Aj* A^ modulo [pi W^(a)] has elements from Pp [W^(a)J. 
The period of A is obtained in terms of the periods of its 
components. Towards this end the following Lemma is proved. 
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Lemma 3«3«5 t 

A l - A ± modulo [p; W^a)] - A modulo [pj Vv-^a)]. 


Proof : 

We have A * A i +A 2'' A i + * * ,A v internal direct sum where 
has elements from the ideal <e^(a)> that is elements of 
are multiples of e^a). Since e^a) is an orthogonal 
idempotent as seen in Section 2*3 it has 


v 

Tt W.( a) as a factor 

3*1 


Hence A modulo [p;W^(a)J » [A^+A2+* ••A^*A V ] modulo [p;W^( a ) }, 
W.(a) is a factor of the matrices A^; ¥ j j^i, hence, 

A modulo CpjW^a)] * A ± modulo CpjVv i (a) 3 « A 


And in general, 

« A modulo [p; V^( a ) ] i = 1,2,... v . 

Since J. «■* P i [ViAa)], there is a one-to-one correspondence 
3L mm P 3* 

between the internal and external direct sum components of A. 
A^ — A^ ^ i a 1,2, • • 

This implies that if T ± is the least integer such that 
e^a) 0 

0 ’ e^a) 




250 


Then A ^ = I KxK 

That is the pseudo period of and period of A^ are same 
and is equal to T^. 

n . n. 

Since W.(a) is irreducible over GF(p); P^fW. (a)] ~ GF(p 1 ). 

^ * ri • 

The elements of are from finite field GF(p and the 

period of each component ial,2,...v can be determined 

as discussed in (i). Period of A is obtained in the following 
Theorem* 

We prove the following theorem * 

Thsororn 3 + 3+7 • 

v 

Let W(a) =s ti W. (a), where W, (a); i == 1,2,... v is 
i-1 1 1 

irreducible over GF(p). Let A be a nonsingular matrix- over 
Pp[V*(a)]. Let X^ * A modulo [p; W\(a)] and period of be T^ 
i * 1,2, ... v . Then the period of A is 1cm ( T i» T 2 * ** T a/ )• 

Proof: 


Proof follows from the results of Theorem 3.3.6 and 
the one to one correspondence between A i and A^* 

Example 3.3.13 : 


Consider A = 


fl+a 1 1 

A a 

a a 


over pf [ ( a 3 +a 2 +l) ( a 3 +a+l ) ] . 


A 1 * A mod [2; a 3 +a 2 +l] 


~l+a ll 

” - a a J 


i 
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The minimal polynomial of is x 2 +x+a which is primitive 

over P 3 [a 3 +a 2 +l]- r GF(2 3 ). 

Hence period of A ^ * (2 3 ) 2 -l * 63, 

3 fl+a 1 “ 

Ap * A modulo [2; a +a+l] - j 

L a a -. 

whose minimal polynomial is x 2 +x+a which is primitive over 
P 3 [a 3 +a+l] ~GF(2 3 )* Hence period of A 2 is ai s <> * 63 * 

mm 

Period of A * 1cm (63,63) * 63, 


Example 3.3.14 ; 


Consider the ring P 2 [a 3 +l] of Example 3.3.12? we have 


p|[a 3 +l] ~p|[a+l] © i|[a 2 +a+l] and A* 


1+a+a 


1+a 


a 


5?^ = A modulo [2;a+lj=*[ 


whose minimal polynomial is (x?+l) over GF(2). The period 
of m(x) ■ 2. Hence period of \ = 2. The period can also be 
found by taking powers of a^. 




modulo [2; a+lj. 


modulo [2;a 2 +a+lj 

Minimal polynomial of Ag is (x+a 2 )(x+a) modulo [2 ; a 2 +a+l] « 
x 2 +x+l, whose period is 3. Period can also be found by 
taking power of 


^2 = A modulo [2?a 2 +a+l] 


1 + 

0 


1+a 1+a 

a 
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We have a| = [* Jj modulo [2; a 2 +a+lj. 

Period of and A ± ; i*l,2 are same. 

Period of A * 1cm (2,3) = 6. 


iv) W(a) is a product of powers of irreducible polynomials 
over GF(p) i.e. A is over semilocal ring. 
v h. 

Let W(a) * n W.^a) 
i=l 1 


where V^ ± (a) is an n ± th degree irreducible polynomial over 

y 

GF(p), and £ n^h^ a n = the degree of W(a). 

X “*1 


We have seen in Section 2.3 that 


h.n 


© Pp 2 " 2 [v£ 2 (a)] © ... 


© 


(•)] ... 


This external direct sum decomposition of P n [W(a)J gives 
rise to a one-to-one correspondence between a KxK matrix 
A over p£[w(a)] and v -tuple of KxK matrices [a* a£,...A*], 
where A* — A modulo [p; W^*(a)J and has elements from 

p p C w i ( a )J i=l,2, . . . v . The period of A* can be 
computed using the results of case (ii). The period T of 
A is therefore given by T a icm ...T v ). 
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Example 3 >3,15 ; 

[ 0 ll 6 6 

I over P® [a +i] we have 

(a 6 +l) = (a+l) 2 (a 2 +a+l) 2 , Hence P^[a 6 +l] 2 P 2 [a 2 +l] $ 

4 r 4 2 T 

P^la +a +1], We find the period of A in terms of the periods 
of A^ and A^ A*«A modulo [2; a 2 +l] = *] • Since 

(a +1) is power of an irreducible polynomial (a+l), we use 
the procedure discussed in case (ii) A^ = modulo 

[2;a+lj = *]„ Period of A^ is 3 and hence period 

•& 

of is 3x2 53 6« 

A^, » A modulo [2;(a 2 +a+l) 2 = [^ ' A 2 = ^a a^ modul ° 

[2; a 2 +a+lj. 


r»* #• 

Period of = 15. Hence period of A 2 - 30 1 
Thus period of A is 1cm (6,30) =» 30. 


Example 3.3,16 ; 


Consider A = over [a 10 +l] 4 We have 

(a 10 +l) » (a+l) 2 (a 4 +a 3 +a 2 +a+l) 2 

i 

Pg 0 Ca 10 +lJ^p| [a 2 +l] © P® [ ( a 4 +a 3 +a 2 +a+l ) 2 ] • 

We find the period of A in terms of the periods A^ and A^ 
A ^ * A modulo [2; a 2 +l] * * j 
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A* « modulo [2;a+lJ. As computed in earlier example 

£. «#■ 
period of A i is 3. Hence period of Aj^ is 6. 

Ag *= A modulo [2; (a 4 +a 3 +a 2 +a+l) 2 ]= *] 

^2 “ ^a a^ modul ° [2;(a 4 +a 3 +a 2 +a+l)] * [® is over 
Pj> C a 4 +a 3 +a^+a+l ] =*GF(2 4 ). 

Minimal polynomial mgCxj of Ag is x +ax+a and is primitive 
over GF(2 4 ) • 

Period of n^Cx) is 255 and hence period of is 255, 

* 

Period of A 2 is 510. 

Thus period of A is 1cm (6,510) = 510. 

3,3.3 Decomposition ,of P^[m(a) ]-LSS: 

We have seen in Section 2.4 that if Pp[W(a)j is a 

v u . 

semisimple or a semilocal ring, (W( a) = % \i. x ( a) 

1=1 1 

it is equal to the internal direct sum of orthogonal ideals 
Jp J 2 # •••••Jy in Pp[ M («t)J or isomorphic to external direct 
sum-i of primary rings; field or local rings. Gross pro- 
perties of the ring p£[w(a)J depend on the properties of 
internal or external direct sum components. The decomposition 
of Pp[‘w'(a)J lead to the notion of decomposition of Pp£w(a)]-LSS 
■ into component systems over orthogonal ideals or primary rings. 
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The notion of decomposition of LSS also, helps in 
implementing larger LSS over semisimple or semilocal rings 
in terms of LSS over smaller primary rings namely finite 
field or local rings; these LSS are properly inter- 
connected. 

Thus the analysis and implementation of Pp[W(a)]-LSS 
is basically analysis and implementation of LSS over finite 
fieldsand local rings. The results of the analysis of 
systems over finite fields and local rings can then be 
extended to the systems over semisimple or semilocal rings. 

Let L be a Pp[W(a) J-LSS. L is completely characterised 
by the characterising matrices A,B,C and D over p£[v»(a)]. 

Each element of the matrices can be decomposed into v 
elements in the orthogonal ideals. Thus A,B,C, and D can 
be expressed as direct sum of component matrices. 

A = A^+Ajt ... Ay 

B a B x +B 2 + ... By 

C = 0^+02^* • • • Cy 

D * D x +D 2 + ••• D v 

In the decomposition the order of the matrices are unaltered. 
But now they are over orthogonal ideals whose orders are 
less than p n . 
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Like wise, if we decompose states x, input u and 
output y, L can be decomposed into systems L^,L 2 ,.».L y over 
the orthogonal ideals, where the characterising matrices of 
are and D^. The given system L is then a direct 

sum of v systems as given in Figure 3.3,1a, 

The analysis of L can be carried out in terms of the 

systems •••L y and finally combined. This notion is used 

in the computation of period of matrix A and in the cycle 

length decomposition of states of LSS discussed in Section 4.2* 

Multiplication by orthogonal idempotents decompose the input 

fl) ( 9 } lv) 

u into components u v u v . *• u v ' over • 

L ± is over i=l,2...v. The output y^ of system 

issl,2..* v are added modulo [pjW(a)], which is a unique 
element y in P^[W(a)], The input output relations are main- 

r 

tained in the two systems, We note here that if a nonsingular 
Pp[W(a)]-LSS is decomposed into component subsystems over 
orthogonal ideals, the characteristic matrix of the compo- 
nent subsystems L^, i=*l # 2, • .* v is singular, However f we 
recall that A^ is strictly periodic with pseudo period 
T ± i i«l,2,,.,v . 

Pp[W(a) ] is also isomorphic to its .external direct 
sum components, 

Pp[W(a)] - Pp lIll [w 1 (a)3 0 Pp 2 ” 2 [W 2 (a)]® ...0Pp Vn tWy(a)]. 
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Consequently, the characterising matrices A,B,C and D can 
be expressed as v— tuples, 

W tO M . 

A «? lA lt .A 2* Ag • • • Ay j 


B * 

[B x , 

N 

h' 

«o 

B 3 

• • • By 

] 

c ^ 

[e 1( 

*v> 

.c 2 . 

♦ 

« • • Cy 

] 

D * 

[Si, 

S 2 

« 

• 

• • • Sy 

] 





h.n, h 

• 

where A^, E^, 

e i- 

are over 

Pp 1 tWj. 

x (a)]. 


^ h . n . hi 

* A modulo Pp 1 1 [w^ (a)J. 

N N N (U 

We can regard that A* , B . , C. , D. are characterising matrices 
H n li *1x1 

of P * i [W i i (a)]~LSS * Li* If h^l, then is over 

n. ' n. 

Pp 1 [W x (a)JsGF(p 1 ). 

Given system L can thus be decomposed into systems L^» 
i = 1,2 .** v over local rings or finite field. Decomposing 
the state x input u and output y into external direct sum 
components, 

x*n? ... ^ 3 

U + []U* ^ ... u^ v ^ J 

... ] and 


the decomposed system L is as shown in Figure 3.3.1b 




Fig. 3.3.1b Decomposition of fj, n [wtajj-LSS Ubosod on extsrnol direct sum) 
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is an isomorphism which maps an element x(a) of 


Pp[V,(a)] to 


P * * [n'i* ( a ) ] S ~ (i) ‘ * H modulo [pjW^a)] 


n 4 _ h i 

_*i 


^(i)’ is the output from the system 


E. is the embedding which maps to the orthogonal 

ideal J L in ring p£[W(a)3* 

. ,( 1 ) v (2) Y ( y ) ar e the internal 

The components y * Y ••• y 

direct sum components of the output y. 

If h ± - 1, 

The system L[, is over finite field GF(p A ) • i-l,2,."»’* 

Systems over semisimple or semilocal rings can be 
implemented by connecting modules of systems over finite field 
or local rings of smaller order with appropriate transformation 

networks at the input and output. 


Example s 3.3.17: 

Let L be a second order p| [a 3 +l3-LSS 
W,(a) = (a+1), W 2 (a) - (a 2 +a+l) 

■* -4 

. c * Cl 1 D-[a 2 ]. 

| A |*1 a , therefore, the system is nonsingular. In 


Let A * 


1+a 

a 


1+a+a" 


this example* 



e^a) * (a 2 +a+l) 
®2^ a ) * (a 2 +a) 


0 

l+a+a 2 

~l+a 2 

a+a 2 

_l+a+a 2 

2 * A 2 * 
l+a+a J 

_l+a 2 

0 


3 3 

A l* ^ are s * n 9 uiar over P 2 ^ a 


4 - 

- 

l+a+a 

l+a+a 2 

• 

f 

b 2 = 

“l+a* 

a+a 2 







C x = (l+a+a 2 , o] ; C 2 a [a+a 2 , 1+a] 

D x * [l+a+a 2 ] ; D 2 a [l+aj. 

The decomposition of L is given in Figure 3. 3, 2a( internal 
direct sum)* 

The external direct sum components of the characteri- 
sing matrices are. 


AJ « A modulo [2; a+l] 

A^ a a modulo [2$a 2 +a+l] 

-[:]• ' 


Likewise Q 


{: :]■ 
■[::] 
■[:] 


cjMi o](Cj" [i. i+*] 

4 - [1] J 4 =■ tl-te]. 
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Decomposition of L (Ext. direct sum) is given in Fig. 3.3.2b. 

L^ f L£ are over finite field GF(2) and GF(2 2 ) respectively. 
Both are nonsingular systems. 






Cjl =* [l+a+a 2 0] j C 2 = [a+a 2 1+a] 

» [l+a+a 2 ] ; = [l+a] 

The decomposition of L is given in Figure 3.3.3a. 
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Fig. 3.3, 2d Decomposition of P* [d^lj-L SS 

of Example 3,2.7 C based on internal 
direct sum 5 



Fig. 3. 3.2b Decomposition of [a*«-l]~LSS 

of Example 3.2.7 (based on external 
direct sum ) 
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The external direct sum components of characterising matrices 
are 

A| a* A modulo [2;(a+l)j « 

A£ « A modulo [2$ a 2 +a+l] 

Likewise 

4 - Cl 0 ] ; 4 - [1 1 +aJ 

4 * Cl] ; D« - E l+a] . 

The decomposition of L (external direct sum) is given in 
Figure 3,3.3b. 

is a singular system over P^Ca+l] £ GF(2 ) 

L£ is a nonsingular system over P^Ca 2 +a+l] ~ GF(2 2 ). 

3.4 LSS OVER OTHER FAMILIES OF FINITE COMMUTATIVE RINGS; 

If the entries in Equations (3,1.1) and (3.1.2) are 
from a finite commutative ring other than P£Cw(a)], then 
depending upon the specific finite commutative rings used, 
we obtain other families of LSS. In Section 2.2 we have 
defined tensor product of residue class polynomial rings 
which is a generalisation of p£Cl<(a)3. Further in Section 2.3 
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(aVa+i ) 


Js _ «<>> 

1 - 

9 kJ 9 

M 


V _u<»> J 




I A 

\ 

f 1 

*- 2 



y 

♦ 


modulo [2j<?+i] 


Fig. 3.3. 3a Decomposition of f^£a**l]-tSS 
of Example 3 . 2.8 
(based on internal directsum) 



Fig,3.3.3b Decomposition of l| a [aVlJ-LSS 
of Example 3*2.8 
(based on external directsum) 
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T n. 

it is seen that, @ iP_ 1 [Vi i (a. ) ] } and P"[w(a) axe isomorphic 

to each other when there is a one-to-one correspondence 

between their bases which preserves the ring operations in 

the respective rings.- In Section 2.6 we have obtained several 

families of isomorphic finite commutative rings. These 

n n 

include specifically ring Z“[\<] of n-tuples, M [wj of nxn 

r r 

commutative matrices isomorphic to P^[W(a)] and tensor 
T n. T n. p 

product (gj tZp 1 [w^2} and (SKM p 1 [W^]} isomorphic to 

T n. • 

<£) t Pp 1 [V» i (a i ) J } * In this section we study LSS over these 
commutative rings. The notion of isomorphism between 
families of rings leads to the isomorphism between families 
of systems. 

If two linear sequential systems defined over isomor- 
phic rings are such that there is one-to-one correspondence 
between their characterising matrices and states then with 
isomorphic initial states and isomorphic input sequences the 
output sequences of the two LSS are isomorphic to each other. 
Such LSS are called isomorphic LSS. In this section we 
consider LSS defined over different isomorphic rings. 

The ring Z m of residue classes of integers modulo 
m in general is not isomorphic to P£[W(a)] except for the 
case m=*p and n=*l; accordingly Z^-LSS studied in [40j are 
not isomorphic to p£[W(a) J-LSS except for the case pointed 


out above 
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Because of the isomorphisms between LSS over different 
rings, systems over one ring can be implemented and analysed 
in terms of systems over the other ring* For example 
Pp[W(a)]-LSS can be implemented as Z p [w]-LSS, which as we 
shall see is a subclass of GF(p)-LSS. The period of chara- 
cteristic matrix A of LSS over semisimple or semilocal 

can be obtained in terms of period of characteristic 
matrix A of an isomorphic P p [W(a)]-LSS. Analysis of a 
subclass of GF(p)-LSS of order nK which are essentially 
Zp[w]-LSS can be carried out in terms of P p [’n(a) J-LSS of 
order K* Analysis of LSS over local P p [V*(a)] can be carried 

out in terms of 2^[to]-LSS. 

P 

3*4*1 LSS Over Tensor Product(^){ P p i l> i (a i )]} of Residue 
Class Polynomial Rings: 

In Section 2.2 we have seen that tensor product of two 

T n. 

or more residue class polynomial rings denoted by®£ P p 1 [w i (a^) J} 

has the structure of a finite commutative ring which 

constitutes a general class of residue class polynomial rings, 

LSS defined over tensor product of residue class polynomial 

rings are denoted by^J P p i [w i (a i ) ] }-LSS. The elements of 

characterising matrices, input sequence, output sequence and 

T " n. 

state sequence are then from <g) CP p 1 [% i (a i )] } . Since residue 
class polynomial ring is also an algebra over GF(p), it has 
a basis* If there is one-to-one correspondence 0 between the 
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T n. 

elements of the basis of P p [w(a)3 and 0 £p a [W^(a^)]} which 
satisfies the conditions of Theorem 2.3.1 then<JjP p * 
is isomorphic to pj?[W(a). Given a Pj’Cw^a, )]3-LSS, 

J “ P i i 

an isomorphic0fP[V7(a)]-LSS can be determined. 

% 

Example 3.4.1 t 

Consider a second order LSS over P^fa^+a^lJ 0 
p|[a^+l3 described by 



where x 0 »Xj L ,y 0 ,y^,u and the elements of the characterising 
matrices 


; ^ +a l a < 

1 


a_+a,a 
o 10 

0 



a, a 
1 o 

0 


and 



are from p|[a^+a+l] <|)p|[a^ + l]. 


Example 3.4.2 : 


As illustrated in Example (2.3.7), p|[a^+lj(0P^[a^+l j 
is isomorphic to semilocal ring PgCa^+l]* with the one-to-one 
correspondence in their basis 1*1, a 1 a Q * a, a^ * a 2 . 
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3 4 2 5 

a ... 2 a , a, 3 a , ata^ * a • Consider a second order LSS 
O X r 1 o 

over PgCa^+lJ (g) p|[a^+l] described by, 



T 

where x 0 , x i ,y Q ,y 1 ,u 6 P 3 [a 3 +l] ©p|Ca^4-l]. The isomorphic LSS 
ft ft 

over PS [a+1] is described by 



a+a 3 


p. «_ 


“ o *“ 




a 3 

0 


0 


a 4 



where e Q , Bj, 


*■“ ~ 

1 a 


V 

1 0 







6 0 , 6 V 1 e p|[a 6 +l]. 



r 


3*4,2 LSS Over Ring M*?[W] of nxn Commutative Matrices: 

Jr 

In Section 2,6 it is shown that a commutative ring of 
nxn matrices over GF(p) isomorphic to a given residue class 
ring of polynomial of order p n over GF(p) exists. Procedures 
for construction of such matrix ring where zeroth column 
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of each matrix is equal to the column vector of coefficients 
of corresponding polynomial is also given* Using the iso- 
morphism between the residue class polynomial rings and 
commutative rings of nxn matrices, we give the state and 
output equations of a LSS say L* over commutative ring of nxn 
matrices which is isomorphic to a given P„[W(a) ]-LSS. 

Referring to the state and output Equations (3*1.1) 
and (3.1.2), for a P^[W(a)]-LS& the elements of the chara- 
cterising matrices, state, input and output are drawn from 
P^C'<(a)J. The LSS L* isomorphic to L has the following state 
and output equations, which is obtained after replacing each 
entry of equations of L by corresponding elements from 

commutative ring m”[v»] of nxn matrices isomorphic to p”[W(a)]. 

r P 

(The nxn submatrices are denoted by lower case letters with 
double bars below) * 

a 0 (N+i) 



^o,o *** ^o,K-l 


1 

J Xfl « 

= 

^K-l , o * * ' *K-1,K-1 


• 

• 

£k-i^ 


* 0,0 


* 0 ,m— 1 


* 


• • • 
• • e 


• • 
• • 


Sk-1,0 




u„(N) 
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Jo (N) 


c • • « C I* i 

saO $ O -*^0 1 

• 


X„(N) 

*0 

• 

• 

= 

• 


• 

• 


• 


• 



Jo -1,0 Sj-1,K-1_ 


#k-i ( n) 

U~ — 



d • • • d « 

•sOfO -srO^m— 1 

' • • • • • 

i 

1 

* HC 

o 

z 

I 


+ 

• • • • •> 

« * • • s • 


• 

• 



Jb j —1 p o *** =j-l,m-l_ 




Thus given an LSS of order K over residue class 

polynomial ring p£[W(a)], it is possible to obtain an isomor 

phic LSS of order K over an isomorphic commutative ring 

nxn matrices. In this isomorphic system the input/output 

elements and nxn submatrices of the characterising matrices 

are from commutative ring Mp[<v] of nxn matrices isomo P 

P n [W(a) 1* M n [w]-LSS of order K are a subclass of GF(p)-LS s 
P P , D nr 1-LSS, 

of order nK, Such LSS can be analysed in terms o p 

Example 3#4#3 » 

Consider the 1-input f 2-output second order LSS of 
Example 3.1.1 over local ring p|[a 2 +l3^ 


x i 


x' 

X 1 


1+a 

1 


a 


a 

1 


u 
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LSS L* over 2i ^ £ p|[a 2 +l] which is isomorphic to the above 
LSS is obtained by replacing a by the 2x2 matrix (° *) and 


1 by ( 


1 0 
0 1 


). 



1 1 
1 1 
1 0 
0 1 





1 0 
0 1 
1 0 


0 1 




where x^, u, are 2x2 matrices from the commutative ring 
of 2x2 matrices n| isomorphic to P^[a 2 +l], The input 2-tuple 
and output 2-tuple are arrays of 2x2 matrices from 


Example 3*4,4: 


Consider a second order LSS over the local ring 
p|[a 3 +a 2 +a+l] of Example 2*6.2 with the following state 
and output equations* 
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- 

— 


— — 


r— — ] 


mm mmm 

1 

1+a 


x o 

+ 

1 


u o 

a 2 

a+a 2 


X 1 


a 


- Ul - 

mm* 





— ■— 




This is a 2-input, 2-output second order LSS over p|[a 3 +a 2 +a-hl] . 
LSS L* over (isomorphic to P2[a 3 +a 2 +a+l]) , isomorphic to 


th© above LSS is 


r 

"no 

10 1 

[ 

’oil" 


_ — . 


10 1 

111 


r~ - 

► 

0 10 


r- —j. 

x» 


10 0 

0 10 



+ 

110 





Oil 

1 1 1 




10 1 



x* 


0 10 

0 0 0 


ji 


111 


El 

JP 1_J 


110 

111 




0 10 


l 


— 

t 

— 

I 


"loo 

10l" 


"l 0 o“ 


y 0 


0 10 

111 


X 

^0 


0 10 


V 

mV 


0 0 1 

0 10 




0 0 1 















Oil 

0 10 




0 0 1 



h 

mm m 


0 10 
JL 1 o 

111 

1 0 1_ 


X 1 

J* 


10 1 

0 1 lj 


J=l_ 


where x*. u^ Yi are 3x3 matrices from m| . The input 2-tuple 
and output 2-tuple are arrays of 3x3 matrices 6 Mg. 


Example 3.4.5 : 

Consider the semisimple rings P^[a 2 -l]. Let the state 
and output equations of a 2nd order LSS over Pgta -l] be 
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"V 


“2a 

a 


~*o~ 


“1“ 


9 





+ 




1 

1+a 


X 1 

m mw 


a 


LSS L* over ring of 2x2 matrices over GF(3) and isomorphic 


to the above LSS L is 




Ji 


12 0 1 
2 1 10 


i 

1 


2 1 
1 2 


1 0 
0 1 



0 1 
1 0 

0 2 
2 0 


AM* mmm 


“02 01 “ 



“ 10 “ 


Jo 


2 0 10 


X 

XO 


0 1 



35 

10 11 



+ 

0 1 

u 

n 

LT mJ 

1 

0 1 11 

| 

•Si 

mm MM 


1 0 



where u, y.^ are 2x2 matrices from the commutative ring of 

2x2 matrices isomorphic to P^ [a^-l], The input and output 

2 

2-tuplesare 2x2 matrices from 

r n. 

3,4.3 LSS Over Tensor Product of Commutative 

Ring of Matrices: 


As in the previous case, given an LSS, L over 

T n. 

(g) {PpHw. (a. ) ] } it is possible to obtain an isomorphic LSS, 

p 1 x T n i 

L* over commutative ring , {NL of nxn matrices 

t* n. 

(isomorphic to®CP p x [v< i (a i ) ]} . In the state and output 
equations of L f the input/output elements and nxn submatrices 
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of the characterising matrices are from commutative ring 
T n 4 T n. 

®t v [v^]} of nxn matrices isomorphic to (g) CP p [W^a^J]. 

We illustrate with the following example. 

Example 3,4,6 : 

Consider the second order LSS, L, of Example 3.4.1 over 


,1 


X* 

X 1 



i+ a i* 0 V a i a o 


V 


a o 

s 




+ 



1 0 


nr 

»- 

L 


3 1 


u 


~Ycf 


“l 

a i a cT 


~ x o 


' a l a o 


ss 









1 

0 


X 

1 


1 


u 


where x 0 > x i* Y 0 » Yi* u 6 P 2t a i +a i +1 3 ® I§C®5+l3* LS s » I*'» over 
T 

m|[w x ] isomorphic to the above LSS, L is 


x * 
*0 


£l 


1001 0101 

0110 10. 10 

0111 0100 

1011 1000 

1000 0000 

0100 0000 

0010 0000 

0001 0000 


*1 


0 10 0 
10 0 0 
0 0 0 1 
0 0 10 

0 0 10 
0 0 0 1 
10 10 
0 10 1 
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10 0 0 
0 10 0 
0 0 10 
0 0 0 1 

10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


0 0 
0 0 
0 1 
1 0 

0 0 
0 0 
0 0 
0 0 


0 1 

, 

0 0 0 1 

1 0 


«■ 


0 0 10 

0 1 


*0 


0 10 1 

1 0 




10 10 




+ 


0 0 




10 0 0 

0 0 




0 10 0 

0 0 


Si 


0 0 10 

0 0 


0 0 0 1 


& 


Where & 0 * \k > % Q > Xl are ma<tx i ces from 

m|[Wi]<^W^ [W o 3 ~ [a^+a^l] <g> The input and 

output 2-tuples are 4x4 matrices. 


From the Examples 3,4,3 to 3.4.6 of Mu[w]-LSS and 
T n. p 

®tv [W^j}-LSS, we see that in these LSS, the nxn submatrices 
of characterising matrices and elements of input m-tuple 
and output j-tuple are from M^O'] and 0 } respe- 

ctively. These systems can be used to generate and process 

sequences of arrays over GF(p) belonging to M^[w] or 
T n± p 

0{Mp 1 [W i jj • It should be noted that these systems take 

care of only p n , nxn arrays out of p n possible arrays over 

GF(p), 


3,4.4 LSS Over Ring Zp[w] of n-tuples: 

In Section 2.6 we have obtained ring of n-tuples, 
isomorphic to F^[W(a)]. It is then straightforward 
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to obtain a LSS over z£[W]-LSS « p£[w(a)]-LSS. z£[W]-LSS 
of order K are a subclass of GF(p)-LSS of order nK. 

In the state and output equations of Pp[W(a)]-LSS, 
the computation of state involves the multiplication of 
elements of matrix A with the elements of states x and 
elements of 3 with elements of input u* Similarly compu- 
tation of output involves the multiplication of elements of 
matrix C with elements of states x and elements of matrix D 

with elements of input u. Further all these elements are from 

P**[W(a)3* In the ring of n-tuples z£[w3 isomorphic to 

r r 

Pp[W(a)], the multiplication of two n-tuples is equal to the 
multiplication of an nxn matrix corresponding to one n-tuple 
and nxl vector corresponding to the other n-tuple as 
discussed in Section 2,6. Hence in the state and output 
equations of Z^[wJ-LSS, L’ £ P^[W(a) J-LSS, L, the elements 

r r 

of the characterising matrices are appropriate nxn matrices 
over GF(p) and the elements of state, input and output are 
appropriate n-tuples over GF(p). 

The following examples illustrate the procedure to 
obtain L* from L. 

Example 3.4.7 : 

Consider the 1-input, 2-output second order LSS,L 
over local ring P|[a 2 +l3 of Example 3,1.1. The state and 
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output equations of LSS f L* isomorphic to LSS, L is obtained 
by replacing the elements of the characterising matrices 
by appropriate 2x2 matrices** The correspondence between the 
ring elements PgCa^+l] and the 2x2 matrices over GF(2) is 
given in Example 2*6.1*- 


The state and output equations of L* are 


X* 

*o 


■ I 2 +W 

w 


to 

x o 


W 


SS 





+ 


X* 

X 1 


*2 

2 


- *1. 


A 

I* * 


L 

mm 





m m 

V 


’ *2 

w 


x o 


Q 


ss 





+ 


y i 

"to to 

! 

i 

i 

. 

a _ 


, X 1 


w 

to- — 


where is the 2x2 identity matrix and W is the companion 
matrix *) of (a 2 +l). 


In the expanded form the equations are 


■* «m 


— — 


to mm 


• - 


X» 


110 1 


x 


0 1 


00 




oo 




■to to 

X' 

01 


11 10 


x ol 

+> 

1 0 


U o 

X* 

x lo 


10 0 0 


x !o 


1 0 


U 1 









w m 

X 1 

11 

Wto M 


0 10 0 
m « 


1 

-I 

rH 

X 

1 


0 1 
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and 


r -i 


- - 


r n 


mm mm 


o 

o 

>• 


10 0 1 


o 

o 

X 


0 0 



*01 


0 1 10 


x ol 

1 + 

0 0 


u o 

*lo 


10 0 0 


x lo 


0 1 


U 1 



0 10 0 


1 

r-i 

X 

I 


1 0 

mm 


x^,y^, u^€GF(2). The input sequence elements are 2-tuples 
and output sequence elements are 4-tuples* If the initial 
states of L and L* are isomorphic, then for isomorphic inputs, 
outputs are also isomorphic. L' can alternatively be 
interpreted as a 4th order GF(2)-LSS, 


Example 3.4.8 : 

Consider the 2-input 2-output second order LSS of 
Example 3.4.4 over the local ring, P^Ca^+a^+a+l]. 

The state and output equations of L’ are 



I3+W+W 2 I 3 +W 

W 2 Ig+W 2 


50 

*-o 


’ w 2 " 




$x 

K* 

1 


x 3 + w 



W 2 




U 


u 


I 
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where I-, is the 3x3 identity matrix and W is the companion 

J rooil 3 9 

matrix 101 of (a +a +a+l) over GF(2). In the 

0 1 lj 

expanded form the equations are 


— 


tmm 


— 

— 


r -I 

X 1 


110 10 1 


X 



, 

Oil 

00 





00 



X* 

ol 


10 1 111 


X 

ol 


0 10 

x f 

X o2 


1 0 0 0 1 0 


X 

o2 


110 

X 1 

x lo 

s 

Oil 111 


X 

lo 


+ 

10 1 

X * 
X 11 


0 1 0 0 0 0 


X 

11 


111 

X * 
X 12 


110 111 


X 

12 


0 10 

o 

o 

1 


10 0 10 1 


r 

| oo 



10 0 

y ol 


0 10 111 


x ol 


0 10 

y o2 


0 0 1 0 10 


x o2 

-V* 

0 0 1 

y lo 


011 010 


x lo 


0 0 1 

y ll 


0 10 111 


X 11 


10 1 

y 12 


110 10 1 


X 12 
j-» — 


Oil 


u o 

U 1 

u 2 


u. 


u. 


where x^, y^, u ij®® F (2). The input sequence elements are 
3-tuples and output sequence elements are 6-tuples over GF(2). 

If the initial states of L and L* axe isomorphic, then 
for isomorphic inputs, outputs are also isomorphic. * 

Example 3.4.9 s 

Consider the 2nd order, 1-input 2-output LSS of 
Example 3.4.5 over the semisimple ring, P?[a^-l]. 
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The state and output equations of L ( are 



where I2 is the 2x2 identity matrix and W is the companion 
matrix over GF ( 3 )» 

In the expanded form the equations are 










where x.., y.., u* 6 GF(2)* The input sequence elements are 

* J • J “ 

2-tuples and output sequence elements are 4-tuples over GF(3)* 


If the initial states of L and L' are isomorphic, then for 
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isomorphic inputs outputs are also isomorphic. L* is a 4th 
order LSS over GF(3), 

T ' n. 

3.4.& LSS over Tensor Product ®£ Z p [W^]} of ring of n-tupless 

The isomorphism between @ } and®£P p *‘[W^(a^)]} 

is established in Section 2.6. Hence as in the case of 

Zq[W]-LSS, it is possible to obtain ® -LSS, L‘ 

p T n. p 

isomorphic to ®£P p 1 [W i (a i ) ]} -LSS, L, by replacing the 

elements of the characterising matrices by appropriate nxn 

matrices and the elements of state input and output by 

appropriate n- tuples. 


We illustrate with example, the procedure for obtaining 
T n. T n. 

® U p x [Wi]3 -LSS, V isomorphic to® £P p 1 [W i (a i ) ]}-LS$, L. 

Example 3.4.10 : 


Consider the second order 1-input, 2-output LSS of 
Example 3.4.1 over the ring P^Ca^+a^l]® P^Ca^+lJ. The 
state and output equations of L* are 



where 1^ is the 4x4 identity matrix. 
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W 1 “ 1 lj com P an i° n matrix of (a^-fa^+1) and 

*o -E a ls «• companion matrix of (a^+1), over GF(2) 
In the expanded form the equations are. 


x 1 
o - 
o 

1 


10 0 1 0 1 0 1 

x il 


0 1. 10 10 10 

X i2 


01 01 01 00 

X o3 


10 11 10 00 

x» 

x lo 


10 0 0 

X 11 


0 1 0 0 

Q 

X 12 


0 0 10 

x i3 
- — 


0 0 0 0 

^ — 


1000 0001 
0100 0010 
0010 0101 
0001 1010 
10 0 0 
0 10 0 

Q 

0 0 10 
0 0 0 1 

where x ± y y ± y u A 6 GF(2). 
4-tuples and output sequence 


X ^ 


0 10 0 


00 




X 0l 


10 0 0 


MB 

CM 

x° 


0 0 0 1 


V 

x o3 

+ 

0 0 10 


U 1 

X 

o 


0 0 10 


u 2 

X 11 


0 0 0 1 


u 3 

X 12 


10 10 


p* - 

1 

CO 

rH 

X 


0 10 1 



M 


0 0 0 1 


o 

X 


0 0 10 


r i 

CM 

o 

X 


0 10 1 


u o 

X o3 

+ 

10 10 


U 1 

x lo 


10 0 0 


u 2 

X 11 


o i o e 

1 


u 3 

x 12 


0 0 10 


m 

x l3j 


0 0 0 1* 



The input sequence elements are 
elements are 8- tuples over GF(2) 


*oo 

y ol 

*02 

y o3 

y lo 

y ll 

y 12 

y l3 


L* is a 8th-order LSS over GF(2) 
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Remark 3.4.1 : 

We see that in the case of LSS, say, L 1 over 
commutative ring of n-tuples, isomorphic to a LSS, say, 

L and LSS, say L ,f , over commutative ring of nxn matrices, 
isomorphic to LSS, L, the characterising matrices are 
identical* The correspondence between the elements of 
residue class polynomial ring and the nxn matrices; TFic. 
procedure to determine these matrices are dealt in Section 
2 • 6 « 

The procedure for determining the period of the 
characteristic matrix A of P^[W]-LSS can be used for 
determining the period of the characteristic matrix A of a 
Z*[W]-LSS isomorphic to p£[VvJ-LSS. Indeed as shown below 

r r 

the period of A and 71 are same. 

Let A be the characteristic matrix of a Kth order 
P^[tf(a)]-LSS L. Let ft denote the characteristic matrix of 
a ZpCwJ-LSS and L* ~L. As we have seen in this section, ft 
is obtained by replacing each element A by appropriate nxn 
matrices over GF(p). The size of ft is hence nK x nK. We 
show that period of nonsingular matrix A and A are same. 

Lemma 3.4.1 : 

A and ft have same period. 
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Proofs 


Let 4 : P£[W(a)]-*z£[w] be the isomorphism between 

r r 

Pp[W(a)] and z£[w]. 


Let A * 


oo 


l ol 


K-l,o a K-l,l 


oK 


*K-1,K-1 


Then A A *(A) A 


« a oo> 


*< a ol> 






where a ij 6 P£[W(a) ] and wCa^jA a.jj is an appropriate 
nxn matrix over GF(p). Given a ij ® lpC w ( a )3> the determination 
of a^j6 m£[w] is discussed in Section 2*6. 

Since ¥ is an isomorphism we have 


¥(A 2 ) = Uf(A). «(A) = A.A = 3^ 


Thus *(/P) =* m, any integer. 

Hence if T is the period of A, it is the least integer 
such that 

*<A T ) = *(I KxK ) * X T * ^nKxnK 
Thus if A and A have one to one correspondence, period 
of A is also equal to T. 
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X is of size KxK over the ring Zp[W] or Mp[w]. 
Computations of period of & over GF(2), can be done in 
terms of period of A. 


Example 3.4.11 : 

Consider the characteristic matrix A 
Po^[a 16 +l] of Example 3.3.11. 


0 1 
a a 


over 


Here 




where £ is a 16x16 null matrix 

^ is a 16x16 identity matrix 
and a is a 16x16 cyclic matrix 

e m* 6 [w] 

A and X have one-to-one correspondence. 


0 0 ... 1 

10 ... 0 

0 1 ... o 
* • • 
« t • 

• • * 
0 0 • • • 0 


Hence the period of 32x32 matrix ^ over GF(2) is equal to 
the period of 2x2 matrix A over p£ [a +l] which is 48, 
as computed in Example 3.3.11. 
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Example 3.4.12 : 

Consider the characteristic matrix A 
p|[(a+l) 3 ] , (a+1) 3 - a 3 +a 2 +a+l. 


0 

a 


1 

a 


over 


Here X = 


g I 

.3 


where g is a null matrix of size 3x3 

I is an identity matrix of size 3x3 


and a = 


0 0 1 
10 1 
Oil 


A and J. have one-to-one correspondence. Hence, period of 
X is equal to the period of A, and is equal to 12* 


Example 3 n 4»13 t 


Consider A 


* f 

a 4 

|_1* 


1-fa 


over pf[a +l] of Examples 


__l+a*fa a 

3*3*12 and 3,3.14* "“The period of A is 6 as computed in 
Examples 3*3*12 and 3*3*14* 


S’ Jjf 

1+a+a 2 a 
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Over GF(2) X is 


X = 


0 10 10 1 
0 0 1 110 
10 0 011 
111 001 
111 100 
111 010 

A and X have one to one correspondence. Hence the period 
of X is 6, 


Example 3.4.14 : 

Consider A 


■L° :] 


over P2°[a 10 +l] of Example 3.3 
Period of A is computed as 510. 



0,1 are of size 10x10 
a is a 10x10 cyclic matrix 


Over GF(2^A = 


0 0 1 
10 0 
0 10 


• e 

• • 




0 0 0 


0 0 1 
10 0 
0 10 


• # 

« • 

• • 


0 0 0 

A and X have one-to-one correspondence. Hence period of 
X sb 510. 


.16. 
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Example 3*4*15 : 

Consider A 
of Example 3*3*13 


(1+a) 

1 " 

a 

M. 

a 


Period of A 


over pjj C ( a 3 +a 2 +l ) ( a 3 +a+l ) ] 
is 63. 




( a 3 +a 2 +l ) ( a 3 +a+l ) = ( a^+a^+a^+a 3 +a^+a+l ) 
X over GF(2) is 


X * 


1 0 0 0 0 1 
1 1 0 0 0 0 
0 110 0 0 
0 0 110 0 
0 0 0 1 1 0 
0 0 0 0 1 1 


1 0 0 0 0 0 
0 1 0 0 0 0 
I 0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 


0 0 0 0 0 1 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 


« 0 0 0 0 0 1 
\ 1 0 0 0 0 0 
*0 1 0 0 0 0 
!o 0 1 0 0 0 
Jo 0 0 1 0 0 
*0 0 0 0 1 0 


A and X have one-to-ene correspondence* Hence period of 
X is 63* 


Remark 3*4*2 : 

_ r n. 

Since the order of z”[w] or <5£{zi'[W 1 ]} is same as 

r H ^ 
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the order of F^[V»(a) or<^) £ P*[W.( a.) ]} respectively, unlike 

r j r * 1 

the case of M"[Wj-LSS oan®£ m”[W.]} -LSS, z£[w]-LSS or 
t n, p p 1 p 

0 { Z p [V^j }-LSS can handle all possible n-tuples over GF(p). 

In the next section we deal with the implementation 

over GF(p) of z£[w]-LSS isomorphic to P^EVuCa) J-LSS and 
T n. p T n. 

0 £Z p [W^]J-LSS isomorphic to- 0 £P p [W^Ca^) ]}-LSS. 

3.5 IMPLEMENTATION OF LSS OVER RING OF n-TUPLES ISOMORPHIC TO 
THE LSS OVER RESIDUE CLASS POLYNOMIAL RINGS: 

In this section implementation of LSS over ring of 

_ T n. 

n-typles, isomorphic to P p [V<(a) ]-LSS and 0 £P p [w i (a^) ] 3-LSS 

discussed in Sections 3.1 and 3.4 respectively are taken up. 

We have seen in Section 2.6, that ring of n-tuples Z n [w] and 
T n. p 

0£Z p [W^]} can be obtained which are isomorphic to P p [W(a)] 

T n. 

and 0£P p 1 [w^(a^)]}. The addition operation in the ring of 
n-tuples is pointwise modulo p, whereas the multiplication 
operation is appropriate matrix and vector multiplication 
modulo p. If the elements of state input and output are 
n-tuples over GF(p), as the multiplication operation of two 
n-tuples is matrix and vector multiplication, the elements of 
the characterising matrices will then become appropriate nxn 
matrices* This enables us to implement Z p [w]-LSS and 

£Z p i [W i ]j -LSS isomorphic to P p [V*(a) J-LSS and^) £P p ('W i (a)]}-LSS 
respectively. Thus a LSS L over the residue class polynomial 
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ling is reduced to a LSS L f over GF(p). If the nxn submatrices 
of the characterising matrices and n-tuples of state, input 
and output of L' are treated as a single unit, the order of L* 
is K. On the other hand if the elements are treated to be 
from GF(p), the order of L’ is nK. The set of all such LSS 
isomorphic to LSS over residue class polynomial rings 
constitute a subclass of GF(p)-LSS of order nK. 

3.5.1 Implementation of LSS over z£[V<], Z*J[w]-LSS: 

•r r* 

In what follows we consider Zp[v«3-LSS isomorphic to 

Pp[W(a)]-LSS, which can be studied in terms of lower order 

Pp[lV(a)]-LSS. A single input single output Kth order LSS, say, 

L over P^[W(a)J is first considered. The schematic diagram 

is given in Figure* 3.5.1, The discussion holds good for 

T * n T n • 

implementation of L* over-®£ Z^fW^jJ-LSS -^^Pp i [V* i (a i ) ]^LSS. 

Input sequence Output sequence 

with elements "-l L > with elements 

from.Pp[Vf(a)] 1 1 from p£[w(a)3* 

Figure 3.5.1: A single input single output LSS over 
PptW(a)]. 

L is defined by the state and output equations (3.1.3) 
and (3.1.4) which are rewritten here 
x(N+l) * A x(N) + B u(N) 
y(N) = C x(N) + D u(N) 
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The elements of state x(N), characterising matrices 
A,B,C and D and the sequence u(N) of input and y(N) of 
output are from residue class polynomial ring. 

The computation of x(N+l) involves the multiplication 
of elements of A and x(N), B and u(N) and their addition. 
Similarly in the computation of y(N) multiplication of elements 
of C and x(W), D and u(N) and their addition are involved.. 

As already stated, in z”[w] £ Pl?[VV(a)J, the addition of two 

r r 

elements is pointwise modulo p addition, whereas the multi- 
plication is multiplication of nxn matrix corresponding to 
one n-tuple and nxl vector corresponding to the other n-tuple. 

Thus if we replace the elements of the characterising 
matrices by the corresponding nxn matrices over GF(p) and 
the elements of state sequence {x(W)}, input sequence {u(N)> 
and output sequence Cy(N)} by n-tuples we get state and output 
equations over GF(p) which correspond to a n-input n-output 
LSS say L* over GF(p). Thus L’ is capable of processing 
n-tuples over GF(p). The order of L 1 is nK. 

We can view that LSS L is implemented as L* over 
GF(p). They are actually two different systems which are 
isomorphic. 
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Input 

sequence of 
n-tuples over 
GF(p) 



Output 
sequence of 
n-tuples over 


GF(pJ 


Figure 3.5,2: A n-input n-output system over GF(p) 

If we have such a system L' of order nK, the analysis 
of L of order K, isomorphic to L 1 of order nK is less 
complex. The results of analysis of L can then be inter- 
preted in terms of analysis of L 1 over GF(p). 

Now we take up a general case. 

Consider a Kth order m-input, j-output Pp[v«’(a)]-LSS say L. 

Let the state and output equations be as given by Equations 
(3.1.3) and (3.1.4). As in the single input single output 
case, if we replace the elements of the characterising 
matrices by the corresponding nxn matrices over GF(p) from 
Mq[w] and the elements of x,u and y by n-tuples, we get state 

r 

and output equations over GF(p), which correspond to a 
LSb, say L* over GF(p). Then L’ is a mn-input and jn-output 
system whose order is nK. 

We can view that, LSS L is implemented as L' over GF(p) r 
They are two isomorphic systems. In L* each element is 
treated as n-tuple. The schematic diagram is given in 
Figures 3.5.3a and 3.5.3b. 




m -tuple 


u. 



L 


• 

• 

* 

« 

• 


* 

1-1 1 




Vi. 


H 


Fig. 3. $.3 a LSS over P p ft [W(a)] 


Input 

mn-tupl«s 





Output 
jn -tuple 


Fig. 3.5.3b LSS ovar z£j&P n [w(a)] 
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Given a LSS, say L, over P”[w(a)]^ Wfe next consider 
the implementations of L’ over Z^[w ] £ P!?[Vf(a)J. 

r r 


Every line in L is replaced by a bundle of n lines. 

Each adder in P^[w(a)] is replaced by n adders over GF(p). 
Multiplication by a constant in Pp[w(a)] corresponds to 
matrix and vector multiplication in Zp. Hence each coefficient 
multiplier in P”[W(a)], is replaced by an array of coefficient 

r 

multipliers and adders in GF(p). Each delay element in 
Pp[W(a) is replaced by a bank of n delay elements in GF(p). 


If a line in L carries a value q(a) 


n-1 

2 

i=o 


qja 1 e 


Pjt *!(•)]» the corresponding n lines in L' carry a vector 
value 


‘n-1 


The equivalence between the adders multipliers and delayers 
in L and L' are given in Figure 3.5.4. 

Likewise the basic component and L’ over 
^ iPp^[W^(a i ) ] } and^)CZ * [W^] 5 can be obtained. 

The procedure for obtaining z£-LSS, L’ ~ P£[V<(a) ]-L&S , 
L is outlined in the following example. 




Fig -3 .5-4 Basic Components of L and L* 
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Example 3.5*1 : 

Consider the second order 1-input, 2-output-LSS over 

« A 

P^CCa +1)] of Example 3.4*7 whose characterising matrices are 



The schematic diagram of LSS L over E^[a 2 +l3 is given in 
F 3«5«5d • 

The LSS L* over z|[W] £ i^[a 2 +l] has 
the corresponding characterising matrices, 


A'* 

1 1 

1 1 

1 0 

0 1 

1 0 

0 0 

j B ' = 

■» - 

0 1 

1 0 

1 0 

o 

II 

It* 

10 0 1 

0 110 

10 0 0 

; D» * 

o o" 
0 0 

0 1 


0 1 

0 0 


0 1 

mm m 


0 10 0 


1 0 


as given in Example 3*4*7* 

The schematic diagram of LSS, is given in Figure 3*5.*5b. 


3*5*2 Implementation of LSS Over Z p i [W i ]} ,(g>C Zp i [Y^]} -LSS: 

The implementation of0CZp^[W^]}-LSS is carried out or 

lines similar to the implementation of zJ?[w]-LSS* Given a 

T n. p r— 1 

LSS, say, L over 0 £P_ X [W. (a<) jlwhere it n** n, we 

i=o, . .r-1 p 1 i=o 

T n. 

consider below the implementation of L* over0lZ^ x [W^j} 
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T n< 

isomorphic to <&CP n [W* (a*) ] }. Every line in L is replaced 

p T n i 

by a bundle of n lines* Each adder in0CPp [W^(a^)]j is 
replaced by n adders over GF(p). Multiplication by a constant 
in k>% ^■[W^(a^)]} corresponds to matrix and vector multipli- 
cation i n&CZpHWi]}. Hence each coefficient multiplier in 

g) £p n *[W 4 (a. ) J } is replaced by an array of coefficient multi- 
P 1 1 T n. 

pliers and adders in GF(p). Each delay element in ®£P p 1 [w i (a j 

is replaced by a bank of n delay elements in GF(p)» 

If a line in L carries a value 


"r-l - 1 


< ?( a r-l #a r-2' ’ * *V a o) ” 


■ 2 


i , =o 
r-1 


v 1 






, r-1 
r-l 

n. 


a 


x r-2 
r-2 ' 


a l a o 


J ^ 

in ® £P p i [w i (a i )] ) the corresponding n lines in L* carry 
a vector value 


M oo.*o 

^oo**! 


^^r-l^r— 2* *^l^o 


« 




.n 0 -l 


)]} 
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The equivalence between the adders multipliers and delayers 
in L and L* can be obtained in a manner similar to the case 
of p£[V*(a)]-LSS. 


Example 3.5.2 s 

Consider LSS of order one, over P^Ca^+l] ® ^2^ •o +a o +l] 
Let A « [1+a^L 8=*[a 1 a 0 J, Ofa^s D=(a 0 ]. 

'*■[: :]■ ■•-[: :]« 

5 fei ttl 

■ Luvil 


In this example W. 


-EH. 3 - 


0 

0 

1 

0 


0 1 
0 0 


0 0 
1 0 


0 

1 

0 

0 


- E K :] 


0 

0 

0 

1 


0 

0 

1 

1 


0 

1 

0 

0 


1 

1 

0 

0 


( l+a x a o ) 


10 0 1 
0 111 
0 110 
110 1 


The LSS over p|[a x +l] ® p|[a^+a 0 +l] and z|£w x ] 0 z|[w o ) are 
given in Figure 3.5.6a and 3.5.6b respectively. 
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3,5.3 Implementation of Zp[w]-LSS Isomorphic to Pp[a n -l]-LSS 
with Serial Multiplication: 

We have seen in Section 2. 6 that the rings of n-tuples 
over GF( p) , are isomorphic to residue class polynomial rings. 
The addition of n tuples are pointwise modulo p addition 
and multiplication operation is appropriate matrix-vector 
multiplication. We show now that when the residue class 
polynomial ring is P^[a n -l], the multiplication of two 
n-tuples (from Zp) corresponding to any two elements, say, 
g(a) and q(a) from Pp[a n -l], becomes multiplication of an 
appropriately chosen nxn cyclic matrix corresponding to g(a) 
and an nxl vector corresponding to q(a) over GF(p). The 
multiplication operation with serial implementation results 
in a simpler hardware structure. 

Let the two elements g(a), q(a) e Pp[a n -l] be 

M 1 

g(a) = 9 0 +gj_a+g 2 a ^ +...+ g n _ja and q(a) = q Q +q^a + ... 
q Consider their product y(a) = g(a)q(a). 

The companion matrix of (a n -l) is 
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As discussed in Section 2.6 



g o 

g l 


g n-l 


g n-2 g n-3 
®n»I g n-2 


. . . g 2 9^ 


~ g o 

g 3 g 2 

• • 

0 0 


q l 

• 

g o g n«*l 


• 

q n-2 

g l g o 


q n-l 

* 


M» — 


(3.5.1) 


9 

In general we need n multipliers and n modulo p 
adders to perform this multiplication in one clock cycle. We 
note that in Equation (3.5.1) the matrix is cyclic. This 
facilitates simple serial implementation over GF(p) using 
cyclic shift register $, as shown in Figure 3.5.7. The 
corresponding output is g^^g^^*. .. ^^n-^Vn-l which i# 
the constant term in the product y(a). After a cyclic shift 
of one position the output is 


g o <I l +g n-l q 2 + *** g 2 CI n-l +g l cl o which is ec l ual to the coefficient 
y^ in y(a). Similarly at the jth cyclic shift 0<j<n-l, the 


output is 


h 


l 1 


(3.5.2) 


where @ is the subtraction modulo n operation. 
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ScriciL output 

y©,yi 

of the product 
y (a)* g<a).q,(a .) 

TTtOdUgO r p . 


Fig. 3.5.7 


Serial implementation of multi plications 
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Thus the serial output is •• # Y n -i* 

For serial multiplication, only n multipliers and one 
modulo p adder arc needed. 

If the multiplication is done by a fixed element g(a), 
then in the Figure 3.5.7 the scalers 9 0 »9x t ** • ,9 n „x are the 
coefficients of g( a). The variable element q ;* q(a) is stored in 
the cyclic shift register. 

An example of system with bit serial operation is given 
in Example 3.5.3. 

The application of serial operation in encoding will 
be discussed in Section 5.5. 


Example 3.5.3 ; 


3 2 3 

Consider the elements q(a) ■ (1+a+a ) and g(a)*(l+a +a ) 


4 r 4 . 

in the residue class polynomial ring P,Ja +1J. 


We have q(a)=(l+a+a 3 ) * 


1 

1 

0 

1 


which is stored in the 


cyclic shift register* Me implement serial multiplication 

using cyclic shift register, With reference to Figure 3.5.8 

t, 

we 

Example 3.5.4; 


X 

have with g Q =l, g *o, g 2 »g 3 =l , output = [0001] r a 3 . 

I 


Consider the elements q(a)=s(l+2a-K2a ) and g(a) = 
(2+2a+a 2 ) in the ring p|[a 3 -l]. We have q(a) = jjJ which is 
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stored in the cyclic shift register. With reference to 
Figure 3.5.9 we have with g Q =2, g^=2, g 2*1* *he output 


is 



? 2+2a. 


Before concluding, thv soctiqn give some more 
examples of LSS. 


Example 3.5.5: 

Consider a second order zero input P^Ca^lj-LSS as 
shown in Figure 3.5.10. 


The state and output equations of this system are 



where all the entries e p£[a n +l]. 

Consider the implementation of Z^-LSS £ P^Ca^lJ-LSS as in 
Figure 3.5.11 where No. 0 and No. 1 indicate the stage 
number and 0,1,2, ...n-1 in each stage indicate the number 


of • the memory element. 



it ***** 
* 



^ f ^ 


Output 

After 


of the Scriei Multiplier 
successive Cyclic Shifts 
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The state and output equations of this system are 


V t 


~0 0 

... c 

1 0 

... 0 

x oo 






v f 

1 

0 0 

... 0 

0 1 

• • • 0 

x ol 

• 

• 


• • 

• • • 1 

• • 

« t • * 

x o,n-l 

* 

0 0 

• i« 0 

0 0 

• •• 1 

x io 


0 0. 

...01 

0 0 

- • • «01 

X 11 


1 0 

...00 

1 0 

• • *00 

• 


0 1 

...00 

0 1 

. « » mOO 

• 


• • 

• • I 

• # 

m • • • 

X m-i 


0 0 

...10 

0 0 

• ..10 

d 






y o 

r 

*1 0 . 

.. 0 

0 0 . 

.. 0 ~ 

y l 

ss 

0 1.. 

.. 0 

0 0 . 

.. 0 

• 


• 




• 


• 




H * 
1 

C 

>> 


_0 0 .. 

... 1 

0 0 . 

.. 0 


oo 

: ol 


on-1 

: lo 


L 11 


♦ 


ln-1 


where all the entries 6 GF(2). 


oo 


"ol 


on-1 

x lo 

?11 


L m-i 


This is the random number generator proposed by Radar, 
Rabiner and Schafer [52], but is not looked from the 
point of view of ZJJM-LSS. The initial state used in the 
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* 
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reference is 


0 

0 

0 


0 



The output is a sequence of 


n-tuples which are converted to decimal numbers* The output 
n-tuple [Y 0 >Y 1 *-*Y n ..i3 a column vector of coefficients of 
corresponding element y(a polynomial) e rf}[a n +l]. 


For n=3 the implementation of Z^-LSS ** P^Ca^+lj-LSS 
is as given in Figure 3*5.12 where No. 1 and No* 0 indicate 
the stage number and 0,1,2 in each stage indicate the number 
of the memory element. 


The state and output equations are 


x io 


0 0 

x ol 


0 0 

x o2 


0 0 

x 10 


0 0 

v t 
X 11 

| 

1 0 

1 

CM 
— H 

x . 

i 

! 

0 1 

F* 


and 


0 

0 

0 

1 

0 

0 


10 0 


m 

X 



00 

0 10 


x ol 

0 0 1 


x o2 

0 0 1 


X lo 

10 0 


X 11 

0 10 

mi 


1 

X 

h- 

ro 

i 


■* 

v 


*1 0 0 0 0 0* 

*i 

= 

0 1 0 0 0 0 

*2 
'm mt 


0 0 1 0 0 0 


oo 


ol 

c o2 

'lo 

C 11 

C 12 
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We have seen that when the residue class polynomial 
ring is I^[a n -l], multiplication of ring elements in 

r 

Z"[W] .sP£[a n -l] can be carried out serially by using cyclic 

r* r 

shift registers. Based on this principle, in the next 
example we give an alternative implementation of the random 
number generator considered in Example 3.5 .5. We shall see 
that this implementation requires only one modulo-2 adder 
instead of n modulo-2 adders. However the implementation, 
being serial, is slow and requires an additional n bit storage 
shift register. 

Example 3.5.6 : 

Consider the Pgta^lj-LSS of Example 3.5.5. Its 
serial implementation is given in Figure 3.5.13. 


The system requires two clocks: a faster shift clock 
for shifting the contents of n bit storage shift register and 
the two cyclic shift registers, and a slower transfer clock 
for transfering the contents of the n bit storage shift 


register and the_two cyclic shift registers. The initial 


state is x(o) = 



where x Q (o) * [x Q>0 (o), x Qjl (o), ••• x 0 ^ n _ 1 )(o)] T =*U* 0 ,. . . o] T 

T T 

and x^( o) = C x 1>0 (°)* x i,i(°)» ' * * x i, (n-l)^ 0 ^ “Co»O a ... 0] 



n bit Storage 
Shift Register 



Fig. 3. 5.13 Serial implementation of Zj [Wj-LSS 
of Example 3.5.6 



Fig. 3.5.14 Serial Implementation of zj [w]-LSS 
of Example 3.5.6 
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At the zeroth instant the zeroth bit x. fl) of x,(l) is 

Jl|0 X 

computed, as 

x l,o (1) - x o,(n-l)(°> © x l,(n-l)<°>* 
and at the first shift clock pulse is stored in the storage 
register at‘ location (n-l).Then the contents of the cyclic 
shift register No. 0 and No* 1 are cyclic shifted. 

At the 2nd shift clock pulse the 1st bit, 
x oo (o) 0 x lo (o) x^(l) i® computed and stored in the 
storage shift register at location (n-l) and its previous 
content is shifted to location n-2. Thus during the n shift 
clock pulses, the bits of x^l) are computed after each 
cyclic shift and are stored in the storage register. Before 
the (n+l)th shift clock pulse, by means of transfer clock 
pulse, the contents of storage register is transferred to 
stage No. 1 and contents of stage No. 1 is transferred to 
stage No. 0. The output n-tuple (Y 0 » y^» • • *Y n _i) converted 
to decimal. 

For n=3 the serial implementation of the above system 
is given in Figure 3.5.14. At the first shift clock pulse, 
at location 2 of the 3 bit storage register, the zeroth bit 
of x^CD, i.e. x lQ (l) =* x 12 (o) ® x o2^ 0 ^ is store<i and 
simultaneously the contents of cyclic shift registers No. 1 
and No. 0 are cyclically shifted. 
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At the second shift clock pulse, the contents of 
location 2 of the 3 bit storage register x lo (l) is shifted 
to location 1 and the x ljL U) = x 10 (o) # Xoo(o) stored ^ 
location 2. The contents of cyclic shift registers No. 1 
and No. 0 are cyclically shifted. At the 3rd shift clock 
pulse, content of location 1 of the 3 bit storage register 
x lo(l) is shif,t ® d location 0, content of location 2 
x n(l) is shifted to location 1 and x 12 (l)=x u (o 

x ol^°) 

is stored in location 2 of 3 bit storage register. The 
contents of cyclic shift registers are cyclically shifted. 

Now the cyclic shift register contents are equal to the 
contents to start with; No. 1 has x^Co), No. 0 has x q (o). 

The contents of storage register is the computed value x^Cl)* 
Before the next shift clock pulse is applied, the transfer 
clock pulse transfers the contents of storage register to 
cyclic shift register No. 1 and contents of cyclic shift 
register No, l to cyclic shift register Ho. 0. The output 
bit » (y^y^Yg) axe converted to decimal. 

Example 3.5.7 : 

Consider the fourth-order P^[a 2 +a+lJ-LSS as shown 
in Figure 3.5.15a. 

The state and output equations of this system 


are 
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where all the entries 6 P^[a^+a+l]« The Z^EVij-LSS, L* 
isomorphic to L is given in Figure 3,5,15b. 

The state and output equations of L 1 are 
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V 

as 

*1 0 

0 0 0 0 0 0* 

_ y l_ 


0 1 

0 0 0 0 0 0 


oo 


\>1 

c lo 

C 11 

c 2o 

C 21 

*3o 

C 31 


L* is the maximum length sequence generator over GF(2 ) with 
binary 2- tuple as output. 


The scheme of Figure 3.5.15b is an example of 
Z 2[Vii]-LSS — PgCa^+a-Mj-LSS, proposed in [23,24], though not 
looked from the point of view of a LSS over P^[a 2 +a+l], for 
the generation of 4-level pseudorandom sequence obtained by 
linearly combining the output binary 2-tuples, 

Example 3,5,8 t 

Consider the second-order P 2 [a 2 +a+l]-LSS, L as given 
in Figure 3.5.16a. 

The system is described by the following equations 
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snput 
u - 


mmhmh iwum mmmny 


C O’* 1 ”" 

^ Y 


c 


V 


-»v 


output 


Fig. 3. 5.16a B? fa 2 * c-dfi-l SS of Example 3-5.8 


#5 #0 
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where all the entries are from P^[a^+a+l]. 

The implementation of Zjjj[W]-LSS L* £ L is given in 
Figure 3.5.16b. 

The corresponding equations of L* are 


X* 


"o 0 10 * 


X 


~o 0 ' 


00 




00 




x« 

ol 


0 0 0 1 


X 1 

ol 


0 0 


u 

0 


ss 




+ 




o 

X 


0 1 0 1 


X lo 


1 0 


A 

X 


11 11 

mm 


X 11 


0 1 




This is an example of data scrambler for multilevel pulse 
sequences proposed in [3l] and is not looked from the point 
of view of p£[W(a)]-LSS. 

Example 3.5.9 s 

Consider the second order P^Ca + a+l]-LSS, L in 
Figure 3.5.17a. Since a 3 +a+l is irreducible over GF(2), this 
is an example of GF(jj 3 )-LSS. 
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The state and output equations of this system axe, 



y - Ci o] fxj 

X 1 
M. Mi 

The ZgtwJ-LSS* L* isomorphic to this system can be obtained 
by writing the state and output equations of L' * 



110 
0 0 1 
10 0 

0 0 1 
10 1 
0 10 

10 0 
0 10 
0 0 1 


10 0 
0 10 
0 0 1 

0 0 0 
0 0 0 
0 0 0 




The schematic diagram of L 1 is given, in Figure 3,5,17b 



322 


With additional circuitry shown by dotted lines in 
Figure 3.5.17b to compute y^+y^+y^ in P^Ea^+a+l], the system 
is the example of GMW sequence generator proposed by ocholtz 
and Welch [78] for the generation of binary sequences, with 
desirable correlation properties. The system then becomes a 
nonlinear system over residue class polynomial rings, the 
study of which is not taken up here. 

3.6 ISOMORPHISM IN LSS OVER RESIDUE CLASS RING OF POLYNOMIALS 
OVER GF(p): 

In Section 2.4 we have seen that residue class poly- 
nomial rings of the same order may be isomorphic to each other. 
As defined in Section 3.4, if two LSS defined over isomorphic 
rings are such that there is one-to-one correspondence between 
their characterising matrices and states, then with isomorphic 
initial states and isomorphic input sequences, the output 
sequences of the two LSS will be isomorphic. This leads to 
the notion of isomorphisms in LSS. In Section 2.6 we have 
seen that residue class polynomial rings isomorphic to each 
other constitute an equivalence class. LSS defined over 
such residue class polynomial rings are said to constitute a 
distinct class of P£[W(a) ]-LSS. GF(p n )-LSS is one such 
class* The number of nonisomorphic residue class polynomial 
rings of a given order then gives the number of distinct 
classes of LSS over P^[W(a)] of order p n . 

r 
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Consider two residue class polynomial rings Pp[W(a)J 
and P^Cw’Ca)] isomorphic to each other. Then there is 

r 

one-to-one correspondence between the elements of Pp[W(a)] 
and p£j>(a)]. Let L be a LSS defined over p£[W(a)]. Since 
P”[W‘(a)] £ P£[w(a)], it is possible to have a LSS L' over 
Pp[W’(a)J, such that there is a one-to-one correspondence 
between the elements of the characterising matrices and hence 
one-to-one correspondence between the characterising matrices 
themselves and we say L and L' are isomorphic to each other. 
That is A# A 1 , B j* B* , C JC, D ?D', where A,B,C and D are 
referred to L and A* ,B',C' and D 1 are referred to L* . 

It is also possible for L and L* defined over the 
same structure and be isomorphic, if tnere is one-to-one- 
correspondence between their characterising matrices. 

If L and L* are isomorphic it is always possible to 
have isomorphic initial states x(o) $ 9 ( 0 ) and isomorphic 

inputs u * u* in which case the outputs are also isomorphic. 

The following examples illustrate the notion of 
isomorphism in Pp[W(a) J-LSS. 

Example 3.6.1 : 

3 r 3 O 

Consider two LSS L and L* defined over P 2 [a +a +a] 
and P 2 C(b 3 +l)] respectively. Here P 3 [a 3 +a 2 +a] P 3 [(b 3 +1) ]• 

The one-to-one correspondence between the elements of the 
two rings is given below. 
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p|[a 3 +a 2 +a] 

?llb 3 +l] 

0 

0 

1 

1 

a 

b+1 

a 2 

b 2 +l 

1+a 

b 

1+a 2 

b 2 

a+a 2 

b+b 2 

1+a+a 2 

1+b+b 2 


If the state and output equations of L and L 


X 1 

x o 


X* 

L x iJ 


y 0 


Ji. 



a 


a 


a 


a 


a 

1+a 

a 

1+a 




J L A 1 


a 

1+a 

I* 

He 

a 2 


u 


u 


and 




~ 

— 


m mm 



i-4b 

l+b 2 


®o 

Ma «% 


l+b 2 

b 


e l 

» — 1 

<*• 

V 

=8 

b 2 +l 

b+1 


®0 

A 


l+b 

b 


e. 



IW 



• 



* are 


r 
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respectively, then it is seen that the characterising 
matrices of' L are in one-to-one correspondence with the 
characterising matrices of L* • Hence L ~ L‘ • 

It should be noted that if 



Consider two LSS L and L 1 defined over P2[a +a+lj 
and p|[b 3 -rt> 2 +l] respectively. Here PgCa^+a+l] £ p|[b 3 +b 2 +l]. 
The one-to-one correspondence between their elements is 
given in Example 2.3.1. If the state and output equations 
of L and L* are 
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*0 

«1 

= 

1+b 1+b 

1 b 


■* 

e o 

+ 

— — 

b 

1+b 2 

m «■ 


m 


Wm m 


- 


respectively, then it is seen that the characterising 
matrices of L are in one-to-one correspondence with the 
characterising matrices of L* • Hence L s* L* • 


We note that if 



and u ;? r then 


r y 1 

T o 

' 

V 

y l 

mm 


«1 


The following example illustrates the isomorphisms in 
|)tPp i [W 1 (a i )]}-LSS. 


Example 3,6.3 : 

Consider two LSS L and L' defined over 
<g) p|[a 3 +a 2 +a] and P^[(d+1) 2 <x) p|[b 3 +l] 

we have sftc 2 ] ~p|[(d+l) 2 ] 
and P 3 [a 3 +a 2 +a] ~ p|[b 3 +l] 


The one-to-one correspondence between elements of p|[c 2 ] 
and p|[(d+l?J are 


p|[c 2 ] 

0 1 c 1+c 

p^Cd 2 *!] 

0 1 1+d d 


The one-to-one correspondence between elements of 
p|[a 3 +a 2 +a] and p|[b 3 +l] is given in Example 3.6.1. Let 



327 


a basis of p|[c 2 ] <g) p|[a 3 +a 2 +a] be {1, a, a 2 , c, ca, ca 2 } ; 
the corresponding basis of PgUd+l) 2 ] Q$) PgU^+l)] is 

U, (b+l ) r (b 2 +l), (d+1), (d+l)(b+l), (d+X)(b 2 +l)} 

If the state and output equations of L and L’ are given by 



* 2 2 
b^+d+db^ 

b+d+db 


b 2 +db 2 


1+b+d+db 

b 2 +d+db 2 


respectively, then it is seen that the characterising 
matrices of L are in one-to-one- correspondence with the 


characterising matrices of L‘ . 



Hence L‘ • 
u $ r then 




328 


Thus if two LSS L and L* are defined over isomorphic 
rings it is possible for L to be isomorphic to L* • 

The following example illustrates the isomorphism 
between L and L* defined over the same ring. 

Example 3.6.4 t 

Consider the ring p|[a 3 +l]. Let the characterising 
matrices of PgCa^+lJ-L^S L be 


"o 

1 


*l" 


mm 

a 1 


‘l r 

a 2 

1+a 

B = 

a 

; c = 

o 

a 1+a 

D = 

a 






- 


• • 


Let A» * aA, B‘ * aB, C* = aC and D* = aD, 

where a is a unit in p|[a +l], be characterising matrices 
of L* 

then A? A', B?B', C 2 C* , DJD', 

and hence L ss L' . 

Example 3.6. 5 : 

Let L and L‘ be defined over the same ring. Suppose 
Q is an arbitrary KxK matrix over this ring such that 
determinant Q is a unit in the ring. Then Q is invertible. 

Let A* = QACf 1 
B 1 = QB 
C* = CCf 1 
D’ - D 

and e = QX 
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correspond to characterising matrices and state of L’ with 
identical inputs to L and L' , 

we have X’ = AX+Bu ; y =* Cx + Bu 

©• = A'©+3‘u = UAQ*’ 1 QX + QBu * Q(AX+Bu) = QX* 

y* * C’e^’u = CQ~ 1 QX + = CX + $u = y. 

Hence the outputs from L and U are identical for identical 
inputs. 

L and L 1 are said to be similar LSS. Similar LSS are 
also isomorphic. 

3.6.1 Distinct Classes of P|$[W(a)]-LSSt 

Residue class polynomial rings which are isomorphic to 
each other are said to belong to the same class (Section 2.5). 
Thus in Example 3.6.1, p|[a 3 +a 2 +a] and P^Eb^l] are isomorphic 
and belong to the same class. In Example 3.6.2,p2[a +a+lj 
and I^[b 3 +b 2 +l] are isomorphic and belong to the same class; 

3 

indeed they are two isomorphic finite fields of order 2 . In 

•Example 3.6.3, © p|[(a 3 +a 2 +a)] and P^[d 2 +l]<|) p|[b 3 +lj 

are isomorphic to each other and belong to the same class, 

T 

and in Example 3.4.2, p|[a 3 +l](g) p|[a 2 +l] and p^Ca^l] are 
isomorphic to each other. 

As seen earlier given a LSS over P^tMa)] it is 
possible to obtain a LSS L* isomorphic to L over residue 



class polynomial ring Pp[W‘ (b)] isomorphic to p£[W(a)j. LSS 
defined over residue class polynomial rings belonging to 
the same class are said to constitute a class, LSS defined 
over finite fields of order p n , constitute one such class. 
Consider the. residue class polynomial rings, PgLa +a +a+l] 
and ff[a 3 +l], In example 2,5,3 we have seen that these two 
rings are not isomorphic to each other and therefore belong 
to different classes. If we have two LSS L and L* of the 
same order defined over these residue class polynomial rings, 
as there can not be one-to-one correspondence between their 
characterising matrices and states, L and L* can not be 
isomorphic to each other. In this case we say L and L' 
belong to two different classes of LSS, Thus distinct classes 
of residue class polynomial rings give rise to distinct 
classes of LSS. Since finite fields of the same order are 
all isomorphic to each other the notion of distinct classes 
does not exist in the case of LSS over finite fields of a 
given order. 

The number of distinct classes of LSS defined over 
residue class polynomial rings of order p n is equal to the 
number of nonisomorphic residue class polynomial rings of 
order p n . This number is also equal to the distinct classes 
of LSS over other commutative rings of order p n , such as 
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ring M^[W] of matrices and ring z”[w] of n-tuples isomorphic 

r r 

to p£[W(a)J. Table 2.5.3 in Section 2.5 gives the number 

r 

of nonisomorphic residue class polynomial rings P^[W(a)] of 
order p n for p = 2,3,5 and n » 1,2, 3, 4, 5, 6 and 7. 

If two LSS are defined over residue class polynomial 
rings belonging to the same class, then the decomposition 
of the LSS will have same number of subsystems; the corres- 
ponding subsystems are over isomorphic orthogonal ideals 
or primary rings. 



CHAPTER 4 


AUTONOMOUS RESPONSE OF p£[W( a)]-LSS 

It may be recalled that the autonomous response of a 
Pp[W(a)]-LSS is its response when the input is a null sequence. 
The study of the autonomous response of Pp[W(a)]-LSS is impor- 
tant not only because it is a constituent of the total response, 
but also that it leads to the study of pj?[W(a)]-LSS as 
sequence generators. In this chapter we study the autonomous 
response of Pp[W(a)]-LSS in general and autonomous response of 
nonsingular single output canonical Pp[W(a)]-LSS with 
C * [1 o ... O] in particular; the latter response is shown to 
satisfy a linear recursion relation over p”[W(a)] and is thus 
a linear recursion sequence (LRS) over p£[W(a)]. The Hamming 

r* 

correlation properties of LRS over P^[W(a)]; specially bounds 
on correlation values of sequences generated by nonsingular 
Pp[W(a)]-LSS are investigated. Sequences over orthogonal 
ideals, their properties, generation and application of such 
sequences in modulation and multiplexing of data sequences are 
studied. The results given here are also valid for LSS over 
other algebraic structures isomorphic to pj?[W(a)]. Specifically 

r 

the results are valid for z£[W]-LSS and Nl£[W]-LSS. 

Since the autonomous response is a fixed linear transforma- 
tion of states, we study the state response of p£[W(a)3-LSS in 
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detail in Section 4.1. The sequence of states which a 
p”[W(a)]-LSS f passes through, starting from an initial state 
under zero input condition is usually displayed graphically in 
the form of a state diagram. In the state diagram, if, starting 
from any initial state after passing through c other states, 
P£[W(a)]-LSS reaches the initial state, the sequence of states 
is said to constitute a cycle of period or length c. Properties 
of state diagram and state response, module structure of state 
response, bounds on number of state cycles of a nonsingular 
system, maximum length state sequences of Pp[W(a)]~LSS and state 
diagrams of isomorphic p£[W(a)]-LSS are discussed. 

Cycle length decomposition, E,of states of nonsingular 
P^[W(a)]-LSS is taken up in Section 4.2. Z depends on the 
characteristic matrix A and the Pp[W(a)] over which the system 
is defined. Cases *here p£[W(a)] is a primary ring and direct 
sum of primary rings are dealt separately. The period of 
characteristic matrix A and the number and period of sequences 
that are available from the system can be obtained from the 
cycle length decomposition of states. 

The autonomous response of Pp['f(a)]~LSS is taken up in 
Section 4.3. It is shown that the autonomous response of a 
canonical nonsingular Kth order p£[W(a)]-LSS with C * [l 0 ... O] 
satisfies a linear recursion relation (LRR) of order K over 
P[|[W(a)] and hence is a linear recursion sequence (LRS) over 
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Pp[W(a)]. The autonomous response can be obtained in terms 
of the initial state and powers of matrix A or in terms of 
initial state and generating function. It is shown that the 
set of solutions of LRR over Pp[W(a)3 constitutes a free module 
of rank K. 

One of the important properties of sequences in applica- 
tions such as modulation, and multiplexing of data sequences, 
is their correlation property. The concept of Hamming metric, 
Hamming distance, Hamming cross-correlation (HCCR) function 
between sequences and Hamming autocorrelation (HACR) function 
of sequences are discussed in Section 4.4. The bounds on 
values of HCCR and HACR functions of sequences, generated by 
autonomous single output LSS are obtained, utilising structure 
of state cycles or from the state diagram. Expressions for 
the actual values and the number of levels of HACR and HCCR 
functions for specific cases are given. Examples of weight 
enumeration of the sequences of length T, which are solutions 
of a specific class of second order LRR are also given. HCCR 
property of sequences over p£[W(a)] is used in decoding cyclic 

r 

codes in Chapter 5. 

The orthogonal idempotents in semisimple or semilocal 
p!?[W(a)] generate proper ideals in P”[W(a)]. For convenience 

r r 

we have called these ideals as orthogonal ideals. Elements 
from different orthogonal ideals annihilate each other. Thus 
sequences over orthogonal ideals have pointwise orthogonal 
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property. Such sequences can be applied in modulation and 
multiplexing of data sequences. In Section 4 .5, generation of 
orthogonal sequences in appropriate Pp[W(a)]-LSS, and using 
the notion of decomposition of P”[W(a)], decomposition of 
arbitrary sequences over semisimple or semilocal ring into 
orthogonal sequences over orthogonal ideals, transformation 
of sequence over semisimple or semilocal ring into a set of 
orthogonal sequences over orthogonal ideals in an appropriate 
semisimple or semilocal ring by ring embedding are presented. 

Application of orthogonal sequences in modulation and 
multiplexing of data sequences with elements from finite fields 
are given in Section 4.6. 

To begin with, we recall some of the definitions intro- 
duced earlier in Section 3.2. Unless otherwise specified, by 
LSS we mean p”[W(a)]-LSS. 

4.1 AUTONOMOUS STATE RESPONSE OF p£[W(a)]-LSS 

Consider an m-input and j-output Pp[W(a)]-LSS of order K, 
with characteristic matrix A. The sequence of output j-tuples 
of the LSS, when the sequence of input m-tuple is a null 
sequence, is called its autonomous response and a LSS with 
null sequence as input is called an autonomous LSS. Sequence 
of states through which the LSS passes through with null 
sequence as input is called autonomous state response. 
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As seen in Chapter 3, expressions for Nth element of 
autonomous state response and autonomous response are 

Xzi R (N) = A N x(o) (4.1.1) 

Y 2IR (N) * CA N x(o) (4.1*2) 

If x(o) = 0*i.e.,a K-tuple of all zeros in Pp[W(a)], the 
autonomous state response ( x zir( n )) is a sequence of O' s 
and the autonomous response fy 2 j R ) is a sequence of j-tuples 
which are all zeros in Pp[W(a)]. 

For the sake of convenience, in this chapter we make use 
of the following conventions: 

(i) x 2ir W ,Yzir( n > are denoted sim Piy as ^ and Y N 

(ii) A P*?[W(a)]-LSS is denoted by L , and 

(iii) Autonomous state response is simply called state 
response. 

4.1.1 State Diagram of Autonomous LSS 

The relevant information regarding the state response of a 
given L for all possible values of x Q is conveniently displayed 
in the form of state diagram which is an oriented (or directed) 
graph with p vertices, one for each state of L, an arrow 
points from state x^ to X2 iff Xg = Ax^ and we say that x^ is a 
predecessor of Xg or Xg is a successor of x^. Thus, given any 
specified initial state, the state diagram displays the sequence 
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of states through which L goes for the zero input. 

A state x a is called a cyclic state, if there exists an 
integer c a , such that x a * A a x a * If c a is the least integer 
that satisfies this condition, then^the sequence x^ ** A x g ; 

*2 * A \ » *( 0 - 1 ) * A ^ x a • V = A 6 ® x a " x a 

cx o 

of distinct states is called a state cycle (or simply a cycle), 
of length or period c . Such a state cycle will be denoted by 

3 



or any of its cyclically shifted version such as 



• • • , 




(x c * x a» x l» x 2* x c -1^ * 

3 3 

c. is also called the period of state sequence. Zero state is 

Q 

always a cyclic state of length 1. 

A state x^ is called a noncyclic or transient state if 
x^ is not equal to A^ x fa for any j « 1,2, ... 

A state diagram or a portion of it consisting of set of 
states terminating in a single cyclic state of length one, 
(other states being noncyclic) is called a tree. The terminat- 
ing cyclic state is called the root of the tree. 
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Before taking up the properties of state diagram and 
hence the state response, we give some terminology and illustra- 
tive examples. 

A sequence of the form 

(X) « ( x o ,x l ,x 2* 0, O, • • •# 0) (4.1.3) 

is called an ultimately zero sequence. 

A sequence of the form 

= < X 0 » X 1* •** X T-1» X T » X T+1» X T+T-l* X T * 

x t +1* * * * ^ (4.1.4) 

is said to be an ultimately periodic sequence. The part of the 
sequence (* 0 » x i» . x T »j) is the transient part ; x is 
called the length of transient. T is called the period of the 
periodic portion of the sequence. If t = 0, the sequence {x} 
given by (4.1.4) is said to be periodic with period T. 

Example 4.1.1 

2 2 

Consider a 2nd order PgCa +a ]-LSS with A = 

2 2 2 
over semisimple Pg[a +a], i A { * 0. Further A g. Hence 

A is singular and nilpotent. The index of nilpotence is 2. 

The state diagram is a tree with root |^o^[ * as 9 iven * n 
Figure 4.1.1. With any initial state, the state response ulti- 
mately becomes a sequence of zeros. The state response is then 
called an ultimately zero sequence. 
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Fox example, with 

( a a 

o , o 

ultimately zero sequence. 



as initial state, the state 
o o \ 

, , ... I which is an 

o 7 o 7 I 


Example 4.1.2 

Consider a 2nd order 


P2[a 2 +a]-L3S with A 


1 1+a” 


2 2 

|A| ® (1+a) is a zero divisor in semisimpde P^Ca +a]. Hence 

A is singular. The state diagram of this LSS is given in 

2 2 

Fig. 4.1.2. It has (2 ) = 16 states. Since A is singular 

all the states are not cyclic. The noncyclic states are 



If the initial state is a noncyclic state which terminates 
in a state cycle of length c, the state response becomes ulti- 
mately periodic with period equal to the period c of the state 
cycle. The number of noncyclic states in the initial portion 
of state response is the length of transient. 


For instance, in LSS of Example 4.1.2 with initial state 

, which is noncyclic, the state response is 

1 


f • ‘ 


■) 


which is ultimately periodic with period 1 and length of tran- 

"o7 


sient 1. With initial state 


a 


the state response is 






» 

■A 
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* 

which is ultimately periodic with period 1 and length of 
transient 1* Further the state response is ultimately a zero 
sequence. 


If the initial state is a cyclic state, which is in a 
state cycle of period c, then the state response is periodic 
with period c. With initial state ^ *| , which is cyclic, 
the state response, of LSS of Example 4.1.2 is 



» • • • i t 


a 
1 

which is periodic with period 2. 

Example 4,1.3 

2 2 

Consider a 2nd order ? 2 [a +a]-LSS with A 


■l T] 


2 2 

|A| * l which is a unit in the semisimple . P 2 [a +a]. A is 

nonsingular. The state diagram of this LSS is given in 

2 2 

Figure 4.1.3. It has (2 ) =16 states and all states are 

cyclic states. Period T of matrix A = 1cm (2,1) = 2. 


The state diagram consists of 10 cycles. They are 
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In this case, since all the states are cyclic the state 
response is periodic irrespective of initial state. For 

fa] 

example with initial state j { , the state response is 


1 

1+a 


a 


* * 1 


with period 2. 


Example 4.1,4 


2 2 

Consider a 2nd order PgCa +l] - LSS with A « 


o 2 

over local P2^ a +lj we have jAj =1. Hence A is nonsingular. 

The state diagram of this LSS is given in Figure 4.1.4. It has 
2 2 

(2 ) * 16 states which are cyclic. Period T of matrix A * 

lcm (6,3,1) = 6. 


1 

1+a 


The state diagram consists of 4 cycles. The cycles 


are 
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With any initial state the state response is periodic* 

* 

4*1*2 General Properties of State Diagram and State Response 


It is seen from the examples that the nature of the state 
diagram depends on the matrix A. Depending upon the nature of 
A f the states are either cyclic or noncyclic and the state dia- 
gram is cyclic or an appropriate combination of cyclic and non- 
cyclic states* Since the state response {x} is the sequence 
of states through which the system goes in response to a speci- 
fied initial state x Q , it depends on both the characteristic 
matrix A and the initial state x Q . If A is nilpotent, then 

with any initial state the state diagram is a tree, and the 

2 

state sequence x 0 ,Ax 0 ,A x Q , • •*, ultimately becomes a zero 
sequence* If A is singular, then depending on the initial 
state (i) the state diagram is cyclic in which case the state 
sequence is periodic, or (ii) the state diagram consists of 
noncyclic states terminating in a cycle in which case the state 
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sequence is ultimately periodic. If A is nonsingular all the 
states are cyclic. Hence, irrespective of initial state the 
state sequence is periodic. Nature of state response is 
summarised in Table 4.1.1. In what follows, we prove the 
statements given in Table 4.1.1 and give other general results 
on the structure of state diagram and state response of a Kth 
order autonomous P?[W(a)]-LSS. 

Lemma 4.1,1 

(a) The nonzero states of a nilpotent LSS are noncyclic and 
the state diagram of such a system is accordingly a tree. 

(b) The state response of a nilpotent system is ultimately a 
zero sequence. 

Proof 

We prove the Lemma by contradiction. Let A be nilpotent 

of order v i*e., v is the least integer such that A v - 

If a nonzero state x is cyclic with cycle length c, then we 

should have 

a «2 .c 

x. Ax, Ax, ..., A x = x 

Three cases may arise 

c v » c>y» c < v 

i) c » v : 

then A c x = A V x = 0 ^ x 
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Table 4.1.1 Nature of State Cycles and State Response 


Nature of 

A 

Nature of 

State cycles 

Nature of 

State response 

Remarks 

Singular 
and nilpotent 

All the states 
except 0 are 
noncyclic 

Ultimately zero 
sequence 

Irrespective of 
initial state 

Singular 
but not 
nilpotent 

Mixture of 
cyclic and 
noncyclic 
states 

Ultimately zero 
or ultimately 
periodic or 
periodic 

Depends on 
initial state 

Nonsingular 

All the states 
are cyclic 

Periodic 

Irrespective of 
initial state 
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li) c > v : A j = Q for all j > v 
therefore, A c x = 0 ^ x 

iii) c < v 

A c x x 

Hence A^fc a- .X • j any integer. 

Let j be such that jc > v , then 

A jC x = O x 

Thus in all the three cases, the hypothesis that the nonzero 
state x is a cyclic state with period c is contradicted. 

Since x has been taken as an arbitrary nonzero state, 
it is proved that all the nonzero states are noncyclic. Further 
it is seen that all the nonzero states terminate in the zero 
state. Therefore, the sequence of states, 

o 

x t A x, A x # ... ultimately reaches zero state for any 
starting nonzero state x. Hence the state diagram is a tree 
with the zero state as its root. 

* 

Lemma 4.1.2 

(a) The states of a singular LSS are both cyclic and noncyclic 
and the state diagram consists of appropriate combination of 
cycles, trees, and noncyclic states terminating on cycles. If A 
is idempotent all noncyclic states terminate on a cyclic state 
of length 1. 
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(b) The state response of a singular system is an ultimately 
periodic sequence. 

Proof : 

Since A is singular is not defined. Hence the 
predecessor of a state is not unique. A state may have no 
predecessor, one predecessor or more than one predecessor. 

As seen in Section 3.3 # i since A is over a ring P”[W(a)] 
of finite order, for some least integers i and j and for some 
initial state x 

A i x « A^x 

and hence the states A i x, A i+1 x, ..., A^x = A*x constitute a 
cycle. Hence a state must eventually reach a cycle of states 
regardless of the initial state; and the state response is 
ultimately a periodic sequence. 

2 

When A is idempotent^A » A. This implies that if x is a 

2 

noncyclic state, its next state is Ax and A x = Ax. Hence non— 
cyclic state terminates on a cyclic state of length 1. 

Lenmaj4 i l i 3 

a) All the states of a nonsingular LSS are cyclic and the 
state diagram consists of disjoint cycles. 

b) The state response of nonsingular LSS is periodic. The 
period of the state response is equal to the cycle length 

of the state cycle containing the initial state x Q . „ 
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Proof 

The characteristic matrix A is nonsingular. Hence for an 
initial state say Xp if = Ax^ then x^ = A""* Xg. This 
implies each state has a unique predecessor. Since A is 
deterministic each state has a unique successor. In the state 
diagram only one arrow points from each state and one arrow 
points towards each state. Thus all the states are cyclic. 

No state is common for two state cycles. Hence the state . 
cycles are disjoint. 

b) Since all the states are cyclic, the state sequence is 
periodic irrespective of the initial state. The period of 
state response with initial state x is the least integer c 
such that A c x = x, which is also equal to the cycle length of 
state cycle. 

Additional properties of nonsingular LSS are given in the 
following theorems. 

Theorem 4.1.1 

In a nonsingular LSS., the cycle length and hence, the 
period of state sequence divide the period T of characteristic 
matrix. 

Proof ; Let be a state in the state cycle of length Cj. 
or state sequence of period c^» Then c^ is the least integer 
such that 


v 
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Therefore, A T x 1 ■ Xj^ 

Suppose does not divide T . 

Then let T = c x q+r r < c x 

t c.q+r _ c. q 

X 1 ~ A X 1 = A Xj = A A 1 x^ = A x 

This implies that, period of x^ is r < c^. Since period of x^ 
is assumed to be this is a contradiction. Therefore, r has 
to be zero and T = c^q and CjJ T . * 

We have obtained expressions in Section 3.3, for the period T 
of the matrix A, depending on the ring over which A is defined. 
The period T can also be obtained from the length of state 
cycles as proved in the following theorem. 

Theorem 4,1.2 

If the state diagram of nonsingular LSS has cycles of 
period c^Cg, . .., c r , then the period T of A is given by 
T * 1cm * • • j Cj) • 

T 

Proof : T is the period of A. Hence, A x * x for all x. 

T is a multiple of 1cm (c^,C 2 » . .., c r ). 

By definition T is the least integer such that 

A T = I 

Hence, T « 1cm (c^|C 2 » •••# 
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Example 4.1.5 


Referring to the LSS of Example 4.1.3, the 1cm of state 
periods is 2 and the period of characteristic matrix 

A = 

Example 4.1.6 


1 

a 


1+a 

1 


O O 

over semisimple Pjfa +a] is 2, 


Referring to the LSS of Example 4.1.4 the 1cm of state 
periods is 6, and the period of characteristic matrix 


A 



1 

1+a 


over local P 


2 

2 


[a 2 +l], is 6. 


* 


Theorem 4.1.3 


If the initial state x© has components from a single 
ideal J in PjJ[W(a)3, then the states in the sequence, Ax©, 
A 2 x©, ...» have components from J. 

Proof i The components of the successive states are the 
linear combination over p£[W(a)] of the components of the 
initial state, which are from an ideal. Since the multipli- 
cation of any element in J with any element in Pp[w(a)] gives 
an element in J and J is closed under addition the states in 

the sequence, 

Ax©, A^x©, ••• 


* 


will have components from J. 
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Referring to Example 4.1*3, J = {0,1+a} is an ideal in 


2 2 

P 2 [a +l]. Initial state with elements from J will have succe- 
ssive states with elements from the same ideal. For example 


with the initial state 



the state sequence is 


( 1 +a 
1 +a 


0 

1 +a 


1 +a 

0 


• • * 


) 


Having discussed the nature of state sequence and other 
properties of nilpotent, singular and nonsingular P”[W(a)]-LSS, 
we now take up some additional properties of state sequences 
of P*?[W(a)]-LSS, which depend on the specific structure of 

ir 

Pp[¥/(a)]« When Pp[W(a)] is a semisimple ring that is, W(a) 
is a product of v irreducible polynomials, we have seen in 
Section 2.4 that Pp[W(a)] has ideals J^,J 2 , • ••, J v generated 
by orthogonal idempotents e^a) ; i = 1,2, ...v . The state 

cycles then have additional structure given by 


Theorem 4.1.4 . 

If Pp[W(a)] is semisimple and the elements of A are from 
an ideal generated by one of the orthogonal idempotents 
e^a) in Pp[W(a)] and J A j ^ O, then 

i) if the initial state x Q has components from J^, the 
state cycle containing x Q and hence the state sequence x Q , 
Ax Q , A x Q , ... is periodic, ii) if the initial state x Q has 
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components from J.« ; j 3 ^ i, the next state is a zero state 

J 

and the state sequence is ultimately zero, iii) for arbitrary 
initial state x Q with at least one component a unit in Pp[W(a)] 
the state cycle will have one noncyclic state x Q and the state 
sequence is ultimately periodic. 

Proof : i) We have seen in Section 2,4 that 


J ± r P p i [W i (a)] — GF(p i ) 


|a| O and A is over whose order is finite , 
Hence there exists an integer Tj such that 

t 4 k<-> 1 


e ± (a) 


and A is not a nilpotent matrix. 


If x Q has components from then 



2 

Hence the state sequence x 0 , Ax Q , A x Q# . is periodic. 

ii) Elements of A are multiple of e^a). Elements of x Q are 
multiple of any ej(a); j ^ i»As seen in Section 2.4 

I 

e^(a). e i (a) « 0 ; j £ i, Hence Ax Q = 0 and the state 
sequence is ultimately zero sequence. 
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iii) x has at least one component which is a unit in 
Pp[W(a)3* But Ax Q has all the components from J^. From 
(i) the sequence Ax Q , A x Q , . •• is periodic. Hence only x 0 
is a noncyclic state leading to the cyclic states 


Ax o 


9 



• • * 


and the state sequence is ultimately periodic. 

The application of theorem 4.1.4 is illustrated in the 
following example. 


Example 4.1.7 
Consider A 


O 1+a 
1+a 1+a 


over the semisimple ring 


A rt A A 

P 2 [a +a]. j A( * 1+a is a zero divisor in PgCa +a]» but is 
an element in the ideal = fO, (1+a)} generated by the 
orthogonal idempotent (a+1). 


Suppose the initial state is x Q * 


1+a 

_° J * 


then the state 


cycle containing x Q has states Ax Q , A x Q with elements from 
JjL as shown in Figure 4.1.5a. If the initial state x Q 
has elements from = CO, a} generated by orthogonal 
idempotent a in P 2 [a +a], then the next state is zero as 


shown in Figure 4.1.5b. 
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For any other arbitrary initial state say x Q = 


have the sequence of states which has only one noncyclic state 
1 

x_ » 9 as shown in Figure 4.1,5c. 

° a 

- * 
Additional properties of state cycles when Pp[W(a)] is a 
semilocal ring, that is, W(a) is a product of powers of irre- 


ducible polynomials, are proved in the following theorem. 


Theorem 4.1.5 

If Pp[W(a)] is semilocal and the elements of A are from 
an ideal generated by one of the orthogonal idempotents e^(a) 

in P„[W(a)] then, (i) if j A| is a nilpotent in J- the sequences 
are ultimately periodic or ultimately zero, (ii) if |a| is not 
a nilpotent in J^, if the initial state has components from 
the sequence is periodic; if the initial state has components 
with atleast one unit from Pp[W(a)], then the sequence is 
ultimately periodic with transient of length atmost one. 


Proof ; 

We make use of the isomorphism between J. and local ring 
h.n. h. 

Pp 1 1 [W i 1 (a)3 to prove the theorem. 

h.n. h. 

Let KxK matrix A be over J ± . Let 0: J ± •* Pp 1 1 [W i 1 (a)]. 

h.n. h. h.n. h* - 

Then 0(A) has elements from P p x 1 [W i 1 (a)]. Since P p T.lVi'taJjLs a 
local ring, the zero divisors in this ring are also nilpotent 
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Fig. 4.1.5 a State diagram with 


initial state 




Fig,4.1.5b State diagram with initial state J 



Fig. 4. 1.5c State diagram with initial state 
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elements* Thus nilpotent elements in J* have one-to-one 

h i n i r i it 

correspondence with zero divisors in P_ [VL ( a) J . If § Ai is a 

P 1 h.n. n. 

nilpotent in then {0(A) j is a zero divisor in P 1 1 [VL 1 (a)} 

• 9m 

and state sequences* are ultimately periodic or ultimately zero. 


Thus the sequences over are also ultimately periodic or 
ultimately zero* 


ii) If j A} is not a nilpotent in J. then |0(A)| is a unit 
h.n. hi 

in P„ X [W. (a) ] and thus the sequences are periodic for all 
P h,n. hi 

initial values from Pp 1 x [wr(a)]. Thus for this case if the 
initial values are from the state sequences are periodic. 
If the initial state is from Pp[W(a)] with at least one unit 
from Pp[W(a)] t then the next state has elements from J^. Hence 

state sequence- is periodic with transient atmost one. 

* 


4*1*3 Module Structure of State Response 


Now we show that the set of all state sequences corres- 
ponding toan autonomous Pp[W(a)]-LSS constitutesa free 
Pp[W( a)] -module of rank K. Towards this end we first prove 
the following Lemma* 

Lemma 4*1*4 

Each initial state of a Kth order P£[W(a)]-LSS gives rise 

r 

to a unique state sequence* 

Proof : 

A Kth order Pj}[W(a)]-LSS has p nK distinct states. There 

r 
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nK 

are thus p distinct initial states. In the state sequence 
with initial state x, the first state is the state x itself. 

Thus each distinct initial state gives rise to a state sequence, 
with distinct first component, and hence a unique state 
sequence . * 

Theorem 4.1.6 

Set S s of all state sequences constitute a free Pp[W(a)] 
module of rank K. 

Proof : 

We first- prove that the set S g of all state sequences 
constitutes a Pp[W( a)] -module. 

S is an additive abelian group under pointwise addition 

O 

moduXo[p$ W(a)] of components of states. The zero -state is the 
additive identity. 

Let x * (x 0 # Xp Xgt x 3 , ... ) 

and z ■ ( zo' * z 1# z 2 , z 3 , ... ) 

be state sequences with initial state x Q and z Q respectively 
in S s . Let 1, b lf b 2 , b e Pp[W(a)]. 

S § satisfies the following module axioms. 

i) b( £x} + £z} ) = b^+z^ x 2 +z 2 , ... ) 

= (bXj+bz^, bx 2 +bz 2 » ... ) 


■ b tx} + b £ z } 



359 


ii) ( b i+ b 2) * x ) * t( b l +b 2^ x l» ( b l +b 2^ x 2» ( b i +b 2) x 3 » ) 

— ^] > ^] > ^" b 2^1* 5 1 x^+b 9 x 2 f c * ••• ) 

* b^£x } + b 2 {xj 

lii) b ^ b 2 { ^ } *( b^bgXj^ * ^1^2 X 3 * • •• ) 


“(b^(b 2 x^)» b i^ b 2 x 2^ * • • * ) 

* b-^bg * x 5 ) 


tv) 1 {X} 


KlXj^ 1 X 2 * lx 3 , ,♦,) 


“( x j_» 5*2 » x 3> * • • ) 


* {X} 


Thus S s is a p£[W( a)] -module. 


We now prove that S g is a free module of rank K. 


Consider the set of K states 


( 4 , 1 . 5 ) 
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Each state gives rise to a unique state sequence in S * 

Any initial state can be expressed as a linear combination 
over Pp[W(a)] of these K states uniquely. Hence any state 
sequence in S g can be expressed as the linear combination over 
Pp[W(a)] of the K sequences with initial states given in set 
(4,1.5), uniquely. This implies S is free and is of rank K. 

* 

Lemma 4,1,5 

The module of states S x is isomorphic to module of state 
sequences S s * 

Proof : 

-T/ 

The set S x of p states is a free module of rank K. The 
set S g of p sequences is also a free module of rank K. There 
is a one-to-one correspondence between states in S x and sequences 
in S g . Hence Pp[W( a)] -module is isomorphic to Pp[W(a)]- 

modul^Sg. * 

4.1.4 Bounds on the Number of State Cycles and Maximal Length 
State Sequences of Nonsingular Pp[W(a)]-LSS 

We show that the number of nontrivial cycles in the state 
diagram of a P£[W(a)]-LSS which is not isomorphic to a GF(p n )- 
LSS, is always greater than one. Bounds on the minimum number 
of state cycles in the state diagram of a nonsingular Pj?[W(a)]- 

r 

LSS are obtained. Actual structure of state cycles has been 
taken up separately in Section 4,2, 
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Since the number of nonzero states in a Kth order Pp[W(a)]~ 
LSS is (p-l) and the number of nontrivial cycles is greater 
than one, the length of state cycles and hence period of state 
sequence of Pp[W(a)]-LSS is always less than (p n ^-l) . If T 
is the period of the characteristic matrix A of the Pp[W( a)]-LSS, 
there exists at least one initial state such that the period of 
state sequence is T. This result is then used to obtain results 
concerning the maximal possible period of states of P?!?[W(a)]- 
LSS which gives rise to the notion of maximum length state se- 
quences .For the sake of comparison of different p£[W(a)]-LSS of 
the same order, from the consideration of maximum possible 
period of state sequence, a figure of merit F for the Pp[W(a)]- 
LSS is defined. 


To obtain the bound on the minimum number of state cycles, 
we first prove the following lemma. 


Lemma 4.1.6 


n - h. 

Consider a nonsingular P„[W(a)]-LSS where W(a) * it VL x (a). 

p i=l 1 

The number of nontrivial state cycles with components of states 


from ideals in P”[W(a)] only is 

r 


£ h = 


it (h.+l) 
i*l 1 


-2 


Proof t 


From Theorem 4.1.3 if a state cycle has an initial state 


with components from an ideal J, then all the states in the 



362 


cycle have elements from the same ideal. From Theorem <2.2.1, 

n v 

the number of proper ideals in P"[W(a)] is h « [ % (h.+l)]~2. 

p i=l 1 

Thus there are at least h initial states each with components 
from one of these h ideals. The h initial states will be in h 
different state cycles. Thus the number of nontrivial state 
cycles with elements from ideals only is 

v 

> h * [ % (h.+l)]-2 

i-1 

The following corollaries directly follow from Lemma 4.1.6. 


Corollary 4.1.1 

h l 

When W(a) * W^ (a), where W^(a) is irreducible polynomial 
over GF(p) the number of nontrivial state cycles with elements 
from ideals only is 


> 0 ^- 1 ) 

* 


Corollary 4.1.2 

v 

When W(a) = rc W. (a) where W. (a) is irreducible polynomial 
i*l 1 1 

over GF(p), the number of nontrivial state cycles with elements 
from ideals only is 2 (2 V -2). The Lemma 4.1.6 is now used to 
establish the following Theorem. 


Theorem 4.1.7 


Consider a nonsingular p”[W(a)]-LSS. If the number of 

r 

ideals in Pp[W(a)] is h, then the number of state cycles is >h. 
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Proof : 

From the result of Lemma 4.1.6 there are at least h state 
cycles with components of states from ideals only. The elements 
of ideals are zero divisors. Consider a state x with at least 
one component a unit. This state will not lie in any of the h 
state cycles. Further since the system is nonsingular x lies 
in a state cycle. Therefore , the number of state cycles in a 
nonsingular LSS is > h. 

* 

If Vf(a) is irreducible, P^[W(a)] is a field and the maxi- 
mum possible period of KxK characteristic matrix A, over Pp[W(a)3 
is (p^-l), (it is the period of minimal polynomial of A)j thus 
the maximum possible period of state cycle is (p -1). However, if 
W(a) is reducible, then the number of nontrivial cycle is >h and 
since the total number of states is p , no state cycle of a 
Pq[W( a)]-LSS will have a period equal to (p nK -l)i 

From Theorem 4.1.1, it is seen that the period of state 
cycle and hence state sequence, divide the period T of characteri 
stic matrix A. Thus the period of state sequence can be at most 

T. 

As we shall see, for a canonical nonsingular Pp[W(a)]-LSS, 
there is at least one state cycle with period equal to T. 

In what follows we consider canonical Pp[W(a)]-LSS. Proper-' 
ties of general LSS hold good for canonical systems. However, 
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canonical systems have additional properties which are taken 
up here. 


We have seen that when the characteristic matrix A is 
nonsingular the period of the state cycle is a divisor of 
period T of the characteristic matrix A. Now we show that in 
the case of a nonsingular canonical LSS the period of the 
state cycle which includes the state x * [0 0 ... ll^is T. 


Let 


0 10 

0 0 1 

e • 

m • 

• ♦ 


• • . 0 

• • . 0 


(4.1*6) 


000 ... 1 
i _ a K a K-il a l _ 

be the characteristic matrix of the canonical system. ' 


The characteristic polynomial of A c is F(x) 


K 

- 2 
i=l 


a i 



which is also equal to its minimal polynomial m(x) • 

|A C | - and A c is nonsingular if a^ is a unit in Pp[W(a)] 
(Section 3.3). 

We first prove two lemmas making use of the structure of 
the matrix A c . 

Lemma 4.1.7 

x 

In the matrix A c the elements of the jth row are the 
coefficients of x T+ ^ modulofpj m(x)3, written in the ascending 
powers of x. 
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Proof : 

Consider matrix A. as given in Equation (4*1*6)* The 

v 

elements in zeroth row are [0 1 0 ... 0] which are coefficients 
of the polynomial x. The elements in the first row are 
[0 0 1 • •• O] which are the coefficients of the polynomial x^. 
In general the elements in the jth row are the coefficients 
of the polynomial x^ +1 , 0 < j < (K-l). The elements of the 

(K-l)th row are coefficients of polynomial x K modulo[p;m(x)] • 
That is 

t a K a K-l a 3 a l^ * 

Likewise in the matrix, 

0 0 1.Q # • • 0 

000 X • • • 0 

• • • 

• • * 

• • • 

a K a K-l a l 

a l a K ( a l +a 2^ 

2 

the elements in the zeroth row are coefficients of x , the 

o 

elements in the first row are coefficients of x , and in 
general the elements in the jth row are the coefficients of 
the polynomial x^ + ^ modulo[pj m(x)]^ 0 < j <. (K-l)* Thus the 

elements of the (K-2)th row are the coefficients of the poly- 
nomial 

x^ modulo[pj m(x)] • 
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That is 

^ a K a K-l **• *2 a l^ 

ard the elements of the (K-l)th row are the coefficients of 
the polynomial 

x K+1 moduloCp ; m(x)] , 

That is 

^ a l a K ^ a l a K— l +a K^ ••• (ajL+ajp ] • 

In general; in the matrix A* the elements in the zeroth 
row are coefficients of x T moduloCp; m(x)]. 

Let x T = 0(x) moduloCp; m(x)]jthe elements in the first 
row are coefficients of 

TC *i* 1 

x moduloCp; m(x)] = x 0(x) moduloCp; m(x)3 

Elements in the jth row are the coefficients of x T+ ^ modulo[p; 
m(x)] *= x J 0(x) moduloCp; m(x)]. 

* 

Lemma 4.1.8 

If the last column of A* is [0 0 . lj^then a t ■ I. 

c c 

Proof : 

Elements in the zeroth row of a][ are coefficients of 
x modulo[p; m(x)] • 
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Let x* modulofp; m(x)] = 0{x) - ^k + ^K-1 x + ••• + b^x^"*^. 

x 

Then the zeroth row of A c is 

t b K b K-l “• b 2 b l^ * 

x 

From the condition on the last column of A c , we have = 0. 
Hence the elements in the zeroth row of A^ are the coefficients 
of the polynomial , 0(x) = b^+b K- ^x+ . .. + b 2 x^“ 2 

Elements in the first row of A^ are the coefficients of the 
polynomial 

x0(x) modulo[p; m(x)] = b^x+bj^^x^+ ... + b 2 x^“^ 

Hence first row of A^ is [0 b K b K-l b 3 b 2^ 

From the condition on the last column of A^ we have b 2 * O. 

Hence x0(x) modulofp; m(x)] = b^x+bj^x 2 *- ... b^x^^+b^x^"^. 

x 

Elements in the second row of A c are the coefficients of 
x 2 0(x) = b K x 2 +b K- _ 1 x 3 + ... b 4 x K “ 2 +b 3 x K " 1 . 

Therefore, the second row is [O 0 »K Vl b 4 b 3^* 

From the condition on the last column of A^ we have b 3 = O. 

Hence, 

x 2 0(x) = b K x 2 +b K _ 1 x 3 + ... + b^x^** 2 

Thus we can show that b A * 0 ; i « 1,2, ..., K-l and 
(K-l)th row of A^ is [0 O ... b^]. 

Since the last column of is [O 0 ... lj^we have b^ = 1 
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and 



• • • 0 

• • • 0 

• 

... 1 


= I 


Now we prove the following Theorem, 


* 


Theorem 4.1,8 

Consider the state x = (0 0 ,,, l) tr of a nonsingular 
canonical LSS, Let the period of the characteristic matrix A. 

C 

be T. Then the period of the state cycle which contains x is T. 


Proof : 

Suppose the period of the state cycle which contains x is 
t £ T, Then from Theorem 4,1,1, T is a multiple of x . 

That is, T = jr $ where j is an integer (4,1,7) 

We have, aJ. x * x 



= 0 




o 

0 



Hence the last column of the matrix [A t - I] is equal to 

I,. 

[0 0 ,,.0]^ • This implies that the last column of A. is equal 

c 

to [0 0 # • # X] • 
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From the result of the Lemma 


A I = 1 


Period of A c is T. Hence x is multiple of T » That is, 

T * j‘T J* • . ; (4.1.8) 

From Equation (4.1.7) and (4,1,8) we have x * T. 

Hence the proof. 

* 

Corollary 4, 1.3 

The state cycle containing the state x 855 (0 0 ... a) tr 
where a is a unit in Pp[W(a)], has a period T, 

Proof : 

Let the period of the state cycle containing x be t . 

We have x « cc[o 0 ... l] tr and A^ x = x 

C 



Multiplying by inverse of a on both 

Tol 



sides we have, 

f:l 
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From the result of the Theorem 4.1.8 we have 

T = T 

* 

Example 4.1.8 

i of 

is given 


below, which has period 6. 

/o 1 a 1+a a 

\l a 1+a a a 

The state cycle with initial state 

given below 

( 0 a 1 1+a 1 

a 1 1+a 1 1 

With respect to the generation of state sequences of maxi- 
mum possible period, a figure of merit may be defined for any 
given p£[W( a)]-LSS, which may be used for the sake of compari- 
son of various Pp[W(a)]-LSS, as regards to their capability for 
generating maximum length state sequences. 

For a given P^[W( a)]-LSS, the figure of merit denoted by F, 

r 

may be defined as the ratio of maximum of the periods of state 
cycles in the state diagram to the total number of nonzero 


:) 

[:] 

») 


also has a period 6, as 


Consider A c = 


0 

a 


1 

a 


2 2 

over P 2 [a +l]« Peri 


A_ is 6. The state cycle with initial state 

C 


0 

1 
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states* The maximum possible period of a state cycle is T, 
which is the period of characteristic matrix A and in the case 
of nonsingular, canonical LSS, there is at least one state 
cycle of period T. Hence for a Kth order P£[W(a)]-LSS, 

r 

F “ • 

There is no closed form expression for F . the maximum 

max 

value of F. In general, F maJt is less than 1, except for the 
case of GF(p n )-LSS which have F max equal to 1. We prove this 
below* 

Theorem 4*1*9 

The maximum value of F for a p£[W(a)]-LSS, when W(a) 

tr 

is irreducible is 1* 

Proof s 

When W(a) is irreducible p£[W( a)] ~ GF(p n ) • Let K 

r 

be the order of the system. The maximum possible period of A 

nkT mV 

is (p -1) and all the (p -1) nonzero states lie in a single 
cycle. 

By definition 

c P nK -i) 

F max = (pnK^j “ 1 * 

* 

Corollary 4*1*4 

The maximum value of F for a Pp[W(a)]-LSS, Where W(a) is 
not irreducible, is less than 1* 
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P roof : 

From the result of Lemma 4,1,5 and corollary the number of 
nontrivial state cycles is > h. Hence all the nonzero states 
are not in a single cycle. This implies that the maximum 
possible period T of state sequence is <(p -1), 


Therefore, F nax < 1 . 

Lemma 4,1,9 

Isomorphic systems have the same F. 


* 


P roof 


Isomorphic systems have isomorphic state responses. Hence 

cy the definition of F it is same for isomorphic systems, 

* 

Example 4.1,9 

Consider state diagram of P^ta +a]-LSS of Example 4.1,3, 
(a^+a) * a(l+a)» h * (2^-2) = 2$ the two ideals in P^Ca^+a] are 
<a> « f O , aj . 

<l+a> * £0, ( 1+a)} . 


Number of state cycles with elements from ideals only is 4, 
These state cycles are 


C :) ■ C) 


1+a 



There are 15 nonzero states. Period T of matrix A is 2, 
Hence, figure of merit F = 2/15* 

* 
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Example 4.1*10 


Consider state diagram of pf[a^+l]-LSS with A 3 I 1 

U H 

of Example 4*1*4 $ (a^+1) = (a+1)^ ; h = 3-2 = 1« 

There is only one ideal in p|[a^+l]. This is <a+l> ** ^o, (1+a)^ 
There is only one state cycle with elements from this ideal* 

The state cycle is 


a 1+a 


•1+a 1+a o 


1+a 1+a 


whose period is 3* As seen in Example 4*1,4, there are two more 
state cycles of length 6. Period T of matrix A is 6. There are 
15 nonzero states. Hence figure of merit F = 6/15. 

To proceed further we first discuss state isomorphisms. 

4.1*5 State Isomorphisms 

Isomorphic LSS are discussed in Section 3.6* Two autono- 
mous LSS L and L' defined over isomorphic algebraic structures 
are isomorphic if there is a one-to-one correspondence between 
the elements of A and A 1 and C and C 1 where A and C correspond 
to L and A* and C* correspond to L*. 

If L and L* are defined over the same algebraic structure 
say P n [W(a)] as seen in Example 3*6*4 L and L' can be isomorphic 

r / 

if A* = rA and C 1 - rC where r is a unit in Pp[W(a)]* For a 
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state x in L there is a corresponding state 9 * rX in L‘. Also 
as seen in Example 3.6«5 L and L* can be isomorphic if 
A’ = QAcf 1 and C» = Ccf 1 

where Q is any nonsingular matrix over P??[W(a)]. For a state 
x in L there is a corresponding state 0 = Qx in L' . Because of 
the one-to-one correspondence between their states, L and L 1 
have identical or isomorphic state diagrams. Their state 
response and autonomous response are hence isomorphic. Further 
from Lemma 4.1.9, they have the same figure of merit. 

In the following example we consider the state cycles of 
p|[a 2 +l]-LSS and z| -LSS ~ p|[a 2 +l]-LSS and see that the state 
diagrams are isomorphic. 


Example 4.1.11 

1 1 


over 


p|[a 2 +l]. We obtain the state 


a 1+a 
cycles using the relation 


x 1 = Ax 

and write the state cycles as a sequence of states given in 
Table 4.1.2a. Since |aJ » 1, A is nonsingular. 



375 


Table 4.1.2a Sequence of States of P^Ca^+lJ-LSS of 

Example 4.1.11 


Initial State sequence Cycle 

state length 

* 



— o 

The characteristic matrix A of isomorphic ^“LSS is 


10 10 

0 1 0 1 

A * 

0 1 11 


1 0 


1 1 





The 2x2 submatrices of A are obtained from the correspondence 
discussed in Section 2.6. We write the state cycles of Z^-LSS 
as a sequence of states given in Table 4.1.2b. The states here 
are 4-tuples over GF(2) • We use the relation 

x’ * Ax 

o 

Table 4.1«2b Sequence of States of ^-LSS of Example 4.1.11 


Initial State sequence Cycle 

state length 



One 



Six 


Six 


1 

1 

1 


1 

1 

1 


0 

0 

1 


r 

l 

o 


Three 
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From this example it is seen that the two state diagrams 
are isomorphic. The correspondence between the states in 2nd 
order P^Ca^+lj-LSS and z|-LSS are 




“l“ 



"o' 



"o" 



"o" 

r— — 




— — 




mm rnmm 




— — j 



I 


0 


0 


0 


a 


1 


.0 


0 

0 


0 


1 - 


1 


0 ^ 

4- 

0 


a 

♦» 

0 



0 ! 
m* mm 








_0_ 


L j 


_1 _ 


The other states can be expressed as the linear combination 

fk o 

of these over GF(2). Period of A is 6, and Hence F “ 15 = 5 * 
The fact that state diagrams of isomorphic P*?[W(a)]-LSS, are 
isomorphic to each other, is utilised in the next section for 
obtaining the cycle length decomposition of any given p£[w(a)]- 
LSS in terms of the cycle length decomposition of isomorphic 
canonical pJJ[W(a)]-LSS. 

r ^ 

4.2 CYCLE LENGTH DECOMPOSITION OF NONSINGULAR P{J[W(a)]-LSS 

We have seen that all the states of a nonsingular LSS are 
cyclic states. Two states x g and x^ are in the same cycle iff 
for some j, x^ - A^x a . x a and x^ are then said to be A-equi va- 
lent. This equivalence relation partitions the set S x of all 
states into disjoint classes. Each cycle in the state diagram 
of a nonsingular autonomous LSS constitutes an equivalence 
class. 

Consider a nonsingular autonomous Pp[W(a)]-LSS with p^ 

state cycles of length c* and £ p. c. = p . The r-tuple 

i i=l 1 1 
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, •••) c^) ] ^ s 

is called the cycle length decomposition of states of the 
given LSS. 2 depends on the particular A associated with the 
system under consideration. Since the autonomous response of 
LSS is state sequence modified by the matrix C, Z may be used 
to obtain all possible periods of output sequences and the 
number of sequences with these periods. As we have seen in 
Section 4.1, Z can also be used to compute the period T of its 
characteristic matrix A, where T = 1cm (c^,C2» . .., c r ) • As we 
shall see in Section 4.4, when c = [l 0 O] Z can be used 
to obtainbounds on the number of levels of Hamming correlation 
functions of output sequences. 

Given a nonsingular P£[W(a)3-LSS, Z can always be obtained 
by state diagram. However, this procedure is complicated if 
the order of the system is large. Z can also be determined, 
without the state diagram, from the knowledge of the chara- 
cteristic matrix A of the p!?[W( a)]-LSS. The procedure for the 

r 

determination of Z of a nonsingular Pp[W(a)]-LSS depends on the 
ring P”[W(a)], When P!?[W(a)3 is a finite field, the procedure 

r r 

is well established [4, 12-14] • When Pp[W(a)] is a local ring, 
the isomorphism between systems and consequently isomorphism 
between their state diagrams are used to obtain the Z when 
Pp[W(a)3 is a direct sum of primary rings; the Z is obtained 
using the decomposition of Pp[W(a)]-LSS. 
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From the characteristic matrix ... of the 

decomposed subsystems , the cycle length decomposition 
^ 1 *^ 2 * ... of the subsystems are obtained which are then 
combined to get 2 of Pp[W(a)]-LSS. 

We have seen in Subsection 4.1*5 that isomorphic 
systems have isomorphic state diagrams and hence identical 
cycle length decomposition. Given a system with characteri- 
stic matrix A we find an isomorphic system whose cycle 
length decomposition can be obtained without the help of 
state diagram. If A is over finite field and if Q is any 
KxK nonsingular matrix over the same finite field then QAQ~^ 
and A are similar and give rise to identical cycle length 
decomposition [4,12-14]. 

If A is in canonical form its elementary divisor x(x), 
minimal polynomial m(x) and characteristic polynomial F(x) 
are same and can be written by inspection. The cycle length 
decomposition can then be computed in terms of the period of 
X(x). 

When A is in general form we first obtain its elementary 

divisors (Appendix D) . Let the elementary divisors be 
v ho h _ 

X^l(x), \ 2 (x), •••* A r (x), where X^x) is irreducible 

over GF(p) j i = 1,2, ... r. The form of matrix 
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where Mx is the companion matrix of is called the 

tr 1 

rational canonical form. Further A and are similar [4. 

12-14]. Hence the cycle length decomposition with respect to 

them are identical. A system with characteristic matrix A 

rc 

can be assumed to be isomorphic to a combination of systems 
each having characteristic matrix which is in canonical form 
and is one of the block matrices in the diagonal of A^ • £ with 

respect to A is then computed in terms of the cycle length de- 
composition with respect to each of the block matrices in A rc . 

If Pp[v'f(a)] is a local ring that is,W(a) power of an irre- 
ducible polynomial we find characteristic matrix A of an isomor- 
phic GF(p)-LSS and obtain the cycle length decomposition by 
knowing the elementary divisors of A over GF(p). 

When LSS L is over semisimple or semilocal P£[W(a)], it is 

r 

decomposed into systems . . .^L^where system is over 

hjiij hj 

Pp [W^ (a)] and has characteristic matrix A^ = A modulo 
[pj Wj*(a)]« If h^ - 1, A^ is over a field Pp^tW^^Ca)]^; GF(p *) 
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and 2^ can be obtained by computing the elementary divisors of 
A^. If > 1, is over a local ring and 2^ can be obtained 
by considering an isomorphic GF(p)-LSS with characteristic 
matrix A^. The 2 of system L is found in terms of •••2 y . 

Thus the key concept in obtaining the cycle length decom- 
position of a nonsingular Pp[W(a)]-LSS is to obtain an isomor- 
phic system whose cycle length decomposition can be written 
without the knowledge of actual state cycles. 

In what follows we give the details of the procedure for 
obtaining 2 of Pp[W(a)]-LSS corresponding to the following 
possible cases. 

t 

Case (i) LSS over primary Pp[W(a)]; P£[W(a)] is a finite field 
or local ring. 

Case (ii) LSS over direct sum of primary rings ; P!?[W(a)3 is 

F 

semisimple or semilocal. 

4.2.1 LSS over Primary P^ [VJ( a) 3 Rings 
(a) P^CWCa)] is a finite field. 

F 

When LSS is over a finite field p£[W(a)], the cycle length 
decomposition 2 of states of LSS is obtained in a manner similar 
to the 2 of GF(p)-LSS, that is from the knowledge of elementary 
divisors of the characteristic matrix A of the LSS as outlined 
below. The detail of the procedure for the determination of 
elementary divisors of A is outlined in Appendix D. 
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Given A, the matrix [xI-a] is brought to Smith’s 
canonical form, after performing elementary row and column 
operations* The diagonal elements of the canonical form are 
field elements or polynomials in x over GF(p n ) and are 
called invariant factors. The invariant factors are expressed 
as products of powers of irreducible polynomials over GF(p n ) , 
which are called elementary divisors of the invariant factors. 
The elementary divisors of all the invariant factors are 
called elementary divisors of matrix A [12,13,76] when A is in 
canonical form there is only one invariant polynomial which 
can be written by inspection. This polynomial is also the 
characteristic polynomial F(x) of A, defined in Section 3.2* 

Cycle length decomposition can be obtained from the 
knowledge of periods of elementary divisors as explained 
below* The procedure is similar to the case when A is over 
finite field GF(p). The determination of periods of poly- 
nomials over GF(p n ) is dealt in Appendix D. 

Let \^(x), of degree k^ be one of the elementary 
divisors over Pp[W(a)] ~ GF(p n )* 

i) if A^(x) is irreducible and primitive its period is 
jrtk* 

•( p -1) and gives rise to one nontrivial cycle of length 
(p nk i~l). This cycle is termed as the maximum length cycle. 
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ii) if X^(x) is irreducible over GF(p n ) but not primitive 

its period T divides (p n ^^-l) and gives rise to cycles 

of length T. 

iii) if elementary divisor is [X^(x)] b power of an irreducible 
polynomial over GF(p n ) , then let period of X^x) be T^, we 
find periods* 



i *■* 

where p J is the least integer such that P J > j. The cycle 

length decomposition is then given by 


~ 1U) , (T , (p 2kl -p nkl ) CT , ( P nhkl -p nC ' 

T. . U lj ; » T 0 . U 2j'» 

11 T hi 


n(n-l)k^ 


) 


Suppose] 


] 


(T^j) (4.2.1) 


)] 


and 


E 1 * ^ll^ c ll^» ^12^ c 12^» li ls 1 ^ c ls 1 


Z 2 * ^21^ c 21^» ^2^22^ *•*» ^2 s 2 ^ c 2s 2 ^ 


be the cycle length decomposition corresponding to elementary 

hi h 2 

divisors X^ (x) and X 2 (x) of matrix A* Then the product 
cycle length decomposition E = Ej 2 2 is 9 iven b Y 


- ^21^ c 21^* ^ls^ls^ ^2 s 2 ^ c 2s 2 ^ 
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product of all pairs of cycle length terms* 

Let |t 1m ( c i m ) be a typical term in the product then 

= /'ll j , c lm )( lcm ( =i j > c lm ) ) • 

In general if 2^, 2 ^* 2 r are the cycle length decompo- 

sition of the r elementary divisors of A, then 


2 - i » • • 


Example 4.2*1 

ft A 

Consider a second order LSS over P^ta +a+l] £ GF(2 ) 

whose characteristic matrix is A » j"® "*'~j . The invariant 

T a ^ I 

A *— •** A A 

polynomial is (x+ax+a) which is primitive over P^Ca^+a+l] 

GF(2 ) . Hence all the nonzero states lie in a cycle of length 

2 2 2 2 
(2 ) -1 = 15* The sequence of states over P^ta +a+l] is given 

in Table 4.2,1a* 


If the P^Ca^+a+ll-LSS is analysed in terms of isomorphic 
GF(2)-LSS, then the corresponding characteristic matrix 


A * 


0 0 10 

O 0 0 1 

O 1 0 1 

11 11 


where the 2x2 submatrices of A are obtained from the elements 

2r 2 

of A using the correspondence between elements of P^La +a+l] 
and ring of matrices £ P^Ca^+a+l] given in Section 2.6. 



385 


Table ^.2.1a State sequences of P^Ca^+a+lj-LSS of 
Example 4.2*1 z 


Initial State sequence Cycle 

state length 



Table 4.2.1b 

State Sequences of GF(2)-LSS £ P 
of Example 4.2.1 

f[a 2 +a+l]-LSS 

Initial 

State sequence 

Cycle 

state 


length 


0 

0 

0 

0 



1 

0 

0 

0 



0 

0 

0 

1 


0 

1 

1 

1 


1 0 
1 1 
0 0 
1 1 


0 0 

1 o 

0 1 

0 1 


1 1 
1 0 
1 1 
0 1 


1 1 
1 1 
1 0 
1 0 


0 10 
0 0 1 
10 1 
0 10 



1 


15 
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The sequence of states with components of states from 
GF(2) is given in Table 4*2. lb. 

A has only one elementary divisor (x>x°+l) over GF(2). 
This is a primitive polynomial of degree 4 over GF(2). Hence 
the cycle length decomposition is (l(l), 1(15)]. 

T * 15, (p nK -l) * (2 2 ) 2 -! = 15. Hence F = = 1. 


Example 4.2.2 


Consider a second 
matrix A 


~0 1 
_1 1 


2 2 

order P^La +a+l]-LSS whose characteristic 
over P^Ca^+a+l] GF(2^). The invari— 


2 2 2 

ant factor of . [xI-A] is (x +x+l) over P^Ca +a+l]. 

0 2 2 r 2 

(x +x+l) = ( x+a) (x+a ) over Pgta +a+l]. Hence the elementary 
divisors of A are (x+a) and (x+a ). The exponent of (x+a) is 3* 
Therefore, cycle length decomposition corresponding to elemen- 
tary divisor (x+a) is (1(1), 1(3)]. 


2 

The exponent of (x+a ) is 3. Therefore, cycle length decompo- 
sition corresponding to elementary divisor (x+a ) is (l(l),l(3)]* 

Or O 

The cycle length decomposition of states of P^Ca +a+l]-LSS is 


[1(1),1(3)][1(1),1(3)] * (1(1), 5(3)]. 

2 2 

The sequence of states over P^Ca +a+l] is given in Table 
4 #2 »2a • 
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fs rt 

Table 4.2.2a State Sequences of P^ta^+a+lj-LSS of 

Example 4*2*2 



Or O 

If we analyse the PgLa +a+l]-LSS in terms of isomorphic 
GF(2)-LSS, then the characteristic matrix A of GF(2)-LSS over 
GF(2) is a 4x4 matrix* 


A 



0 ,10 

0 *01 


0 10 
t 

1 ‘01 


* 


The 2x2 submatrices of A are obtained from elements of A using 
the correspondence established in Section 2.6. 


The sequence of states over GF(2) is given in Table 
4.2.2b. 

MW ft 

The invariant polynomials of [xI-A 3 a*© (x +x+l) and 

2 2 
(x +x+l). Hence the elementary divisors are (x +x+l) and 

2 2 

(x +x+l). (x +x+l) gives rise to a cycle length decomposition 
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Table 4.2.2b State Sequences of GF(2)-LSS £ P^Ca^+a+lJ-LSS 

of Example 4.2*2 






m 

9 




0 

1 

1 

0 



Therefore, the cycle length decomposition of states of GF(2)-LSS 
with the characteristic matrix A is 

[1(1), 1(3)3 [1(D, 1(3)] ®[1(D, 5(3)3 • 

(b) P^[W(a)3 is a Local ring : 

r 

h l 

W(a) = W 1 4 '(a) ; where W^(a) is irreducible over GF(p) . 

Since Pp[w(a)] is a ring, the procedure for the determination of 
cycle length decomposition adopted when P^[W(a)3 is a field is 

r 

not applicable here* This is because division, in general is not 
permitted in the ring P^[W(a)3« However, the cycle length 

r 
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decomposition can be found from the state diagram or by 
obtaining elementary divisors of matrix A over GF(p). The 
state diagrams of Pp[‘//(a)]-LSS with characteristic matrix A 
and that of GF(p)-LSS with characteristic matrix A are iso- 
morphic. 


In the case of finite fields it is possible to have one 

-t/ 

nontrivial cycle of length (p -1) in the state diagram of a 
GF(p n )-LSS. This is not so when the LSS is defined over a 
ring P*J[Vil(a)3. 

r' 

From the Corollary 4.1.1 it follows that the number of 
nontrivial cycles in the state diagram is at least (h.-l) and 
hence it is not possible to have a state cycle of length 
(p -1). The maximum cycle length that can be obtained is 
equal to the period of the matrix A, as we have already seen 
in Subsection 4.1.4. The actual number of cycles and their 
length are considered here. The procedure is illustrated in 
the following examples. 


A A 

over P^ta +l]. Since A is over a 


Example 4.2.3 

1 1 

Let A = 

a 1+a 

ring the technique of case (i) to obtain cycle length decompo- 
sition can not be applied here. Since determinant of A t 


|a| * 1 is nonsingular. Hence all states are cyclic. The 
state cycles are enumerated in Example 4.1.11. and the cycle 
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length decomposition is [l(l), 1(3), 2(6)]. Period of A is 6 
and F * 6/15. The cycle length decomposition can also be * 
obtained by considering the characteristic matrix A of an 
isomorphic GF(2)-LSS. We then have 

1 0 | 1 0 

0 1 ! 0 1 

A* " 

0 1 11 
i 

i o ; i i 

... o o 

The elementary divisor of A is (x +x+l) over GF(2). This is 
square of an irreducible polynomial. The cycle length decompo- 
sition is [l(l), 1(3), 2(6)]. The state cycles are enumerated 
as sequence of states in Example 4.1.11. Vie note here that 12 
initial conditions out of 16 give rise to a sequence of length 
6. Period T of A is 6 and henceF=6/l5. 

* 

Example 4.2.4 

A A 

Consider the 2nd order LSS of Example 3.4.3 over P^ta +1]. 
The characteristic matrix of the system is 

[ I+a a 

- 1 °. 

Since the elements are from a ring, the technique of case (i) 
to obtain the cycle length decomposition can not be applied here. 
The state cycles are given below. 
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The cycle length decomposition is 

[4(1), 2(2), 2(4)] 


He note here that 8 initial states out of 16 give sequences of 
length 4. Period T of A is 4 and hence F = 4/15. The cycle 
length decomposition can also be found from the characteristic 
matrix A of an sisomorphic GF(2)-LSS. 



as obtained in Example 3.4.3, the elementary divisors of A 

O 

are (x+1), (x+1) . The cycle length decomposition corresponding 
to (x+1) is 2(1). The cycle length decomposition corresponding 
to .elementary divisor (x+1) , is obtained using the result 
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for GF(2) and is [2(1), 1(2), 1(4)]. The combined cycle length 
decomposition E of states of LSS is the product of these two 

Z - 2(1) [2(1), 1(2), 1(4)] 

= [4(1), 2(2), 2(4)] . 

The state cycles over GF(2) are given below. 



V v V v 



We note here that 8 initial states out of 16 give sequences of 
length 4. Period T of A is 4 and hence F = 4/15. ^ 

We have seen that when A is a KxK matrix over P^[W(a)] 

r 

where W(a) is a power of an irreducible polynomial the cycle 
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length decomposition is obtained in terms of elementary divi- 
sors of the rKxnK* matrix A over GF(p). The elementary divi- 
sors of A are found by reducing the nKxnK matrix [xI-A] to 
Smith's canonical form. However, if A itself is in canonical 
form, the Smith* s canonical foim of [xI-A] will give the 
invariant polynomial x ^ - Z a^x^”*, where a.6 Pp[W(a)]. We 
obtain the invariant polynomials over GF(p) by replacing a^ 
by appropriate matrices over GF(p) , writing the matrix polyno- 
mial as the corresponding polynomial matrix, and performing the 
elementary row and column operations on the nxn polynomial 
matrix. Thus when A is in canonical foxm we have to handle an 
nxn polynomial matrix over GF(p), instead of nKxnK polynomial 
matrix [xI-A] where A is a general matrix. 

We summarise the procedure below, where A is assumed to be 
in canonical form. 


The minimal polynomial of A can be written by inspection 


which is 


m(x) 


K 

x 


K 

Z 

i-1 



where a^ e Pp[W(a)] • 

To get the cycle length decomposition we make use of the iso- 
morphism between PjJ[W(a)3 if 2 p[W]. Replacing a^^ by appropriate 
matrices we get the matrix polynomial 

x K I -la. x K_1 
i=l ” 1 

where a^ Pp[W(a)3 a^ e m£[W}. 
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The matrix polynomial is written as a polynomial matrix 
whose elements are polynomials of degree < K over GF(p). 

By performing elementary row and column operations on this 
matrix we obtain the invariant polynomials and the elementary 
divisors over GF(p). Using the results from GF(p) the cycle 
length decomposition £ is determined. Since the Pp[W(a)3-LSS 
and Zp[W]-LSS are isomorphic the cycle length decomposition of 
p£tW(a)]-LSS is also £. 

r 


Example 4,2,5 


Consider P^fa^+ll-LSS. With A = 


1+a+a 


a 


2 2 

The invariant polynomial of A is x +ax+( 1+a+a ) which is also 
the characteristic polynomial over P^ta^+l]. Using the 
correspondence 


OOOl 
10 0 0 
0 10 0 
0 0 10 


The characteristic polynomial of A in matrix polynomial 
form is 


1 

0 

O 

o 


0 

1 
0 
o 


o o 

0 o 

1 0 
0 1 


+ x 


0 0 0 1 
10 0 0 
0 10 0 
0 0 10 


10 11 
110 1 
1110 
0 111 



395 


The corresponding polynomial matrix is 


x 2 +l 0 1 

x+1 x 2 +l 0 

1 x+1 x 2 +l 

O 1 x+1 


x+1 

1 

0 


x 2 +l 


We perform elementary row and column operations to get 

8 4 2 4 

the invariant polynomial (x +x +1) = (x +x+l) and thus the 
elementary divisor is a power of an irreducible polynomial 
over GF(2). The cycle length decomposition corresponding to 
this elementary divisor is 


[1(1), 1(3), 2(6), 20(12)] . # 

4.2,2 LSS Over Direct Sum of Primary P^[W(a)] Rings 

r 

V 

(a) Pj?[W(a)] a semisimple ring; V/(a) = n W. (a), where W^(a) 

P i=l 1 

are irreducible over GF(p). As seen in Subsection -.4.2.1, .when 

W(a) is irreducible over GF(p) if A has one elementary divisor 

which is primitive over Pf?['W(a)], then the state diagram has 

r 

only two cycles; one the trivial cycle and the other of length 

»t/ 

(p -l) contains all the nonzero states. However, when 

Pp[W(a)] is semisimple such case will not arise. It follows 

from Corollary 4.1.2 that the number of nontrivial cycles in 

V 

a state diagram is (2 -2) and hence it is not possible to have 

mV 

a period (p -1). If A is in canonical form, maximum length of 
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a cycle is T, the period of A. The actual number of cycles 
and their periods are considered here. 

Consider the case v = 2 that is W(a) = W^(a).W 2 (a), 
where W^(a) and are irreducible polynomials of degree 

and ^ respectively, over GF(p), and obtain relation bet- 
ween state periods. 

We have seen in Section 2.4 that 

Pp[W(a)] = Jj+J2 moduloCp; W(a)] 

and Pp[W(a)] - Fp 1 [W 1 (a)]© Pp 2 [W 2 (a)3 

and J2 are the ideals generated by orthogonal idempotents 
in p£[W(a)]. Then A can be written as 

r 

A = Aj^ + A2 modulo[pj W(a)] 
and elements of A i are from ; i = 1,2, 

The set of all states of p£[W(a)3-LSS is a p£[W( a) 3-module S x 
of rank K. As seen in Section 2.4, when p£[W(a)] is semi- 
simple the P^[*7( a) 3-module S can be written as the direct 
svmi of Pp[W( a) 3-submodules S^^, where S i is the set of all 
K-tuples from J^, i = 1,2. 

That is S x = 8^82, where the addition is pointwise modulo 
[p; W(a)3 * 

The cycle length decomposition of P^[W( a) 3-module S with 

P A 

respect to A depends on the cycle length decomposition of 
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Pp[W(a)]-submodules S x and S 2 with respect to A x and ^ res- 
pectively. Let x 6 S x be any arbitrary state. Every element 
in S x is a unique sum of elements from and S 2 « 

Then x = x^+X 2 where x^6 ; i = 1,2. The least 

integer c^ such that A ^x^ = x^ is called the period of the 
state x^; c^ is numerically equal to the length of state 
cycle containing x^; i = 1,2, The period c of x and c^,C 2 
are related. We prove this below. 

Lemma 4.2.1 

The period c of x = x i +x 2> x i e ; i = 1,2 is 
1cm ( C ^,C 2 ) . 

Proof : 

Let c 1 = 1cm (c^ Cg) 
and period of x be c. 

We have seen in Section 3.3 that 
A = A^ + A^ 

Hence 

x = a c x - Aj x x + a| X2 

= x l +x 2 

This implies CjJc and c 2 |c and c is the least such 
integer. Hence c = 1cm ( c i» c 2)* 
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Making use of the Lemma 4,2 $1, outline a procedure 
to obtain the cycle length decomposition of states in S x in 
terms of cycle length decomposition of states in S.^ and S 2 . 
Suppose the cycle length decomposition of with respect to 
Ajl is [l(D, and that of S 2 with respect to A 2 is 

[l(l), p 2 (c 2 )] respectively. p^(c^) denotes cycles each 
of period c^. This implies that there are |a 1 c 1 nonzero K- 
tuples with elements from that is elements from S^, 

likewise there are p 2 c 2 nonzero K-tuples with elements from J 2 
that is ^2 c 2 nonzero elements in S 2 . Referring to Section 3.2 
we see that c^ and c 2 can be atmost and T 2 respectively, where 
T* is the pseudo period of A i (Section 3.3), cjh^ ; i » 1,2. 

As mentioned earlier since every element x 6 S x is a unique sum 
of Xj^e Sj^ and x 2 6S 2 , we have ^ 0^2 *2 nonzero states in S x . 

From the result of the Lemma 4.2,1, every xeS x , has a period c 
equal to the 1cm (c^c 2 ). We have li 1 c 1 ii 2 c 2 states in S x each 
with period c. Hence the number of cycles of states with 
period c is given by 

^1 C 1^2 C 2 ^ 2 c 1 c 2 

lcm(c^c 2 ) “ lcm(c^c 2 ) ” ^1^2 9 cd ( c f c 2^ (4.2.2) 

The cycle length decomposition of all states x6S x satisfying 
the relation (4.2.2) is given by 


9 cd (c lt c 2 )(c) 


(4.2.3) 
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Expression (4.2.3) is called the product of two cycle length 
terms given by 

C^2^2^ * ^1^2 9 cd (°i» c 2^ c ^ (4.2.4) 


The other terms in the cycle length decomposition of S x 
with respect to A a5rc found as follows : 

x = O is in the trivial cycle. This cycle is denoted 
by 1(1) 

x of the form x^+O gives the cycle length term p^(c^) 

x of the form O+X 2 gives the cycle length term P2^ c 2^* 

The product cycle length decomposition of two cycle length 
decompositionsof [l(l) ,^( 0 ^)] and [l(l) ,p 2 (c 2 )] * s ^ us 
equal to [l(l), pjC^)] [1(1), p 2 (c 2 )] * C 1 ( 1 )» ^C^)* 

^2^2^ f [p 2 (^ 2 ^^ * 

which is equal to all the possible product cycle length terms. 

Using relation (4.2.4) we have the cycle length decomposi- 
tion of S 


[i( i) >Pj^( 3 [l( 1 ) » ^ 2 ^ 2 ^ * 

PjP2 (4.2*5) 


In general » 

if Z 1 m Cp^f^), ^i2^ c i2^ * *•* ,i ls 1 ^ c ls 1 ^ 
and I 2 « ^21 ^ c 21^» ^22^22 ••• ^2s 2 ^ c 2s 2 ^ 

are the cycle length decompositions of with respect to and 
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S 2 with respect to respectively, then the cycle length 
decomposition E of S with respect to A is given by the product 
£^ 2 * The cycle length terms of £ are all the possible 
product cycle length terms in E^ and £ 2 

S 1 E 2 " ^ll^ c ll^ ^21^ C 21^» *** ^ll^ c ll^ ^2 s 2 ^ C 2s 2 ^ ' 

^12^ C 12^ ^21^ c 2l^* **' ^12^ C 12^ ^2 s 2 ^ C 2s 2 ^ 

^ls^ls^ ^21^21^* •* ^ls^ls^ ^2 s 2 ^ C 2s 2 ^ 

In general if Pp[W(a)] = Jjl + ^ 2 + . . . J y , then 
A *» A^+Ag+ . A y modulo[p; «V(a)] and 

and = S 1 +S 2 + * • • 

With cycle length decomposition £ i of with respect to A^ 
i as 1,2, ,..v ; then the cycle length decomposition of S with 

respect to A is 

£ ® £^£2 • • • £ y • 

Example 4.2.6 

Consider the ring P^fa^+l]* pfta^+l] = <a^+a+l>+<a^+a>, 

2 2 2 
where = <a +a+l> * {0, 1+a+a } and J 2 = <a +a> 

2 2 

a* CO, a+a , 1+a , 1+a} . Consider the characteristic matrix 

fo 1 


A * 


a 


1 


which is in canonical form*We have. 
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2 2 3 

1 ® (a +a+l) + (a +a) modulo[2; a +l] and 

2 2 3 

a = (1+a+a ) + (1+a ) modulo[2; a +l]. 

is a module of 2-tuples over and has 4 elements and S 2 
is a module of 2-tuples over J 2 and has 16 elements. 

A ** A2+A2 


1+a+a 


1+a+a 


1+a+a 


1+a 


a+a 


a+a 


modulo[2; a +l] 


Cycle length decomposition [l(l), 1(3)] of with respect to 
is given below, in terms of state sequences ; 


M 


'l+a+a 2 

0 

1+a+a 2 \ 

(J 

7 

l ° 

9 

1+a+a 

1+a+a 2 j 


Cycle length decomposition [1(1), 1(15)] of S 2 with respect to 
P %2 is given below in terms of state sequences. 

fo! 


/a+a 2 

0 

1+a 2 

1+a 2 

a+a 2 

1+a 2 

C 

u 

1+a 2 

1+a 2 

a+a 2 

1+a 2 

0 

1+a 

1+a 

1+a 2 

1+a 

0 

a+a 2 

a+a 2 

1+a 

l + a 2 

1+a 

0 

2 

a+a 

a+a 2 

1+a 

’ , 2 
a+a 


Continuing the example 
We see that 


1+a 

1+a 


) 


1+a 

1+a 5 
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« <a 2 +a+l> w P^Ca+l] 

and 

J 2 “ <a +a> SL PgCa +a+l3 • Thus product of two 

nonzero elements in the ideal results in a unique nonzero 
element* 

Hence elementary row and column operations can be 
performed on 

[at e^(a) I-Aj] and [x e 2 (a) 1-^3 to get the elementary 
divisors* Elementary divisor X^( x) of is 
2 2 2 2 

Xll( x ) » (a +a+l) x + (a +a+l)x + (a +a+l) over where 
o 

3 5=5 0j( ft) 6 Jja 

We see that, (a 2 +a+l) x^ * (a 2 +a+l) modulo[2; a^+l] 

That is, 3 is the least integer such that 

2 3 2 

Xn(x).g(x) ss (a +a+l) x +(a +a+l), where g(x) is a poly- 
nomial over J^. We call 3 as the pseudo period of Axx( x )* 
Likewise the elementary divisor x 2 i( x ) *2 is 
XgiCx) * (a 2 +a) x 2 +(a 2 +a)x + (a 2 +l) over J 2 * 

We see that (a 2 +a)x^ * (a 2 +a) moduio[2; a^+l] 

That is, 15 is the least integer such that 

*2l(*)*92l* x ) * (a 2 +a)x 15 +(a 2 +a) 
where g ^ ( x) is a polynomial over J 2 * 

We call 15 as the pseudo period of X 2 ^(x)* We note 
here that the pseudo periods of and pseudo period of its 
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minimal polynomial m^(x) are same ; i « 1,2, The product of 
cycle length decomposition using (4.2.5) [1(1), 1(3)3 » 
[1(1), 1(15)3 = [1(1), 1(3), 1(15), 3(15)] - [1(1),1(3),4(15>] . 


These cycles are given in Table 4.2.3a. Out of 64 initial 
states 60 initial states give rise to a sequence of length 15. 
Period T of A is 15, and number of nonzero states 63. Hence 
figure of merit F * 15/63. The characteristic matrix A 
of isomorphic GF(2)-LSS is 


A « 


0 0 0 

0 0 0 

0 0 0 

0 0 1 

10 0 
0 0 1 

— 


10 0 
0 10 
0 0 1 

10 0 
0 10 
0 0 1 


The 3x3 submatrices are obtained from the elements of A and 
using the correspondence between elements of Pp[W(a)3 and m£[W] 
established in Section 2.6. 


The invariant polynomial of A over GF(2) is ( x^+x^+x^+x^+l) . 

0 A 

The elementary divisors are ( x +x+l) , ( x +x+l) • 


The cycle length decomposition of states is the product 
cycle length decomposition 

[1(1), 1(3)3 [1(D, 1(15)3 « [1(1), 1(3) ,4(15)3 . 

The six cycles are given in Table 4.2.3b. 
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Table 4*2*3a State Cycles of P^a^+lj-LSS of Example 4*2.6 


l+a+a l+a+a 0 > 

o 

l+a+a 0 l+a+a y 

10a a 


0 

a 

a 

a+a 2 

a 

l+a+a 2 

1+a 

a 2 

a 

a 

a+a 2 

a 

2 

l+a+a 

1+a 

2 

a 

a 


a 

1+a 

l+a+a 

2 i 

a+a 2 

2 \ 

3 \ 



1+a 

l+a+a 

2 1 

a+a 2 

2 

a 

i ) 


0 

2 

2 

a 

1+a 2 

2 

a 

l+a+a 2 

5 2 
a+a 

1 

2 

a 

2 

1+a 2 

2 

a 

l+a+a 2 

a+a 2 

1 

2 

a 

a+a 2 

l+a+a 2 

a 

1+a 2 




l+a+a 2 

a 

1+a 2 

1 

a j 




1 1+a l+a+a 

2 2 2 
1+a l+a+a a 


1+a 1 

2 2 


l+a+a 


l+a+a 1+a* 


fr+a 

0 

a+a 2 

a+a 2 

1+a 

a+a 2 

0 

1+a 2 

1+a' 

\o 

a+a 2 

a+a 2 

1+a 

a+a 2 

0 

1+a 2 

1+a 2 

a+a' 

a+a 2 

1+a 2 

0 

1+a 

1+a 

1+a 2 \ 




1+a 2 

0 

1+a 

1+a 

1+a 2 

1+a / 
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Table 4.2.3b State Cycles of 2 S-LSS ~ pf[a 3 +l]-LSS of 
Example 4.2.6 z A 



0 
0 
0 
1 
1 
1 

0 0 0 
111 
0 0 1 
0 0 0 
111 
0 10 

0 0 1 
0 0 0 
111 
0 10 
0 0 0 
111 

111 
0 0 1 
0 0 0 
0 10 
0 0 0 

0 0 1 
111 
110 
0 10 
111 
10 1 


0 110 0 1 
1110 11 
0 10 10 0 
110 0 11 
110111 
10 10 0 1 

0 10 10 0 
0 110 0 1 
1110 11 
10 10 0 1 
110 0 11 
110 111 

1110 11 
0 10 10 0 
0 110 0 1 
10 10 0 1 
110 0 11 

0 0 1 10 1 
1 0 0 0 1 0 
10 1111 
0 110 10 
0 0 0 1 0 0 
0 11110 


1 

1 

1 

1 

0 

0 

1 

1 

1 

0 

1 

1 

1 

1 

1 

0 

1 

0 

0 

0 

1 

1 

0 


1 

0 

0 

0 

1 

1 

0 

1 

0 

1 

0 

1 

0 

0 

1 

1 

0 

1 

1 

0 

1 

1 

0 


0 

1 

1 

0 

0 

1 

1 

0 

1 

1 

0 

0 

1 

1 

0 

1 

0 

1 

1 

0 

1 
0 
1 
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We note here that there is one to one correspondence between 
the state cycles of p|[a 3 +l]-LSS of order 2 and the isomorphic 
GF(2)-LSS of order 6. Out of 64 initial states 60 initial 
state give rise to a sequence of length 15. 

We have seen in Section 3.3 that when Pp[W(a)] is semi- 
simple the matrix A can be expressed as the internal direct 
sum of matrices over ideals generated by orthogonal idempotents 
in Pp[W(a)]* Since each of these matrices have elements from 
the ring Pp[W(a)3, the cycle length decomposition is obtained 
by enumeration* However, if we consider the external direct 
sum of Pp[W(a)3, each component of the direct summand is a 
field, A then has external direct sum components A£,A£, ,«*A^ 
which are over finite fields* The cycle length decomposition 
corresponding to each of the component A£ is determined 
using the results of case (i). 2 is then computed as 

Si s^ ... z*. 

We have 

PptW(a)] ~ Pp^W^a)]© ... © Pp* tV a >3 

W^(a) irreducible polynomial of degree njover GF(p). 

I^CWiU)] £ GFfp" 1 ) 

n. 

Hence A ? [A^, A£, ..., A», ] where A£ is over Pp [W^a)], 

i = 1,2, ...v . 
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The set of all K-tuples over which constitutes the Pp[W(a)]- 
submodule S. of S is hence isomorphic to the set of all K-tuples 
over PpHw^Ca)] which is a Pp^[W^( a)] -submodule S ^5 i=l,2, ...v • 

The cycle length decomposition E^ of with respect to 
is hence equal to the cycle length decomposition of Sj^ with 
respect to A| i * 1,2, ... v . 

The cycle length decomposition £ of S with respect to A is equal 
to E ® E^ ••• 

= E£ ... 2£ 

The cycle length decomposition of with respect to A£ can be 
determined using the results for the case of finite field 

Hj Ha 

Pp^fW^a)] ~ GF <P )• Foregoing discussion proves the following 
theorem. 

Theorem 4.2.1 

Let Pp[W(a)] - P^tW^a)] ® ... <k P^D-V^a)] 

where W^(a) $ i a 1,2, ....v are irreducible over GF(p). 

The cycle length decomposition of with respect to Aj[ be ££. 
Then cycle length decomposition E of S with respect to A is given 
by 

E * E£ E£ ... E^ 

The theorem is illustrated in the following examples* 
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Example 4*2*7 

Consider A = 


0 1 

a 1 


over p|[a 3 +l] is Pglia+l] 

® p|[a 2 +a+l] 


A is in canonical form. Hence A£, are also in canonical 
form* 


^ * A mod[2; a+l] * 


0 l” 

1 1 


Elementary divisor of A^ is (x 2 +x+l) which is primitive over 
PgU+l] - GF(2). 

Hence, El * [l(l), 1(3)] . 

X — * 

2 I 0 1 

AJ> ® A mod[2, a +a+l] * 

Elementary divisor of A£ is (x 2 +x+a) which is primitive over 
p|[a 2 +a+l] £ GF(2 2 ) • Hence, E£ = [ 1(1), 1(15)], 
and cycle length decomposition of S with respect to A is 
E ■ - C(l), 1(3), 4(15)] . 

Example 4*2.8 

Consider the second order P^La^+lJ-LSS “ . . 

whose characteristic matrix 

fo X 

A * 2 

I a 2 a+l 

p|[a 3 +l] - P*[a+l] e P 2 Ca 2 +a+l] 

A^ ■ A mod( a+l) = : : 
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2 

Elementary divisor of A^ is (x+1) over GF(2) cycle length 
decomposition of states with respect to A£ is ££ * [2(1), 1(2)] 


A^ * A mod[a 2 +a+l3 = 


0 1 
a+1 a+1 


2 

Elementary divisor of A1 is x +(a+l)x+(a+l) • This is primitive 

2r 2 n 

polynomial over the field P 2 [a +a+lj. Hence cycle length of 
states with respect to A£ is ££ = [l(l), 1(15)]. 

Cycle length decomposition £ of states of LSS with respect to A 
is 


£ = £ x £ 2 - [ 2(1), 1(2)3 [1(1)» 1(15)3 
* [2(1), 1(2), 2(15), 1(30)3 


The state cycles of length 1,2,15 
below* 



a 2 +a a 2 +l a 2 +l 0 

a 2 +l a 2 +l 0 a 2 +a 


and 30 respectively are given 


a 2 +l 

a+1 

a+1 

0 

a 2 +l 

a+1 

a+1 

0 

a 2 +l 

a 2 +a 

a 2 +a 

a+1 1 

i * 



a+1 

a 2 +a J 
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ii) 


a 


a 2 +a+l 


a 2 +a+l 


a 


a +a+l 1 


a 2 1 


a 

1 

1 


a 


a 


a +a+l 


a 


a 2 +a+l 


a 


a +a+l 


a 


a 2 +l 


a+l a +a+l 


a 2 +l 


a 


a 2 +l 


a 


a+l a 2 +a+l a 2 +l 


1 a^+l a 0 
a 2 +l a 0 1 


a+l 


a 2 +a 


a+l 1 a 2 +a a 2 +a+l 


2 

a +a+l 


a+l 


a+l 


a+l a 


2 

a a +a 


a+l a" 


a a +a a 


a 2 +l 


a 2 +l 


a 2 +a+l 


a 2 +a 


a 2 +a 


a 2 +a+l 


a 2 +a 


a 


a 2 +a 


The characteristic matrix A of an isomorphic GF(2)-LSS is 
given below, where the 3x3 submatrices are obtained using the 

3 

correspondence between elements of matrix A and the matrices ^ 
established in Section 2.6« 


I * 


0 0 0*1 0 0 

0 0 0*0 1 0 

0 O 0 ! 0 0 1 

0 1 0 ’ 1 0 1 

0 0 1 1 1 1 0 

i 

10 0*011 
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The elementary divisors of A are (x+1)^ and (x 4 +x 3 +l) over 
GF(2). 

2^ « [2(1), 1(2)] corresponding to (x+1) 

and Zj, * [1(1), 1(15)] corresponding to (x 4 +x 3 +l). 

The cycle length decomposition of states of GF(2)-LSS isomor- 
phic to the given p|[a 3 +l]-LSS is 

2 * E x Z 2 * [2(1), 1(2)] [1(1), 1(15)] =* [2(1), 1(2) ,2(15), 1(30)] 

We note here that the cycle length decomposition of states of 
the two isomorphic LSS are same* The state cycles are given 
below. 

State cycles of length 1 are 



State cycle of length 2 is 
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State cycles of length 15 

( 00011110 
11010110 
11001000 
00111101 
10101100 
10010001 


10 110 0 
0 1 0 0 0 1 
11110 1 
0 110 0 1 
1 0 0 0 1 1 
1110 10 



( 0010100 
0 0 110 11 
1 1 1 0 0 0 0 
0 10 10 0 1 
0 110 111 
1 1 0 0 0 0 1 


1101110 o\ 

1000011 l\ 
101001101 
10111000 
00001010/ 
0100110 1 / 


State cycle of length 30, 

( 1001011111001110110100 
0000011000100101111100 
0011101101000001100010 
0010111110011101101000 
000011000100101111100 1 - 
0111011010000011000100 

0001100 o\ 

1110110 1 \ 
OlOllllll 
OOllOOOlj 
11011010 / 
10111110 / 


We note here that the state cycles of P^Ca^+lj-LSS of order 2 
have one to one correspondence with the state cycles of isomor- 
phic GF(2)-LSS of order 6. 

_ v h, 

(b) P„[W(a)] is a semilocal Ring : W(a) ■ % W.*(a), where 

p i=l 1 

W^(a) are distinct irreducible polynomials over GF(p)* 
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As seen in Theorem 2.2.1, the ring P^tW^)] has 

v 

h « % |(h.+l)]-2 ideals. Hence from Lemma 4.1.6, in the 

i=l u 1 

state diagram of Pp[W(a)]-LSS there are atleast h nontrivial 

cycles whose states have components from ideals only. Thus 

. 1 / 

it is not possible to have a state cycle with period (p -1) • 

If A is in canonical form the maximum length of a state cycle 
is equal to the period of A. The determination of cycle length 
decomposition is taken up below. 

We have 

Pp[W( a)] ~ Pp^t'^Ca)] 9 ..•©Pp i, ’ i [Wi i <a)]® ... 

® Pp V "*&£(.>] 

J 

The set S of all states of LSS constitute the P”[W( a)] -module S 
and 

S ~ e S£ $ ... e £t,J 

where is the submodule whose elements have components from 
h.n. h. 

P P C w i (a)3; 1 * lf2 > •••* 

The characteristic matrix, 

A £ [A^, Ag, ] 

h.n, h i 

where A| has components from Pp 1 1 [W i 1 (a)]. 
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W. 11 . 11. 

Since P 1 1 [W. (a)] is not a field, the technique used in 
P * 

case (a) for the determination of cycle length decomposition of 

Sj! with respect to can not be used here. However, cycle 

length decomposition can be determined by considering the 

corresponding characteristic matrix A| over GF(p). The 

h, n.xh. n. submatrices of A! are found using the correspondence 
1111 1 h.n. h. 

between the elements of A! over P [W. (a)] and the 

hi n i x hi n i matrices 6 Mp^Hw] over GF(p), discussed in 

Section 2.6. The cycle length decomposition Ejj is determined 

with respect to the h^n^Kxh^n-K matrix A£ over GF(p) 

i = 1,2, ...v « Then the cycle length decomposition E of 

S with respect to A is given by 
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To find E^ : 


Consider 


Since A£ is in canonical form the invariant polynomial is 
x^+ax+a over p|[a^+l]. The corresponding matrix polynomial 
over GF(2) is 


— — 

1 0 


— MM 

0 1 


O 1 


+x 


+ 


0 1 


1 0 


1 o 



L— — 


L- — 


and the polynomial matrix is 

o "" 

x x+1 

x+1 x^_ 

2 2 

The elementary divisors of this polynomial matrix is (x +x+l) 
over GF(2) • 


Hence E x = [l(l), 1(3), 2(6)]. 

To find Eg consider A£ which is in canonical form. 
Invariant polynomial of A£ is 

(x 2 +ax+a) over PgEta^+a+l)^] • 

The corresponding matrix polynomial is 


1 O 0 c 


0 0 0 1 


0 0 0 1 

0 10 0 

-1_ «/ 

10 0 0 

1- 

10 0 0 

0 0 10 

T X 

0 10 0 

T 

0 10 0 

0 0 0 1 


0 0 10 


0 0 10 

MM. MM 


-M 


MM. — 
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The corresponding polynomial matrix is 

0 0 x+1 

x 2 0 0 

x+1 x 2 0 

0 x+1 x 2 

. 4 *2 

The elementary divisor is (x +x+l) 

Hence Z 2 = [l(l), 1(15), 8(30)] . 

Hence cycle length decomposition of states of P 2 [a +l]-LSS is 

E « E x Z 2 * [1(1), 1(3), 2(6)] [1(1), 1(15), 8(30)] 

* [1(1), 1(3), 2(6), 4(15), 134(30)] . 

Out of 4096 initial states, 4020 initial states give a sequence 
of period 30. 

Period T of matrix A from the cycle length decomposition is 30. 
Figure of merit F of P 2 [a^+l]-LSS is equal to 30/4095 • 

4.3 AUTONOMOUS RESPONSE OF PjJ[W(a)]-LSS 

Having studied autonomous state response, we now consider 
the autonomous response of P£[’vV(a)]-LSS. Since the autonomous 
response is a fixed linear transformation of the state response, 
properties of the autonomous response can be obtained from the 
properties of the state response considered in the earlier two 
sections. In what follows, the term LSS means Pp[W(a)]-LSS. 


x+1 

O 

O 
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We first consider the nature of autonomous response. 

Since the autonomous response {y} with initial state x Q is 

Cy} * (y 0 *Yi» ) 

* { CA x^j c/x 0 , CA X Q , * ».) 

it follows that, i) the autonomous response {yj of a nil- 
potent LSS is ultimately a zero sequence, (ii) the autonomous 
response of a singular (but not nilpotent) LSS is periodic or 
ultimately periodic depending on the initial state, (iii) the 
autonomous response of a nonsingular LSS is periodic irres- 
pective of initial states. 

The nature of autonomous response, which depends on the 
nature of A, is summarised in Table 4.3.1. Since autonomous 
response equals the state sequence modified by the matrix C, 
properties of state sequences, given in Subsection 4.1.2, 
carry over to autonomous response. We summarise them below. 

1) If the initial state x has components from a single 

n 

ideal J in P [W(a)3, then the elements in the output sequence 

r 

are from the same ideal. 

2) Let Pj?[W(a)3 be semisimple and let the elements of A be 

r 

from an ideal generated by one of the orthogonal idempotents 
e^(a) 6 Pp[W(a)]. Further, let J Aj £ 0. Then (i) if the 
initial state x Q has components from J^, the output sequence is 
periodic (ii) if the initial state x Q has components from 
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Table 4.3.1 Nature of Autonomous Response 


Nature of 

A 

Nature of 

Autonomous 

response 

Remarks 

Singular 
and Nilpotent 

All the sequences 
are ultimately zero 

Irrespective 
of initial state 

Singular but 
not Nilpotent 

Sequence may be 
ultimately zero or 
ultimately periodic 
or periodic 

Depends on initial 
state 

Nonsingular 

All the sequences 
are periodic 

i 

Irrespective of 
initial state 
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Jj } j ^ i, then the output sequence is ultimately zero, 

(iii) for arbitrary initial state x Q , with at least one compo- 
nent a unit in P n [W(a)], the output sequence is ultimately 

P 

periodic with length of transient equal to 1* 

3) Let P n [W(a)] be semilocal and let the elements of A be from 
P 

an ideal generated by one of the orthogonal idempotents 
e.(a)6 Pj?[W(a)3* Then, (i) if | A j is a nilpotent element in 
J^, then the output sequence is ultimately periodic or ultima- 
tely zero (ii) if |A| is not a nilpotent in and the initial 
state x Q has components from J^, then the output sequence is 
periodic; if the initial state x Q has at least one component 
which is a unit in Pp[W(a)], then the output sequence is ulti- 
mately periodic with transient of length at most one* 

We now consider the relation between the period of the 
state cycle and the period of autonomous response of a non- 
singular LSS for a given initial state. First we show that the 
period of autonomous response Cy } divides the period T of the 
characteristic matrix A. 

Lemma 4.3.1 

The period of the autonomous response {y} of a non- 
singular LSS divides the period T of characteristic matrix A. 

Proof 

We have y N =* CA^x Q * The period of output sequence { y j be 
k. Then k is the least integer such that, y i+k * y i j for all i. 
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J. » J ^ i» then the output sequence is ultimately zero, 

J 

(iii) for arbitrary initial state x Q , with at least one compo- 
nent a unit in P£[W(a)], the output sequence is ultimately 

r 

periodic with length of transient equal to 1. 

3) Let P|?[W(a)] be semilocal and let the elements of A be from 

r 

an ideal generated by one of the orthogonal idempotents 
e^(a) 6 PptW(a)]. Then, (i) if |A| is a nilpotent element in 
then the output sequence is ultimately periodic or ultima- 
tely zero (ii) if j A| is not a nilpotent in and the initial 
state x Q has components from then the output sequence is 
periodic; if the initial state x Q has at least one component 
which .is a unit in Pp[W(a)3, then the output sequence is ulti- 
mately periodic with transient of length at most one. 

We now consider the relation between the period of the 
state cycle and the period of autonomous response of a non- 
singular LSS for a given initial state. First we show that the 
period of autonomous response {y } divides the period T of the 
characteristic matrix A. 

i 

Lemma 4.3.1 

The period of the autonomous response {y} of a non- 
singular LSS divides the period T of characteristic matrix A. 

Proof 

We have y^ =* CA N x Q . The period of output sequence ( y ) be 
k. Then k is the least integer such that, y i+l( . « y^ ; for all i 
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Since T is the period of A f we have 

CA i+T x Q = CA i x 0 , for all i, that is Y i+T “ Yj.* for a11 * 

Suppose k)fr then T * kq+r and r < k and y^, ■ Yj.+x " ^i+kq+r ,for 
all i; Since k is the period of £yj , this implies 
y^ 58 Y^ +r > for all i. Since r < k, this is a contradiction 
to the assumption that k is the period of {y} « Therefore, 
r a 0 and k|T. 

The sequence generated by a nonsingular Pp[W(a)]-LSS, 
thus can have a period atmost T, the period of the characteri- 
stic matrix A* We call the sequences of period T generated by 
Pp[w(a)]-LSS as maximum length sequences. For a single output 
nonsingular canonical LSS with C ® [l 0 ... 0] we have the 
following. 

Theorem 4.3.1 

Let L be a Kth order nonsingular canonical single output 
Pp[W(a)]-LSS with C « [1 0 ... 0], If a state x q = [x 0 (o>, 

j. . 

x^Co), x k«.i(°)j is in a state cycle of period T Q , then 

the autonomous response {yj , with initial values y^ * x^Co)} 
i = 1,2, . .., K-l will have the same period T Q . 

Proof 

Since the period of the state cycle containing the state 

T -1 

is T . the states x„, Ax,. ..., A 0 x^ are distinct, and 
oo o* r 

yi = C A 1 X 0 . 
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Since C - [l 0 ... 0] 
the sequence 

y * < y o’ y l» •**» y K-l» 

is a sequence of first component of states of • 

T -1 

x Q , Ax^ f ... A . 

Since A is in canonical form the first K components in the 
sequence y corresponds to the initial state x Q and the succe- 
ssive K-tuples are the successive states. 

Hence, 

y i ~ y i+T * y i+2T ' ’ * * y i+mT • 

0 0 0 

Now we show by contradiction that T 0 is the least integer 
satisfying the above equalities. 

Suppose 

( y 0 Yi •" y K -i> = ( y Tj y t+1/ ... y t+k _ 1 ) 

” (y 2 T/ Y 2t +!,’•• Y2T+K-1*’ 
that is, the period of sequence {yj is t < T o . 

Then a K-tuple starting from^y Q and a K-tuple starting from y^, 

are identical, which implies that the state sequence 

T -1 

(x Q , Ax q , ... A x 0 ) repeats with a period t < T Q . 
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This is a contradiction to the assumption that the period of 
state cycle containing x Q is T Q . Hence, the period of the 
sequence y can not be less than T Q . We now consider the stru- 
cture of autonomous response* 

The set of all output sequences of a Kth order autonomous 
GF(p n )-LSS with matrix C = [l 0 ••• 0], constitutes a vector 
space of dimension K* For a p£[w(a)]-Lss, we prove the follow- 
ing* 

Theorem 4*3*2 

The set of all output sequences of a Kth order autono- 
mous Pp[W(a)]-LSS with C * [l 0 ... 0] It a Pp[W( a) ] -module. 

Proof 

We have to show that is an additive abelian group and 
the following axioms are satisfied* 

i) b( £y } + £z}) - b£yj + b € z J 

ii) (b x +b 2 ) £y} * b x £y} + b 2 £yj 

iii) b x b 2 £y } ■ b x (b 2 £ y J ) 

iv) 1 {y } « £Y} 

where l,b lt b 2 ,be Pj}[W(a)], and £y j f £z} e s y * 



423 


Elements of Sy are sequences over Pp[W(a)] which is a 
commutative ring* Hence, Sy constitutes an abelian group 
under pointwise addition. Next we show that the sequences in 
Sy satisfy the module axioms listed above* 

i) The Nth element of the sequence Cy } and {z}are given by 

Y|q « C Xy ; Xy is the initial state 

z M — C x„ « x. is the initial state 

N z s z 

Nth element of the sequence bC{y} + £zj ) is 
b( {yj + { zj ) N * b C A N (x y +x 2 ) - b CA N x y + b CA N x 2 

- by N + bz N 

Hence b( {y} + { z} ) » (b jyj) + (b{zj ) . 

ii) Nth element of the sequence (b^+bg) CY} is ' 

(b x +b 2 )y N ■ (bj+b 2 ) C A N x y » b x C A N x y + b 2 C A N x y 

* blY N + Vn* 

Hence, (bj+b 2 ) Jyj « b x £ y j + b 2 jyj . 

iii) Nth element of the sequence b^bj {yj is 

b l b 2% = b l b 2 " b l (b 2 C * N Xy' 

Hence, bjb 2 {y } * b^^ {yj ). 4 
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iv) Nth element of the sequence l{yj is 
i.y N ■ l.C A N x y * C A N x y * y N 
Hence, l.{y} * {yj • 

At this stage it is not known whether S y is a free module in 
general* For the specific case when A is in canonical form S y 
is a free module of rank K as proved in the following theorem* 

Theorem 4*3*3 

The set S y of all the output sequences of a single output 
canonical nonsingular p£[W( a) ]-LSS with C * [l 0 ••• O] is a 
free module of rank K. 

Proof 

When the single output LSS is canonical, the output sequence 
corresponding to the initial state x Q , has the first K components 
equal to the K components of the state x 0 * That is, each ini- 
tial state results in a unique output sequence* Any state can 
be uniquely represented as the linear combination of the 
following K states. [10 ... 0] tr , [0 1 ... 0] tr , ..[0 0 0..l] tr . 

It, therefore, follows that any output sequence can be 
expressed as a linear combination of the K output sequences 
corresponding to the above K states. Hence, S y has a basis of 
K sequences and therefore, S y is a free module of rank K. 

* 
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nK 

The number of sequences in S y is equal to p • These 
sequences are periodic with period at most equal to T. If we 
place a window of width T over the p sequences belonging to 
Sy» we get a new set Sj of p sequences of length T. 

Let y = (y 0 ,y 1 , ..., Y-p^) be a sequence of length T. We 
denote the cyclic shift of y, by cr y = ••• * * n 

general cyclic shift by x positions is given by 

° T Y * ( y T-T * y T-t +1» •••* Y o» •**» y T-*r-l) ’ 

Now we prove that S,j, is closed under cyclic shifts* 

Lemma 4.3.2 

T 

If y 6 S^, then any cyclic shift ary of y is also a 
sequence in Sy. 

Proof 

y * (Cx y , CAx y , CA 2 x y , ... CA 7 ”^) 

Consider d Y= (CA T "* 1 x y , CXy, • •«, CA T “ 2 x y ) 

* (CCA^Xy), CACA^Xy), ... CA T-1 (A*' 1 x y )) 

It is the output sequence generated by the initial value A ~^x 

x y 

which is also in Sy. Thus in general oy is also in Sy* 

4.3.1 Autonomous Response of Canonical Pp[W(a)]-LSS, Linear 
Recursion Relations and Linear Recursion Sequences 

We show that the autonomous response of a single output 
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Kth order canonical LSS with C * [l 0 ••• 0] satisfies a linear 
recursion relation (LRR) over Pp[W(a)] and constitutes a free 
module of rank K. Hence the autonomous response of these 
systems may be treated as linear recursion sequence (LRS) over 
Pp[W(a)]. 

Consider a single output canonical P^[W(a)]-LSS with 

r 


A = 


0 1 
0 0 


0 

1 




a K a K-l 


• « * 


0 

0 

* 

3-1 


J 3^6 Pp[W(a)]» i — 1»2, •••& 


( 4 *3 • l) 


C ** [l 0 * •• 0] , 

and initial state x Q = [x Q (o), x K-1 (o)] tr 5 x Q (o)6 p£[W(a)]. 

The autonomous response of this system is given by 


y(N) =CA N x(o) 


* [10 ... 0 ] 


(4,3.2) 


o i o ... cT 

* * 


0 0 1 • • • 0 


XjU) 

• • 

• • 

0 * 


4 

• 

e 

_ a K a K-l ®1 


_*K-1 ( °)_ 


( 4. 3 .3) 
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From Equation (4.3*3) , we get 



Defining E a i x K-i^ 0 ^ " x k(°)» 11 can be shown that, 



Cy 0 .yi» •••» 
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’ 1-1 *i X «-i (0) “ i=! *i V K-i 


Likewise, it can be shown that 
K+l K 

*K+1 " C A y “ iL a i y K+l-l 
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In general, we have 
K 

Y n ■ .2 a ± y N-i 5 N > K (4.3.4) 

Since is a linear combination of immediate pagt K values. 
Equation (4.3.4) constitutes a linear recurrence relation, of 
order K over PpCw(a)], which we denote by Pp[W(a)]-LRR. The 
solution of Equation (4.3.4), which is an infinite sequence, is 
called a linear recursion sequence (LRS) over Pp[W( a)] , which 
we denote by P"[W( a)] -LRS. For the specific case, where W(a) 
is an irreducible polynomial over GF(p), Pp[W(a)[-LRR becomes 
an LRR over GF(p n ) , Therefore, the notion of the P£[W(a)]-LRR, 
given by (4.3.4), can be seen as a generalisation of LRR over 
finite fields, such as given in [ 10 , 11 ]. 

% 

We have seen in Section 2.6 that there is a one-to-one 

and m£[W] . 

With the coefficients a^ and Pp[W(a)] in (4.3.4) replaced 

by appropriate nxn matrices Mp[w] or n-tuples 6 z£[W] we may 
obtain m£[W]-LRR and z£[W]-LRR given by 

a i * YN-i eM p [W;i 5 N 2 K (4.3.5) 
m£[W] 

y N e z£[wj ? n > k 


K 


y N = ± l x H \-L * 


or 


y N = 


K 

* a i y N-i 


correspondence between the elements of Pp[W(a)] z£[W] 



429 


In general, we have 
K 

Yjj “ a i Yjyj-*i * N 2 . ^ (4.3.4) 

Since y N is a linear combination of immediate pa$t K values* 
Equation (4.3.4) constitutes a linear recurrence relation, of 
order K over Pp[W(a)], which we denote by Pp[W(a)]-LRR. The 
solution of Equation (4.3.4), which is an infinite sequence, is 
called a linear recursion sequence (LRS) over p£[W(a)], which 

r 

we denote by Pp[W( a)] -LRS. For the specific case, where W(a) 
is an irreducible polynomial over GF(p), Pp[W( aJ-LRR becomes 
an LRR over GF(p n ), Therefore, the notion of the P^[W(a)]-LRR, 
given by (4.3.4), can be seen as a generalisation of LRR over 
finite fields, such as given in [10,11]. 

We have seen in Section 2.6 that there is a one-to-one 
correspondence between the elements of Pp[w(a)] Z^[W] and 
With the coefficients aj^ and y^^e PjJ[W(a)] in (4.3.4) replaced 
by appropriate nxn matrices Mp[W] or n-tuples 6 z£[W] we may 
obtain Nl£[W]-LRR and z£[W]-LRR given by 

a i s YN-i eM pW 5 N £ K (4.3.5) 

•jB m£[W] 

y N 6 ; 


K 


" di a i y s-i 1 


or 





N 2 K 
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The LRS {y N } is an infinite sequence of nxn matrices 6 M^[W] 
and is a Nl£[Wj-LRS - p£[W< a)] -LAS . 

The LRS ty^} is an infinite sequence of n-tuples over 
z£[W] and is a z£[W]-LRS ~ Pp[V/]-LRS. 

Pp[W(a)]-LRS is indeed the output sequence of a single 
output canonical system* The actual sequence depends on the 
coefficients a^ of the LRR and the initial values. In other 
words properties of LRS depends on the matrix A and the 
initial state* 

We have already seen in Section 3 . 6 , that if two LSS 
are defined over isomorphic structure with one-to-one corres- 
pondence between their characterising matrices, with isomorphic 
initial states, the responses are isomorphic. It follows then, 
that if Pp[W(a)3 £! Pp[W’ (a)] and in the Kth order Pp[W(a)]-LRR 
La^yj^^ and PptW* (a)J— LRR La^yj^ j^, where a«^ aj^ , • *K, 

Yj ? Yj » J s 0,1, •••* K-l# then the set of solutions of 
Pp[W(a)]-LRR is isomorphic to the set of solutions of 
Pp[W*(a)]-LRR. Alternatively, we can say that p£[W( a) 3-module S 
is isomorphic to pJ?[W’ (a) 3 -module S’. 

Ir 

If we have z£[W}-LRR ~ P£[w(a)]-LRR, the set of all 
solutions of z£[w 3-LRR is a set of all sequences of n-tuples 
over GF(p), isomorphic to the set of all solutions of 
Pp[W( a) 3 -LRR. 
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Linear recursion sequences o-^er Pp[W(a)3 being the 

autonomous response y of canonical Pp[W(a)]-LSS with 

C * [l 0 .»• 0], properties of autonomous state response and 

output sequence are carried over to the p£[W( a)]-LRS. These 

r 

are summarised below. 

1. The sequences are periodic irrespective of initial values 
iff a^ is a unit in PpCvi(a)]. Otherwise the sequences are 
ultimately periodic or periodic depending on the initial 
values. 

2. The sequences are ultimately zero sequence irrespective of 
initial values iff all the coefficients j i - 1,2, ...K 
are either zero or nilpotent in pjJ[W(a)3* 

3. If the initial values are from a single ideal J in Pp[W(a)], 
then the elements in the LRS are from the same ideals. 

4. If coefficient a^ is a unit in p£[W(a)], the period of the 
sequence is a divisor of the period T of the characteri- 
stic matrix A. Initial values y^ = 0 ; i 88 0,1, ..., K-2 
and y K>-1 = a ; where a 6 Pp[W( a)] , is a unit, always 
generate a sequence with period T. 

5. If Pj?[W(a)] is semisimple and if a* f i 8 1,2, ..., K are 
elements from an ideal generated by one of the orthogo- 
nal idempotents e^(a) 6 Pp[W(a)3 and a^ ^ 0, then > 

(i) if the initial values are from J^, the LRS is periodic; 

(ii) if the initial values are from ; j £ i, the LRS 

is ultimately zero ; 
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(iii) for arbitrary initial values with atleast one component 
a unit in P*}[W(a)], the LRS is ultimately periodic with 

r 

length of transient atmost one. 

6. If Pp[W(a)] is semilocal and if a i $ i = 1,2, ... K are 
elements from an ideal generated by one of the ortho* 
gonal idempotents e^(a) in Pp[W(a)], then^(a) if a^ is 
a nilpotent in the LRS is ultimately periodic or 
ultimately zero, (b) (i) if a K is not nilpotent in J.^ 
and the initial values are from JL , the LRS is periodic, 

(ii) if a^ is not nilpotent in and the initial values 
are from JN, j / i, the LRS is ultimately zero, and 

(iii) if a^ is not nilpotent in J^, then for arbitrary 
initial values with atleast one component a unit in 
Pp[W(a)], the LRS is ultimately periodic with length of 
transient atmost one. 

Solutions of nonsingular P£[W(a)]-LRR of a given order K, 
which are periodic infinite sequences, with maximum possible 
period, are the maximum length sequences. In general, for a 
given Pp[W(a)]-LRR of order K, the maximum possible value of 
the period T is not known. However, if Pp[W(a)] £ GF(p n ), the 
maximum value of the period is (p -1). 

Consider the set S y of all the solutions of a given 
Pp[W(a)]-LRft. Let the maximum value of the period be T. We 
place a window of width T over the p sequences to get a new 
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set Sj of p sequences of length T. Each sequence in is 
closed under cyclic shifts. Further, is a free module of 
rank K. 

4.3.2 Generating Functions of Linear Recursion Sequences Over 
Pp[W(a)] 

In this subsection we rederive some of the properties of 
P?[W(a)]~LSS in terms of their generating function, as in the 

Jr 

case of finite field LRS [ll]. 

Consider infinite sequences. 


y « (y 0 ,y x , ••• ) (4.3.6) 

z — (Zq,z^, ... ) (4.3.7) 


as 


We define their sum and product respectively 


y + z - (y 0 »Y x » ••• ) + ^ z o» z i» ) 

* (y 0 +z 0 , y^+ZjL, ... ) modulo p, and 

(y Q ,y^, ... )( z 0 # z x* •••) ** ^ 0 *^ 1 * ^ 

where 



2 

i+j*k 



With these definitions of addition and multiplication, and with 
(0,0, ... ) and (1,0, ... ) as the additive and multiplicative 
identities, the set of all sequences constitutes a commutative 
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ring with identity ; the inverse of (y 0 »y^ # ) is 

(rY 0 t ~Yi» ••• ) modulo p. The ring contains the element 
(0,1,0 ••• ) which we denote by x. From the definition of 
multiplication we have x.x = x^ = (0 10 ... )(0 1 0 ... ) 
=(0010... )• In general, 

x n = (0....0 10.... ) for all n j> 1 

n zeros 

If y^ is a single element of the sequence such that 
Y^ = (y^,, 0, ... 0), then we have, 

xy^s (0 10 .... )(y if 0 ... ) = x = (y.^ 0 ...)(0 10...) 

* (0, y^, 0 ... ). Or in general 

x n y^ =(0 ... 0, y^, 0 ... ) 
n zeros 

Thus x can be regarded as a right shift operate and the 
sequence y . • can be written alternatively as 

(Y o »0 ... ) + (0,y lt ... ) + (0 0 ... y t 0 ... ) + ... 

* y o +Y l x + y 2 x2 + ••• Y i xl + 

The infinite sequence (y 0 »Yi» »•* ) can therefore be represented 

by a formal power series in x, 

00 , 
y(x) = £ y.x 1 
i=o 1 

called the generating function of y = (y 0 *Y],» • •• 


(4.3.8) 

) 
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Wo now show that the generating function of a solution of 
PpCwCaJJ-LRR is a rational function of x. 

Consider a Kth order P£[W(a)]-LRR given by Equation (4*3.4) 
V N * a i y N-i 

Given the initial values* y 0 *y^, •••» Yk- 1* we **ave ^he infinite 
recursion sequence* 

Y * y 0 » y l' y 2* — y K-l» y k» y K+l **• 


which can be written as 


K 


y * ( y o' y l> '*•» y K-l»°» °» a i y K-i * 

K zeros 

K K 

^ a i y K+l=i ’ iY K+2-i * ^ 

Rearranging terms, we get 

y * < y o> y l» y K-l'° + a K °» y o ,y l* ***) 

K zeros 

+ a^^ (0 ••• 0 Yi*Y 2* ) "*■ a K-i^ ••• y i >y i+l**^ 
K zeros K zeros 


+ a^(0 0* y K-*i* y ^» ) 

K zeros 
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On the right hand side, except for the first sequence, in all 
other sequences the first K terms are zero. In the second 
sequence which is a multiple of a^, all the terms Y 0 *Yi» «•* 
are present. In the third sequence which is a multiple of 
a^.^, Y 0 does not appear. In general, in the (i+2)th sequence 
which is a multiple of a K , terms, namely Y 0 »Yi» • ••» Yi-i* do 
not appear. We add these missing, terms in the sequence and 
subtract the same. We then have the following, 

Y * (y 0 »Y^» y 2 > •••» ^K— 1 ® ® •** ) 

+ a K (0 ... 0 y 0 y x y 2 .... ) 

K zeros 

+ a Kwl (0 ... 0 y 0 Y x y 2 ••• ) 0 •• 0 Y 0 °* •) 

K zeros (K-l) zeros 

+ a K-2^° ••• 0 y o Y 1 “ a K-2 < 0 0 Y 0 0 ••• ) 

K zeros (K-2) zeros 

■ ^ ^ ... 0 y^ O • . . ) 

(K-l) zeros 

+ a^O y 0 y Jl y 2 • ••) -a^O y Q 0 ...) -a^O 0 y x 0 ...) 

— a i^^ • • • 0 Yj£_ 2 0 ... ) 

(K-l) zeros 
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Rearranging we have, 

y - a^O ... 0 y 0 y x ... ) 

K zeros 

+ *^(0 ... 0 y 0 y x ... ) 
(K-l) zeros 

+ a K-2 (0 ••• 0 y 0 y l ••• ) 
(K-2) zeros) 


+ a i(°»Yi y 2 •••• ) 

”*■ (y 0 » 0 0 • •• 0) — a^(0 y Q 0 •«•)— a 2 (0 0 0 •••) 

“ a K-l^° 0 y o 0 ) 

(K-l) zeros 

^ (0 y^ 0 •••) — a^(0 0 y^ 0 *••) — 3^(0 0 0 y^ 0 •••) 

"* a K-2^ ••* 0, y^ 0 ) 

K-l zeros 

+ (0 0 y 2 0 •*.) -a^CO 00 y 2 0 ...) - 82(0 0 0 0 y^ 0 ••) 

“■aj^^gCO 0 ••• 0 y 2 0 • ) 

K-l zeros 


+ (0 #•# 0 y^^ 0 ) 

K-l zeros 
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In terms of operator x we have, 

gO OO go m 

y(x) ■ E y i x i = a K x K E y^x* + a K _ 1 x K ~ 1 E y^ 1 + ... 

i— o i=o i=o 

a l x 2 y i x + (^"®i x " a 2 x ••• a K-l x )y© 

i =0 

+ ( x-a^-^x 3 ••• a K „2 xK ~ 1 ^ y l 
+ ( x^-a^x^agX 4 • • .a K-3 x K ~ 1 )Y 2 

from which we get 
08 i 

y(x) = E y. x = 
i=o 1 

[( l-a^x-a^x 2 -. •a K-1 x K *" 1 )y 0 +( x-a^x 2 . .a K-2 xK "’ 1 )yi + ( x^-a^x 2 -. . . 

K-lv , , . ,F>1 i 

+ a K- 3 x ) y 2 + •” * y K-l^ 

i » w n »i n i> » ■ w i < i ii in g y m r m I i - y w wnww i n mihhi ii 

*" 3^^X “3j^X ]| 

= y 0 +(yi-a 1 y 0 )x+(y 2 -a 1 y 1 -a 2 y 0 )x 2 . .+(y K _ 1 -a 1 y K _ 2 -a 2 y K _ 3 

- •* 


[1 


K 4 

E a.x 1 ] 
i=l 1 



( 4 . 3 . 9 ) 
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The sequence of coefficients of y(x) constitutes the 

solution of the p"[W( a) ]-LRR given by (4.3.4). The 

K p , 

polynomial 1 - E a*x has coefficients which are the 
1=1 1 

coefficients of recurrence relation. It is called the ' 
characteristic polynomial of the recurrence relation and 
is denoted by f(x). Since the coefficients of f(x) are 
the feedback coefficients of the associated canonical 
single output PjjJ[W(a)]-LSS, we also call f(x) as the 
feedback polynomial • 

In Equation (4*3.9), the numerator polynomial has a 
degree less than K and depends on the initial values and 
the coefficients a*. 

Although we have shown y(x) is a rational polynomial, 
it remains to be shown that is defined. This we show 

now* 

Condition for f(x) to be invertible 

The set of all formal power series over a commutative 
ring is a commutative ring [65,69,71). Pp[W(a)] is a commuta- 
tive ring* The set of all formal power series over pJJ[W(a)J 
hence constitutes a commutative ring which we denote by 
Pp[W(a))[x]. Let h(x) * h 0 +h 1 x+h 2 x 2 + •*. hj^ 

be a polynomial in this ring. The following theorem gives the 
conditions for h(x) to be a unit in p£[W(a)][x]. 

tr 
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Theorem 4 >3.4 

h(x) is a unit in Pp[W(a)3Cx] iff h 0 is a‘ unit 
in p£[W(a)]. 

Proof 

Suppose h(x) is a unit in Pp[W(a)][x], then there 
exists a formal power series g'(x)6 Pp[W(a)][x] such that 

h(x).g*(x) « 1 
2 2 

That is (^Q+h^^+hgX + • ••) + •••) 88 1 


Equating coefficients of like powers on both sides we have 

h Q gi * 1* therefore, g' Q » In general we have, 

K 

h i g K-i “ 0 t for all K > 0 which gives the coefficient. 


i K i 

9 K * <- ( - S h i g K-i* » K > 0 and gj * h“ A (4.3.10) 

i-1 

The coefficients gj, gj[, g£ ... of g'(x) are defined if 
h~* is defined^ *o*df h Q is a unit in PjJ[W(a)3* 

On the other hand if h Q is a unit in Pp[W(a)], a poly- 
nomial g(x) whose coefficients are given by (4.3.10), can 
always be found such that 


h(x).g' (x) » 1 

Since in the characteristic polynomial 

X , n 

f(x) * l - £ a*x i * * * * * * * * x of P„[W(a)]~LRR, the constant term is 

i=l 1 p 
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the identity element, there exists a polynomial g*(x) over 
Pp[W(a )], such that f(x).g'(x) = 1. 

To proceed further we first give the following defini- 
tion and Lemma. 

Definition 4.3.1 

If £(x) is a polynomial of degree K over Pp[W(a)], 
then x^g(l/x) is called the reciprocal polynomial of £(x). 

Lemma 4.3.3 

Periods of polynomial 5(x) and its reciprocal poly- 
nomial are same. 

Proof 

Let period of £(x) of degree K be T. Then there exists 
a polynomial h(x) of degree (T-K) such that 

2(x) h(x) * (x T -l) 

then £(~) h(-~) = - 1) = ) , 

X , X 

/ £(-i) * T_K h(-i) = U-X T ) 

S'(x).h'(x) - (l-x T ) = (~1) (x T -X) 

where £*(x) and ft(x) are reciprocal polynomials of £(x) 
and h(x) respectively. This implies period of g*(x) is T. 
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Now we prove the following : 

Lemma 4,3,4 

The characteristic polynomial F(x) of the matrix A 
and the characteristic polynomial f(x) of the LRR over 
Pp[W(a)] t are reciprocal polynomials. 

Proof 

K 

We have F(x) = x K - 2 a, x K " i 

i=l 1 

/ F(I) »/[!,- I a, x 1 **] 
x x^ i=i 1 

K i v 

* 1 - 2 a.x 1 m f(x) • 

i=l x 

* 

Lemma 4,3,5 

The period of f(x) and F(x) over p£[W(a)3 are same. 

Proof 

Since f(x) and F(x) are reciprocal polynomials their 
periods are same. 


Lemmas 4.3.4 and 4.3.5 are used to prove the following: 

* 


Lemma 4.3.6 


If f(x), over semisimple p”[W(a)3 is such that 

*s f(x) modulo[p; W^(a)3 is primitive over Pp^[vif^(a)3 

i « 1,2, ...v , then period of f(x) is 1cm [(p n ^ K -l), 

ruK 

(p ~i), • 


n y K 


(P ' -D3 
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Proof 

The period of f(x) and the characteristic matrix A 
associated with the single output nonsingular P*)[W(a)]-LSS 
are same« 

We have A a (A,, Ajj, .... Ay ] , 
where * A modulo[p; W^(a)] • 

ft# 

The period of A A in canonical form and the characteristic 

polynomial f^(x) of LRR, are same. That is 

M •» n j K 

period of f^(x) » period of A^ • (p 1 -1) 

n.K n 2 K n K 

and period of A » lcm [ (p A -l), (p -l),...,(p -1)] 



Suppose a^ is invertible. 

From Lemmas 4.3.4 and 4.3.5 there exists a least inte- 
ger T such that f(x)|(l-x^). That is, there exists a poly- 
nomialcp(x) over Pp[?/(a)] such that f(x).g(x) = (l*x^). (4.3.11) 
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Such a g(x) is unique, for if £(x) is also a polynomial 
such that f(x).g(x) = (l-x T ) 

then f(x) [g(x)-g(x)3 = O 

f ( x) is invertible, therefore, g(x) -'g(x) * 0 

g(x) * §(x) . 

Referring to Equation (4.3.9), we have y(x) 888 » where 

u(x) depends on the initial values y^y^, •••» Y^-i and 
coefficients a^ ; i = 1,2, ... K • Using the Relation 
(4.3.11) we have 

y(x) = g( , ^) -s u(x).g(x) [l+x^+x^+x^+ ... ] 

(l-x 1 ) 

Thus when a^, is invertible, y(x) is periodic with period T. 
The elements in one period of sequence y are given by the 
coefficients of u(x)^(x). 

Now suppose that the sequence y is periodic with 
period T. Then y(x) is of the form 

y(x) a h(x) [l+x T +x 2T + ... 3 a - l iL S - L , 

(l-x 1 ) 

From Equation (4.3.9) y(x) = i degree of u(x) < K • 

Therefore, « -gfjl and u(x)(l-x T ) * f(x).h(x) ; 

(l-x 1 ) 

degree of u(x) < K. In particular let y 0 * y^ * ••• Q 

and y ^.,2 ■ 1; then u(x) * and f(x).h(x) * x^*"* (l-x T ). 

Since f(x) x K “ 1 we have f(x)|(l-x^). This implies 
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*, 

F(x)| (x T -l)> where F(x) is characteristic polynomial of A* ■ 
Therefore, A is periodic and hence nonsingular which implies 
|A|-a K is a unit in p£[W(a)]* 

Theorem 4.3 >6 

If the period of f(x) is T, then the period of the 
associated Pp[W(a)]~LRS is a divisor of T. 

Proof 

y(x) a= -jtjU m * u (x).g(x) [l+x T +x 2T + ... ] 

nx; (l~x*) 

This implies that for all N 

y N+T * y N 

Let k be the period of the sequence y = (y^y^ ) then k 

is the least integer such that for all N > O 

y N+k “ y N • 

Suppose k|T# Then T * kq+r ; O < r < k and 

%fT “ Vn+k<n-r “ %tr " *N * For a11 N ^ °* This lmpUes 
that r < k, is the period of the sequence y. This is a 

contradiction* Hence, r = 0 and T = kq* 

* 

Theorem 4*3*7 

Let the period of f(x) be T* If the initial conditions 
y 0 * y^ ••• Y k „2 ■ 0 and y K-1 ■ a where a is a unit in PjJ[W(a)], 
then the period of the sequence y(x) is T* 
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Proof 

JK—1 

We have u( x) ■ ax^ - * and y ( x) ■ — - ) x is not 

f(x) 

factor of f(x) and f(x) * and 9( x ) is of de 9 ree 

(T-K) . 

y(x) =a ax^*"^ g(x) [l+x*+x^ + ] 


a 


and the sequence has a period T. 

* 

We now proceed to investigate the correlation properties 
of sequences over Pp[W(a)]. 

4.4 HAMMING CORRELATION PROPERTIES OF SEQUENCES GENERATED BY 

AUTONOMOUS p{J[W(a)]-LSS 

Correlation is one of the important performance measures 
of sequences , which governs their suitability in practical 
applications. The definition of correlation between two 
sequences depends on the application in which the sequences 
are employed. The conventional definition of correlation 
functions is based on the inner product (sum of products of 
the corresponding sequence components). Another definition 
of correlation is in terms of the Hamming metric [22]. The 
Hamming correlation between two sequences of equal length is 
defined as the number of positions in which these sequences 
have identical symbols [22]. 


When the sequence elements are from a commutative ring, 
the product of two elements may result in a zero even if none 



447 


of the elements Is a zero. In such a situation the Hamming 
correlation may be more appropriate than the conventional 
correlation based on the inner product. 

To proceed further we give relevant definitions [79]. 
Definition 4.4.1 

A set R of elements is called a metric space if each 
pair *jL» r 2 in R * 8 assigned a nonnegative number f(r 1# r 2 ) 
satisfying the following axioms. 


1. 

Identity 

: p (r^ 9 r 2 ) as o iff 

r l 

& 

n 

2. 

Symmetry 

• P (r^» r 2 ) — p(r 2 »r^) 



3. 

Triangle 

: p(r l9 r 2 ) + p(r 2 ,r 3 ) 

> 

P(r lt r 3 ) 


P(r 1 *r 2 ) 

is called the metric in R. 

It 

is a measure of 


distance 

between r^ and r 2 . 




Definition 4.4.2 

A linear space R over a field is said to be normed if 
there is defined in R a numerical valued function |r| which 
satisfies the following axioms. 

1* I r | > O 

2. | r | * 0 iff r as o 

3. - |arj * |a|.)r{ $ a is an element of the field. 

4. |r 1 +r 2 | < |rjJ + |r 2 | triangle inequality. 

# t ft 

The function |r| is called the norm in R. We can also 
introduce a metric in the normed space R by setting p(r^ 9 r 2 ) 
|xj~r 2 |. The metric axioms are then satisfied. 
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Definition 4.4.3 

A set R of elements r j , r 2 , . .*, is called a nozmed 
ring if 

1) R is a ring 

2) R is a normed space 

3) for any two elements r^#^ ® ^ 

l r l r 2l ^ l r ll l r 2l 

4) If R contains identity e then |e| = 1. 

Now we show that P^[W(a)] is a metric space. We have 

seen in Section 2.2 that pJJtv/Ca)] is a linear space, with 

i p 

{l,a, a 0 " 1 } as a basis. Let r(a) 8 p£[W(a)], 

We define |r(a)| = 1 if r(a)^6pj[l(a)] 

|r(a)| » 0 if r(a) = 0 e Pp[W{a)] 

Let a 6GF(p). 

1 a is a nonzero element in GF(p) 

We define |a| ■ ■ 

O a is the zero element in GF(p) 

► 

Then |a r(a)| = |a|.|r(a)|. 

Pp[VU(a)] satisfies the axioms of a normed space. 

Let r^(a), r 2 (a)e p£[W(a)]. Then |r x (a) r 2 (a)| < 
|r 1 (a)|«|r 2 (a)| and |l| * 1 . 

\ 

P^[W(a)] satisfies the axioms of a normed ring* 

r 
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¥/e now introduce a metric in the normed space Pp[W(a)]» 
Let r^Ca), r 2 (a) e PjJ[W(a)]. Then defining p(r 1 (a), r 2 (a)>4 
]rj(a) - r 2 (a)j, we have 


P(r x ( a), r 2 (a)) 


r 


0 


■ 4 


if r x (a) = r 2 (a) 
if r x (a) t r 2 (a) 


This metric is called trivial metric 


Consider the set of all sequences of length N, over 
Pp[w(a)] S^j is a Pp[W( a) 3-module, which is free and of rank N. 
We introduce a metric in S^. 


Let y *# (Y 0 >yi*y2» •••» Yjg^) anc * z 88 ( Z o'V *** ,Z N— 1^® 

V±’ z i e Ppt^(a)3 . 

N-l N-l 

p( y,z) * |y-z| * s pCy-s* 2 *) * 2 lYi-z^l 

i=0 * i=0 

where P(y i »z i ) * 1 if Yi 5^ z i 

- O if Yj. = 


p(y,z) is thus the Hamming distance between y and z 6 ^ 

N-l N-l 

and p(y,o) ■ |y-o| ■ 2 Iyi— 0| » 2 lyJ 

i=0 1 i=0 1 


is the Hamming weight o.f y, denoted by W y . 

Remarks 4.4.1 

When the sequences are over a finite field, is a 
vector space. Hamming weight (distance) is then a norm and 
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hence is a normed space. When is a Pp[W(a) J-module, 
the axiom (3) of normed space namely | ar| = |a|. |r| is not 
satisfied (Because a.r may bo zero 6 S N , eventhough a / 0, 
r ^ 0). HencejP^t <(a)]-mo<*ule ^ is only a metric 
space. For convenience, we denote P(y,z), the Hamming 

distance between sequences y and z, by D yz * 

Example 4.4.1 

2 2 3 - 3 

Let y - (0,1, a +1, a+1, a +a+l, 0) be over P2‘- a + ^J* 

Hamming weight W y of the sequence y is 4. 

The Hamming distance between the two sequences can also 
be interpreted as Hamming weight. For instance 

Let y = (Y 0 fY lt ••• Y N _ a ) 

z - ( 2 o' z l* 4# ** 2 N~ 1^ 

be two sequences. Consider the sequence 


y-z * (y 0 - 2 0 » yi~ 2 i» yn-i ~ “n-i 


- z. 


) 


In the sequence y-z whenever y A = z if y^-z^ « 0. From the 


definition of D yz it follows that 


D yz 

Example 4.4.2 


SAL , - W „ 

y— z z-y 


(4.4.1) 


Let y « (O f a +l f a+lf a2+a+lf 0) 

2 2 2 

z as (1,0, a +1,8 +a,a +a+l,0) 
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O Q 

be two sequences over P^ta +l] 


y-z - (1 1 0 a Z +l 0 0) 


W„ „ - W, „ a 3 
y— z z-y 

D = 3 . 

The concept of Hamming correlation between two sequence «« 
which we take up next, is an extension of the concept of 
Hamming distance between them* The notion of Hamming distance 
is used in Chapter 5 in the study of linear codes over 
Pp[W(a)]. 

ft 

4.4.1 Hamming Correlation Functions 

If y * (Y 0 >yi»Y 2 » • ••* Yn-i) is a « ec I uence of length N 
then the cyclic shift of y is 

° v “ ( y 0@l» y 101* y 2©l **• y (N-l) © 1* 


* (y N -l* Y o* y l* y N- 2 ^ 

and in general h * (y^ , y^ , ... y ^ , ... ) 

* * ^ y N-T * y N ~ t +1* V y l’"- y (N-T-l^ 

0 < t < No- 
where the indices are computed modulo N« 
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Definition 4 >4*4 

The Hamming cross correlation function Hy Z ( x ) between 
two sequences y * (y 0 , y x , ...» y N-1 ) and z = (z Q ,z lf .. ., 2 ^) 
of equal length N over a given alphabet is defined as follows 
[22]. 

V T> = h[y i' *1©^ °< T<N-1 

where Q denotes subtraction modulo N and 

f O if Y ± t Cj 

h C y i# z j] 38 -N (4.4.2) 

l 1 if Yi 88 z j 

For a given t , the value of Hamming correlation function 
between two sequences y and z is numerically equal to the number 
of identical symbols in y and cr T * > or the number of zeros in 
(y -az) . 


Let y and z be two sequences of length N. Consider H^O*). 
sfinition. 


By definition. 


V (T) = !L hCY i’ Z i©t ] 




X 

which is equal to the number of locations in y and <J Z at which 
the symbols are identical. If we consider the sequence y-a z 
the number of nonzero elements in it is equal to the Hamming 
distance D y fC r^j between y and cr.z,the Hamming correlation fun- 
ction Hy Z ( x ), which is equal to the number of zeros in (y-<?z), 
is thus given by 

V * ) - (N-D y? -} 


) 


(4.4.4) 
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Example 4.4.3 


2 2 

Let y * (0,1,1+a ,l+a,l+a+a ,0) 


and 


z * (l,0,l+a 2 ,l+a 2 ,l+a+a 2 ,0) 


Hy 2 ( T ) is computed and tabulated, using equations (4.4.3) or 
(4.4.4). 


T 0 

H y2 (T) 3 


1 2 3 4 5 

2 0 0 1 2 


Definition 4.4.5 

The Hamming autocorrelation (HACR) function of a sequence 
y » • •• Y^-i) of length N is defined as 

N-l 

Hy(T) * S h [y i( y^] T -0,1, ... N-l 

(4.4.5) 

From Equation (4.4*4) we have, 

H y ( t ) * (N - D y0 T y ) (4.4.6) 

In the following example, the computation of Hy is given* 

f 

Example 4.4.4 

Let y * (0,1, 1+a 2 » 1+a , 1+a+a 2 ,0) 

Using relations (4.4.5) or (4*4.6) we have. 
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T 0 1 2 3 4 5 

H y (T) 6 1 0 0 0 1 


In the computation of maximum offpeak value of HACR 
function or maximum value of HCCR function, the concept of 
normalised Hamming correlation is useful* The normalised 
value of HACR or HCCR function is equal to the value of HACR 
or HCCR function divided by the sequence length* 

Example 4*4*5 

The normalised values of HCCR function between the 
sequences y and z of Example 4*4.3 are 


T 


Norma- 

lised 

V T) 


0 

1 


2T 



3 

0 


4 

1 


z 


5 

1 

3 


Example 4.4.6 

The normalised values of HACR function of sequence y of 


Example 4.4*4 are. 
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T O 1 2 3 4 5 

HyOO 6 1 0 0 0 1 


In the computation of maximum offpeak value of HACR 
function or maximum value of HCCR function, the concept of 
normalised Hamming correlation is useful* The normalised 
value of HACR or HCCR function is equal to the value of HACR 
or HCCR function divided by the sequence length* 

Example 4,4*5 

The normalised values of HCCR function between the 
sequences y and z of Example 4*4*3 are 


T 


Norma- 

lised 

«yz< T > 


0 

1 


2T 


l 


1 


3 


2 3 

0 0 


i 


i 

3 


Example 4*4.6 

The normalised values of HACR function of sequence y of 


Example 4.4*4 are, 
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T 

Normalised 

H y (T) 


0 

1 


1 

1 


Z 


2 

0 


3 

0 


4 

0 


5 

1 


Z 


* 

We now consider an example where the sequences are 
generated by a second order nonsingular, single output 
P 2 [a 2 +l]-LSS. The HACR function of all the sequences and HCCR 
function between any two sequences are given in the form 
table * 

Example 4.4.7 

A A 

Consider P^Ca +l]-LSS of Example 4.1*4 with A « 

and C * [l 0], 

Period of A is 6 and cycle length decomposition is 
[1(1), 1(3), 2 ( 6 ) 3 * 

The output sequences in are periodic with period which 
divides 6* They are 

y * ( l,l,l+a,a,a,l+a) and its cyclic shifts 
z * ( a, 0, a, 1,0,1) and its cyclic shifts 

r * ( l+a,0,l+a,H*a,0,H-a) and its cyclic shifts 


1 1 
a 1+a 


and the zero sequence. 
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The Hamming auto and cross correlation functions are 
computed and given below. 


T 

0 

1 

2 

3 

4 

5 

V X) 

6 

2 

0 

2 

0 

2 

H z (t) 

6 

0 

2 

2 

2 

0 

H t ( *) 

6 

2 

2 

6 

2 

2 

H yZ ( T ) 

0 

2 

2 

2 

2 

0 

»zr< * > 

2 

0 

0 

2 

0 . 

0 

V T > 

2 

0 

2 

2 

0 

2 


Hamming autocorrelation levels are (6,2,0) 

Hamming cross correlation levels are (2,0) • # 

We now consider the properties of HACR functions. Let y be 
a sequence of length N. The HACR function of y has the fo Howl- 
ing properties, 
i) Hy(x) < N 

Proof 


By definition of H^( *r ), its value can be atmost N. 
ii) Hy( t) = Hy(N- t ) (symmetry property) • 


Proof 


N-l 


■VT> 35 i«i 


N-l N-l 

and Hy(N- t) » I h[y if y w(N-T) ] - I h[ yi ,y^,] 
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Let j m i 0 t 


then i = j©x 


H y (N-*c) 


N-l 

Z 

j=0 




N-l 

« •£ h[y . , 

j=0 J 



3 * ^(-C) 


iii) Hamming autocorrelation function value is invariant to 
cyclic shifts of the sequence* 

Proof 


Let the sequence y be of length N 


Y * (Y 0 >Yi* •••* Yn-I^ 


and 


o y 


88 ( y N-t» y N-t+l» *"» y N-t-l^ 


N-l 

Vy^)* * h ^ y N-t+i' y (N-t+i)3T 3 


Putting j « (N-t+i) we have 


N-l 

H .(*)« Z 
c?y 


h[y J' y j©T 


] » Hy(T: ) 


Periodic or cyclic correlation functions of sequences over 
GF(p) are exhaustively investigated in [10,11,28,29]. Hamming 
correlation function of family of sequences over z” is investi- 
gated in [23] • 
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4,4.2 Bounds on Values of Hamming Correlation Functions 

Consider a nonsingular Kth order single output autonomous 
p£[W(a)]-LSS whose characteristic matrix A is of period T and 

r 

C sb [l 0 0], Let S be the set of all p output sequences. 

Sequences in S are infinite periodic sequences whose period 
divides T, We put a window of width T over S to get a new 
set S^. of sequences of length T. We have already seen in 
Subsection 4,3,1 that S^ is a Pp[W( a)] -module and is closed 
under cyclic shift of sequences. We have seen that a metric 
can be defined on S^ which gives rise to the notion of Hamming 
distance and Hamming correlation. Since, in general, a closed 
form expression for the Hamming correlation functions of 
sequences in S T can not be given, we are interested in obtain- 
ing upper bounds i) on the number of levels in the Hamming 
autocorrelation (HACR) function of any sequence in S-j., ii) on 
the number of levels in the Hamming cross correlation (HCCR) 
function between any two sequences in S^., iii) on the values 
of HACR function Hy( * ) $ t ^ O, of any sequence yGSj and 
iv) on the values of HCCR function between any two sequences in 

s r 

We first obtain a bound on the number of levels of Hamming 
correlation function values using the cycle length decomposi- 
tion of states of LSS, We next obtain an improved bound on the 
number of levels of Hamming correlation function values and 
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possible values of HACR and HCCR functions using the state 
diagram. We shall sec that the peak value of HCCR function 
and the maximum value of HACR function for t £ 0, can be 
determined analytically for sequences generated by single 
output nonsingular canonical Pp[W(a)]-LSS under the condi- 
tions : i) PpCw(a)] is semisimple and ii) the projection 

f^(x) = f(x) modulo[p; W^(a)] of the characteristic polynomial 

n • 

f (x) of the associated LRR on P p [W i (a)]» i ■ 1,2, ...* is 
primitive. The possible values of correlation functions can 
also be determined for sequences generated by second order 
Pp[W(a)]-LSS satisfying the above conditions. 

n |T 

Consider S T . There are p sequences of length T. If y 

2 T-l 

is in S T , then the cyclic shifts of y, ay, erf, ... CT Y are 
also in S T# For such sequence, we have. 

Lemma 4.4.1 

If y and y' are cyclic shifts of each other, then the set 
of values of HACR function of each of them is equal to the set 
of values of HCCR functions between y and y* • 

Proof 

From the property (iii) of HACR functions, given in pre- 
vious subsection, a sequence and its cyclic shift will have the 

same HACR function. Therefore, H y ( t ) and HyjC t ) will have the 

1 1 

same set of values, y* is a cyclic shift of y. Lot y* * a y. 
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T-l T-l 

H yyt( T ) * i ^ 0 Y1 ©t 3 = i ^ 0 £Yi» YiQT © T«3 58 *V(T + T*) 

for all t and t', whore the indices are computed modulo T. 
Thus Hy( t ), Hy»( t ) and Hyy, (t ) have the same set of values* 

Thus if y is a sequence in S T , cyclic shifts, a Y f o^y, ••• 

T-*l 

cr y in S^. have the same correlation levels* Also the 
number of zeros in a sequence and its cyclic shifts are the 
same* Hence, cyclic shifts of a sequence y in Sf are not 
treated as distinct from y* 

Consider a subset of such that in S^.,no sequence 

is a cyclic shift of any other sequence in S!j. and any sequence 

in S T is either a sequence in S^., or its cyclic shift* Then 
the set S.J. is called a set of distinct sequences in S^, and the 
sequences in S^. are called distinct sequences. S<|. need not be 
unique* 

As we have already seen in the previous subsection, H„_(t) 

ys 

is numerically equal to the number of zeros in the sequence 
(y-oz ), Since S is a P[?[W( a)] -module which is closed under 
cyclic shifts, (y-o 2 ) is also in S^.. It may be either one of 
the distinct sequences in S^, or its cyclic shift* Likewise for 
the computation of the HACR function Hy( f ) , which is numeri- 
cally equal to the number of zeros in (y-oy), it is noted that, 

-J 

(y-cr.y) is either a distinct sequence in or its cyclic shift. 
Thus if we know the number of zeros in all the distinct sequen- 
ces in S T , possible values of HACR function of any sequence in 
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Sj and HOCR function between any two sequences in are 
known* 

Theorem 4*4.1 

Let the cycle length decomposition of states of a non- 
singular, single output Pj?[W(a)]-LSS be [^(c,), ^(cu), • •• 

r p 

u ( c_) ] • Let \i » E |i. • Then the numbe r of levels in the 
* r 1 

HACR function of any sequence in S^. is atmost \i and the 
number of levels in the HCCR function between any two dis- 
tinct sequences in is atmost (n-1). 

Proof 

r 

The state diagram has p- « E p. cycles* This implies 

i**l 

S T has \i distinct sequences upto cyclic shifts, including the 
all zero sequence* The value of HACR function of y, Hy( t ) is 
equal to the number of zeros in the sequence (y-o y) , for 
shifts T — 0,1, ••• (T-l)* Since, (y-o T y) is one of the p 
sequences in S T , Hy( T ) can have atmost p. values. 

Likewise the cross-correlation function value Hy Z ( * ) 
between any two distinct sequences y and z, is equal to the 
number of zeros in the sequence (y-c i z) , for shifts t * 0,1,** 
(T-l)* (y-o z) is one of the (p-l) sequences in (zero 
sequence is excluded). Thus Hy 2 ( t ) can have at most (ii-l) 
values • 
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,2r 2, 


Example 4.4.8 

Consider a second order single output PgCa^+lj-LSS with 
1 1 

A ■ . The S of states of this LSS is [l(l), 1(3), 

1 1+a 

2(6)] • There are three distinct nonzero sequences p ** 4* 
Hence the number of levels of HACR function <4. Number of 
levels of HCCR function <, 3* As seen in Example 4.4.7 the 
actual levels are 3 and 2 respectively. 


The above bound on the number of levels of correlation 
functions is an upper bound. Some of the p^ sequences of 
length C^, i * 1,2, • . • , r may have same number of zeros, 
in which case the actual number of correlation levels will be 
less than that given by Theorem 4.4.1, An improvement in the 
bound is obtained by utilising the additional information 
contained in the state diagram. 


Consider the state diagram of a nonsingular single output 

Pp[W(a)]-LSS with C *= [l 0 ••• 0] . Let the cycle length 

decomposition of states of LSS be [^(c^), pj ( Cg ) » ^(c^)... 

r 

P r ( c r )l* There are [ 1 = 2 ^ distinct sequences in S T# 

1*1 

Consider ^(c^. These p^ cycles of length c i are classified 
based on the number of states having their first component 
equal to zero. 

Let p^ j cycles of p^, have T). ^ states with their first 
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component equal to zero. rj. . is also equal to the number of 

zeros in the output sequence of length c^ ; i * 1,2, ..., r; 

j * 1,2, •••, Thus state cycles give rise to output 

sequences with different number of zeros in a periodic length 

equal to c. , i « 1,2, •••, r. Considering sequences of length 

r 

T, at the most there could be £ j. sequences with different 

i=l 1 

number of zeros in a period. Hence number of levels in HACR 
r 

function i £ j. and number of levels in HCCR function 
i=l 1 
r 

< ( s ji) - 1 ; Since j. < \x. Vi, this bound is an 
i=l 1 11 

improved bound. 


In Sj, distinct sequences will have (rj^ ^ j/^) *T zeros 

and the possible values of HACR and HCCR functions are 


y ^1>1 T ^1*2 T ^i.j T *2.1 T 

1 c ' * cZ * •••» — e 9 ~r 9 ••• 


"th 1 


, • • . 


'i 2 *1 

Vl T *r,2 T Vt Jt T , 

— r > r •> •••» j " j 

11 r 

Example 4.4.9 

Consider the state diagram of P^Ca^+lj-LSS with 
1 1 

¥ 

and C * [l Oj of Example 4.4.7. The cycle 

a 1+a 

length decomposition is 1(1), 1(3), 2(6). The cycles are 


A = 
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Since C * [l 0], S T consists of sequences of length 6 whose 
elements are the first component of the states* Here p ■ 4* 
Using the state diagram, we see that the number of zeros in 
the sequences of length 6 is either 6, or 2 or 0* Number of 
levels of Hamming autocorrelation function < 3. Number of 
levels of Hamming cross correlation function <,2* 

From Example 4*4.7, the actual number of levels of HACR 
function is 3, with values 6,2 and 0 and the actual number of 
levels of HCCR function is 2, with values 0 and 2. 

* 

The value of HACR function Hy( t ) for t a 0 of any 
sequence y is the number of zeros in the sequence (y-y), which 
is a zero sequence. In finding the maximum value of Hy( t ) , 

T ^ 0 or maximum value of HCCR function, it is not necessary 
to consider the zero sequence or the trivial cycle in the state 
diagram. 

Next we take up the bound on the values of HACR and HCCR 


functions 
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Theorem 4.4,2 

Let ii r (c r )] be the cycle length decomposi- 

tion of states of a nonsingular single output LSS. Let be 
the maximum number of zeros in sequences of length Cj . Then 
the maximum value for t ^ 0 of normalised HACR function or 
maximum value of HCCR function is 

r T) o n 3 

max of £ [~, ...» -»] } 

c 2 c 3 c r 

where the trivial cycle of zero state of length c^ = 1 is 
excluded. 

Proof 

The normalised value of HACR function of any sequence in 
Sj for t » 0 is 1. For any other shift r , the normaliocd 
value of HACR function of say sequence y Q Sj is equal to the 

T 

number of zeros in the sequence (y-cr y). Suppose this is a 

sequence of period c., then the number of zeros in (y -or 1 y) is 
rj. J vsvlwve. n . 

atmost T and normalised /of H.,(t) is atmost -J*. Thus, for 
c j AY c j 

t / 0, the value of HACR function of any sequence in is 

tj 2 tj 3 n r 

< max £r—, ^ t—} • Likewise the value of HCCR fun- 

2 3 c r % t) i 

ction between any two sequences in S T is < max -4-} • 

T ~ c 2 e j 

In the confutation of number of levels of correlation 

functions or the peak values, we have made use of the knowledge 

of cycle length decomposition of states or the state diagram of 
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the associated Pp[W(a)]-LSS. The bound on the correlation 

values can be computed analytically for the specific case 

satisfying the conditions : i) Pp[W(a)] is semisimple, 

ii) the Kth order Pp[W(a)]-LSS is nonsingular and canonical 

with characteristic matrix A, such that ft, =* A modulo[W. ( a) ] 

n i K % 

has a period (p -1) ; or in terms of the characteristic 

polynomial f(x) of the associated LRR, f. (x) - f(x) modulo[p; 

n i n i K 

W^(a)] is primitive over P p 1 [V\f i (a)] and has period (p 1 -1), 
i = 1,2, . . • v m 

We consider this case in the following* We make use of 
the properties of the maximum length sequence over finite 
fields to obtain the bound analytically. The relevant pro- 
perties of maximum length (M-L) sequence over finite fields 

[28] is given first. 

n. n. 

Let GF(p ) be a finite field of order p • Consider an 

LRR of order K with characteristic polynomial f.(x) of degree K. 

*» n. 

Let f^(x) be primitive over GF(p x ) , Then the periodic 

sequence s^ which is a solution of the given LRR has the 

following properties. 

<o n.K 

i) s^ has maximum possible period (p 1 -1) *= N.^, and hence 

is a maximum length sequence. 

„ n^K-l) 

ii) the number of nonzero elements in s 4 is p and the 

* "iCK-D 

number of zeros in the sequence is (p -1) » 

.. n.K n. (K-l) 

iii) has two level HACR (p -1) for t as o and (p -1) 

for all other t ^ 0, 
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n.K 


iv) suppose in the sequence sL of length (p 1 -1) , s* is 

1 n ± K n ± 1 

a part of the sequence of length[(p -l)/(p -1)3 then 

n * 

the sequence s^ is ( s*^ , , oc , • » • ^ oc s,-^ ) , 

n. 

where a is a primitive element in GF(p ). 


Now we prove the following Lemmas* 


Lemma 4.4*2 

The output sequence s^ over J^, where is the ideal 

generated by orthogonal idempotent e^(a) in PjJ[W(a)], is such 

** P n ± K 

that s* ~ s± ; Si » e^Ca) Si and has a period (p -1) , and 
1 1 n i (K-l) 

number of zeros in the sequence is (p -1), i = 1,2, ••• v * 


Proof : 


j. p ni [W- (a) ] £ GF(p n ^) • As we have seen in Section 2*4, 

r i (a)eJ i> r^(a) jur^Ca) = r^a) modulotW-^a)] P p i [W i (a)3 and 

t^( a ) as e^(a)r^(a) • Hence, s^s^ = ei ( a ) % ±0 % ± ± s over 

p n i tWi(a)3 — GF(p i ), f.(x) = f(x) modulo[Wi (a)3 is primitive 

P n ir ~ n i K 

over P n [W. (a)3 hence period of s* and s^ are (p -l)and 

P M 1 n i (K-l 1 ) 

number of zeros in s^ and s^ are (p -1). 


Lemma 4.4*3 

The sequence s^ over has two level HACK function. 

Proof 

The proof follows from property iii) and the isomorphism 

co 


s i - s i* 
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Lemma 4*4*4 

Let s * (s\, as^, a^s^, ••• a** "J" s' ) be one period of 

maximum length sequence over Pp[W(a)] ~ GF(p n ), generated by a 
Kth order single output canonical autonomous Pp[W(a)]- LSS. 

Let T m (p nK -l) and 6 = . Then the Hamming cross- 
correlation function between s and a^s * *•• , 

s^ as| a^"*^s') has two values (p n ^-l) for t =* j© and 

(p n ( K "l)-D for T ^ j6 : 0 < j < p n -l). 


Proof 


Since the sequences are shifted version of the same 

sequence* HOCR function has two levels* We have as 88 (as 1 ,a^s'** 

a H s’ , s'), where s' is a part of the sequence s’, whose 
length is ©• 


By definition, a£ = 0 ^“^$ 

and a^s ** s 

Hamming cross-correlation between s and a-^s = s will have 

peak value when the sequences are identical* A shift of t * j© 

in a^s is <^e a^s produces sequences s* Hence, peak value 
-*!/ 

(p -1) occurs for t « j© # For t ^ j©*HCCR function value is 



469 


The property of M-L sequence proved in Lemma 4.4,4 will be 
made use of in Section 4.6 for modulation and demodulation of 
M-L sequences. 

The results of the following Lemmas are used to obtain 
bound on correlation values. 


Lemma 4.4.5 

Let K and p be positive integers greater than 1. Then 

v s -»K**1 K— 2 , , . 

K < p + p +.*. p+1 • 


Proof 

We have to show that K < p^*“^ + p^ 1 " 2 + • . • + p+1 


1 . 

(P-1) 


05 equivalently we have to show 
p K > K(p-l) + 1 

Since p > 1. Let p * (1+q), where q * (p-1)* 

( l+q) K * 1+Kq + q 2 + ... q K =* 1+K(p-1) + Q 

where Q > 0. 

Therefore, p K > K(p-l) + 1 . 

Hence, the inequality is proved. 

The inequality is true for all p > 1, 

Hence is true fox p n also. 

/ n K-l v 

We now show that is a monotonically decreasing fun- 

(p k -d 


ction of p. 
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Lemma 4.4.6 

fo K-r 

• Let g » VP y where p > 1 and K > 1, then g is a 

(P K -1) 

monotonically decreasing function if dg/dp is negative for all 
p and K > 1* 

da , (p K -l) [(K-1)p K ~ 2 T - [(p K ~ X -1) K p K ~ X 1 

(p k -d^7 

The denominator is positive* Hence, dg/dp is negative if the 
numerator is negative* That is if 

(K -l)[p 2K - 2 -p K - 2 ] < K[p 2K ~ 2 - p**] 

i.e*, if K[p K-1 -p K “ 2 ] < p 2K - 2 -p K - 2 
„2K-2 ^K-2 


if K < 


r-i?-, 

K-l K-2 
p - p 

K-l/ K-l 1, 


pK-x (p N-x . 

if K < E- 

P^ 1 (1 - J) 

ifK< 

i *e*» if K < p K ~ X + p K ~ 2 + .*. 1 


From the result of the Lemma 4*4*5 this is true* Hence the 
proof • 

Lemma 4*4*7 


Let •• • ^ Py t 
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then max { 


^ P l“ lJ ' (p 2 -l) 

(«4 M) .i) 

” rpprr " 


i 


(P V -1) 


Proof 


(p^-^-d 

‘ (p-l) a monotonically decreasing function. The 

proof follows from the result of Lemma 4.4.6. 


Lemma 4.4.8 


n, n 2 n 

For p > 1 if p 1 < p ... < p , that is if 


n, < 


ng ... < n v then 
ni (K-l)_ 

max ... 

(p 1 -1) 


(p"* (K " 1) -1) 

(p"* -1) 


} 


n(K-l) 

= (P 1 -1) 

n.K 

(p 1 - 1) 


Proof 


Proof follows from the result of Lemma 4.4.7, when is 
**1 

replaced by p . 


* 

We now prove the following theorem which provides a bound 
on correlation values. 
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Theorem 4«4«3 


Consider a Kth order nonsingular single output PjJ[W(a)]-LSS 
with C * [l 0 0], where Pp[W(a)] is semisimple i.e. 


v 

W(a) * k W 4 (a) \ Wj(a) is irreducible polynomial of degree 

i«X 1 x 

n, over GF(p) and the characteristic matrix A is such that 
X ~ n,K 

period of ■ A modulo [pjV^Ca)] is (p * -1) ; i = 1,2, •••v 

and n^ < n^ for all i ^ 1. 

n.K n 0 K n K 

Let T ■ 1cm [(p 1 -1), (p 2 -1), ••• (p )]. Then the 

value of normalised HACR function for t ft 0 of any sequence in 

Sj or the value of normalised HCCR function between any two 

sequences in is 



n.(K-l) 

LblZ 

n.K 

‘P -X) 



» 


Proof 

As we have seen in Section 3«3 period of A is 

I 

n.K n c K n^ K 

T « lcm[(p 1 -1), (p 2 -1), (p v -1)] 

Sj is the set of all sequences of length T* 

As we have seen in Section 2.4, 

PpEW(»)] = Jj+J 2 + ... Jy 

sPpHwiUn @ ...« Pp v [w„(a)] 

jj. ~ Pp [Wj_( a) ] ; 1 - 1 , 2 , ... 


and 


v 
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Any element r(a) 6 p£[W(a)l i* uniquely represented as 
r(a) “ rj(a) + r 2 (a) + ••• r j> ’ 
where r^a) = r(a> e^a) 6 Jj 1 - i.*» ••• * 

and r(a) *06 p"[W(a)] Iff tjU) * ° 6 J i for * U . 

i * 1,2, •••*' • 


Hence * S i +S 2 + s v * 
where S t is set of sequences of length T over J*- 
Any sequence s e S T can be expressed uniquely as 

s * Sj+Sg* ••• $ s i® ^ 

From Lemma 4*4*2 we have 

s, - s, i Where s ± is a sequence over Pp tV a)] . 

* n K 

whose period is (p 1 -1) * N i* 

n.(K-l) . a , 0 v 

With number of zeros (p ~ l \. (K-lT * ’ 

( p ^ ■■‘l) *T „ , 

Number of zeros in length T is n v — i 

(p 1 -i) 

Any element in the sequence . is a aero iff it. component, 
in ate zeros. Thus the number of zeros in any 

sequence s of length T C caii be at mo*. . 
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n,(K-l) aj(K-X) 

-max 1 ^.. 1 =m ■ izl =111 


ifrnr 

(p 1 -i) 


9 n 0 K 
(p 2 -1) 


9 • • 


.n„ (K-l) 

(p zm 

n„ K 

(p V -1) 


3 


® ®ax C6^» & 2 » ••• 6y3 • 

The value of Hy ( t ) is the number of zeros in (y-oY ) which is 

a sequence in S T . Likewise the value of H ( t ) is the number 

*x * 

of zeros in (y-oz ) which is a sequence in S^. 

Thus the values of normalised HACR function for t 0 of 
any sequence and values of normalised HCCR function between any 
two sequences is < max (6^* s ? , • . . 6 y } 

Since n^ < n^ for all i ^ 1 « 

From the result of the Lemma 4.4.8, we have for t £ 0 the 
normalised value of HACR function and for all t normalised 

n^K-l) 

value of HCCR function <. - ( ^ p ^ — -=ll . * 

(P 1 -1) 

If in the above theorem, A is in canonical form, Sj is a set of 
sequences of length T which are solutions of pl?[W(a)]-LRR. The 

r 

characteristic polynomial f(x) of the LRR then has a period T 

n. 

equal to the period of A. The projections of f(x) on P p [W^(a)3 

that is T^(x) * f(x) modulo [pj ( a ) 3 have periods equal to 

n» 1C 

(p ->1), which are the maximum possible value. Hence f^(x) is 
primitive over P p i [W i (a)] ; i * 1,2, ...v. 
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Example 4.4 *10 


Consider the state cycles of Example 4.2.6* The chara- 


cteristic matrix A 


= 0 1 
- a K. 


, and the characteristic poly- 

3r _3j 


nomial of f(x) of the associated LRR is (1+x+ax ) over P^Ca^+l] 


f^(x) = ( 1 +x+ax 2 ) modulo[ 2 j a+l] = ( 1 +x+x 2 ) and is primitive 
over P 2 [a+l]> f 2 (x) = (l +x+ ax ) modulo[ 2 ; a +a+l] = ( 1 +x+ax ) 

and is primitive over P 2 [a 2 +a+l]* Period of F^(x) ( 2 2 -l) = 3. 
Hence the period of sequence s^ (modulo[2; a+l]) is 3 and number 
of zeros in this sequence is 1. Period of f ^ (x) is (4 2 -l) * 15. 
Hence the period of sequence $ 2 (modulo[2; a +a+l]) is 15 and 
number of zeros in this sequence is (4-1) =3. Thus, the values 
of normalised HACR function for t o of any sequence and values 
of normalised HCCR function between any two sequences is 
^ max £ 0 *, ^ } • 

o 

Set of sequences over Jj * <a +a+l> consists of se- 

2 2 2 

quence - ( 1 +a+a , 0 , 1 +a+a , 1 +a+a , ...) and its cyclic shifts* 

Likewise set S 2 of sequences over J 2 “ <a +a> consists of 

sequence s 2 — ((a+a 2 ) , 0 ,(l+a 2 ) ,(l+a 2 ) ,(a+a 2 ) ,(l+a 2 ) , 0 ,(l+a) , 

( 1 +a) , ( 1 +a 2 ) , ( 1 +a) , 0 , ( a+a 2 ) , ( a+a 2 ) , ( 1 +a) , ( a+a 2 ) , 0 , ( 1 +a 2 ) , . . .) 

and its cyclic shifts* Any solution of p|[a^+l]-LRR with 

f(x) » 1+x+ax is a linear combination over P 2 Ca +l] of the 

T l t 2 

sequences from and S^. It is of the form (a^o s i +a 2 a s 2^ 
where a, , 0^ 6 GF(2). Maximum value of HACR function for t ^ 0,is 
1/3 and maximum value of HCCR function is 1/3. 
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4.4*3 Hamming Correlation Functions of Sequences Over 

Orthogonal Ideals of the Same Order in Semisimple 
Pp[W(a)] Rings 

We now give some results on HACK and HCCR functions of 

sequences over the orthogonal ideals in semisimple P p [W(a)3* 

Consider a nonsingular canonical single output p]?[W(a)]-LSS. 

o> p 

Let P|J[W(a)3 be semisimple i.e., W(a) * m W^(a)} W^Ca) 

irreducible polynomial over GF(p). Then Pp[W(a)3 = 

J v . If n i - ~ for all i, then the ideals are of the same 

order p” 1 and J ± ss P p i [W i (a)3 £ GF(p x ) , i - 1,2,,.. v . 

Further the common element in and for all i,j, i ^ j f 

is 0 6 PjJ[W(a)3* Suppose the characteristic polynomial f(x) 

associated with the LRR is such that, f.(x) ■ f(x) modulo[p; 

n. 

W^(a)3 is primitive over P x [W^(a)3 } i = 1,2, ... v , then for 

nonzero initial states with components from the ideal Ji , the 

n.K 

period of any output sequence is (p -1) AT; which implies 

that the output sequence is isomorphic to maximum length 

n i 

sequence over GF(p )• The number of zeros in such a sequence 
nAl C-D 

is (p -1). Hence for t f 0, the maximum value of HACR 

n t (K-l) 

function is (p -1). Consider two sequences y over J* and 

nJC 

z over Jj, i ^ j. These sequences have equal period j = (p -l) 

and have identical HACR function. Since there is no element in 

common in J* and J* other than 0 6 Pl!![W(a)3, the value of HCCR 
1 J n.(K-l) p 

function is atmost (p *1) * 
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Example 4*4*11 


2 2 2 

Consider P 2 [a +a] • (a +a) * a. (a+l) is a product of two 
irreducible polynomials* Hence P 2 [a +a] is semisimple* Let 
W^(a) =* a and V* 2 (a) * (a+1). 

It is easy to see that e^(a) * (a+l) and e 2 (a) = a* Hence, 
Jl * <e^(a)> ® £0,(a+l)3 and J 2 * <e2(a)> » {0,a} • Consider 
a p|[a 2 +a]-LRR with f(x) * 1+x+x 3 * 


We find the sequence s^ with elements from and sequence 
s 2 with elements from J 2 * f(x) modulo [2, a] and f(x) modulo[2, 
a+l] are primitive* Hence these sequences will have maximum 
length i.e* (2-1) - 7, and number of zeros is 3. 


* ((a+l), 0, 0, (a+l), (a+l), (a+l), 0) 
s 2 ® (a, 0,0, a, a , a , o') 


and 

H S 1< * ) “ 



i*e* the sequence of 


t = 0 

. f 

T ^ 0 

HACR and HCCR function values 


. v ' • 5 

H e0 ( *0-1 

3 ; 


T = 0 
t £ 0 

are 


7, 3, 3, 3, 3, 3, 3, 

7, 3, 3, 3, 3, 3, 3, 
and 3, 1,1, 1,1, 1,1 respectively* 


Example 4.4.12 

Consider p|[ ( a 3 +a+l) ( a 3 +a 2 +l) ] 


Let A * 


0 

a 



a 


and 
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f ( x) * 1 +ax+ax 2 • P^[ ( a 3 +a+l) ( a 3 +a 2 +l) ] s PgC a 3 +a+l] t& . - * 

P|[a 3 +a 2 +l], 

f^(x) ** 1 +ax+ax 2 modulo[ 2 ; a 3 +a+l] 

= ( 1 +ax+ax?) which is primitive over P^ta^+a+l] 

ft ft ft 

f 2 ( a) * 1 +ax+ax modulo[ 2 j a +a + 1 ] 

= (1+ax+ax ) which is primitive over Pjjjia+a+l] • 

We have, W^a) = (a 3 +a+l) and W-^a) = (a 3 +a 2 +l), and 

WgCa) * (a 3 +a 2 +l) and W^Ca) = (a 3 +a+l). There exists 

b^(a) » a 3 and b 2 (a) - a such that W^(a).b^(a) + WgCa) bgCa) 

* 1 modulo P^CwCa)] • 

Then, W^(a)«bj(a) » e^a) * (a 4 +a 2 +a+l) and 

l^CaJ.bgCa) » 62 (a) * (a 4 +a 2 +a). Therefore, 

» <a 4 +a 2 +a+l> and J 2 * <a 4 +a 2 +a> • 

s, has length 63. Let sj[ be a part of sequence of length 9 
we have 

®1 9 (a 4 +a 2 +a, 0 , a^+a 3 +a 2 , a^+a 4 +a 3 , a^+a 2 +l. , a^+a^+a , 

;a 5 +a 3 +a 2 ', a 5 +a 4 +l , a 5 +a 3 +a 2 ) . 

Then * (s£» (a 5 +a 3 +a 2 )s^» (a 5 +a 3 +a 2 ) 2 s£, ...,(a 5 +a 3 +a 2 )^ s£..) 
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There are totally 7 zeros, one in each section of length 9. 
Likewise S 2 - (sJ>, (a^+a^+a^+a) s^>, . (a^+a^+a^+a)^ s^, ...). 

There are totally 7 zeros one in each section of length 9. 

The HACR function values of s^ or S 2 arc 

163,7,7,7, ... 7 3 

The HQCR function value between s, and s 0 is H ( t ) is 

x 4 s »2 

either 0 or 7 which is periodic with period 9. The sequence is 
I 7000000007000000007000000007 . . . 700000000 3 . 

* 

4.4.4 Hamming Correlation Properties and Hamming Weight- 

Structure of Sequences Generated by Second Order LSS Over 
Semisimple Pp[W(a)] Rings 

In this subsection we consider a specific case of output 
sequences of second order, nonsingular, canonical, autonomous 
Pp[W(a)]-LSS with C - [l 0]. As before p£[W(a)] is semisimple 
i.e., W(a) =* W^(a). WgCa) , where W^(a) is irreducible polynomial 

1 .* 

of degree n- over GF(p)* i 58 1,2,. The characteristic matrix A 

~ 2n i 

is such that, A^ - A modulo[pj W^(a)] has period = (p -1) , 

i * 1 , 2 , or in terms of the characteristic polynomial f(x) of the 

associated LRR f(x) is such that f^(x)*f{x) mod CpjW^(a)] is 

n. 

primitive over Pp i [W^(a)] $ i - 1,2,. It is then possible to 

obtain analytically, the number of levels and values of HACR and 

HCCR functions of sequences of length T. Here T is the period 

2 n. 2 n 2 

of matrix A and is equal to 1 cm [(p -1), p -!)]• We make 
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use of the properties of maximum length sequences over finite 
fields given in [28] • 

We first prove the following lemmas* 

Lemma 4*4*9 

Let sequence be set of solutions of second order 
P”[W(a)]-LRR, where Pj?[W(a)3 is semisimple and the characteri- 
stic polynomial f(x) of the LRR is as defined above* With 
initial values ([0 1]) over P”[W(a)], the sequence ® 6 S T , has 

2 n ry 1 

a oeriod T = 1cm [p 1 -l),(p n2 -l)3 and the sequence s* « s.e. (a) 

2n. 1 

over JL has a period (p -1) $ i =1,2 • 

Proof 

2n, 

From Lemma 4*3.6, period T of f(x) is equal to lcm[(p -1), 

2n« n 

(p -1)] and from Theorem 4.3.7, s over Pp[W(a)] has a period T. 

n i 

s.e j a) = is a sequence over and £ Pp^tW^Ca)] — 

GF(p x ). f^x) is primitive over Pp^Cw^a)]. Hence ~ ; 

~ n i 

i * 1,2, where s ^ is a maximum length sequence over P p [W^(a)}£* 

n. 2n. 

GF(p x ). Hence s^ has a period (p -1) } i = 1,2. 


Lemma 4.4*10 

2n. 

In the sequence s^ of period (p -1) over J^, the number 
of zeros is equal to ( p -1) and occur periodically with a 
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Proof 


Consider a maximum length sequence over Pp^[W^( a)] s; 
n. 

GF(p x ) ; i *s 1 , 2 . From the property (ii), given in Sub- 
section 4.4.1 , of maximum length sequence over finite fields# 
number of zeros in s^ is (p -1). Further s*^ has (p -1) 

sections. From property (iv), if s!^ is a part of the sequence 

2 ^ 

of length = ©. , then the sequence s. is 

<P' ■ 1 " 1 > n. 

$i 38 {%, as£, a? » where a is a primitive ele- 

n. n. 

ment in P p 1 [W i (a)3 £? GF(p 1 ) ; i = 1,2. Let jth element ^y^ 

in si be a zero then *y. - 0 and ,y._ * * 0. In general, 

1 x J i j+0^ * J 

i^j+m©^ = a i^j 38 0 i m ss 0,1,2, ... (4.4.7) 

n i V V 

Since there are only (p -1) zeros and these are equal number 
of sections in s^, from Equation (4.4.7) it follows that each 
section has a single zero which occurs periodically with 
period 0^, i * 1,2, in s^« s^^ over JN is isomorphic to s^ 

and hence the properties of *s^ carry over to s^. 

The results of the Lemmas 4.4.9 and 4.4.10 are used in the 


computation of values of Hamming correlation functions of 
sequences in S^. The length of sequences in S^ is T 
2n. 2n« 

**lcm[(p -1), (p -1)3 • s^ and $ 2 , are maximum length 
sequences over and J 2 respectively with only zero as the 
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common element in them. Any sequence in Sj can be expressed 
as or its cyclic shifts. Consider sequence of the form 

o*l +s 2 * An element at -a given location in (cr s-j+s 2 ) is a 

zero iff o s ± and S 2 have zeros at the same location. Hence 

the number of zeros in (as +s 2 ) depends on the number of 
n l n 2 

sections (p -1) and (p -1) and also the length of each 

2n^ 2n 2 

section ©^ * ®2 ~ S 1 and s 2 re specti- 

( P x -d ( P 2 -d 

vely. s 2 in S^. is of length T. Let there be j sections 
of length ©g. With one zero in each section, there are in all 
j zeros in the sequence s 2 of length T* in S T is also of 
length T ; it has sections of length 0^. A zero in sequence 

T 

s^ can coincide with a zero in sequence as^, in each part of 
the sequence of length which is an integral multiple of both 
© 2 and ©^, i.e., ij©i = i 2 ©2 * * - l , ^2 integers* Since 6^ 
divides i^Q^* ©1 should divide i 2 © 2 . Hence the number of 

T 

zeros in <yS j > +s 2 can b e either nil or the number of integers 
in the set C© 2 ,2© 2> 3© 2 , ..., j© 2 } that are divisible by 9^. 
This number is obtained in the following lemma. 

Lemma 4.4.11 

Let ©^,© 2 * j be positive integers. Let ©^ < © 2 . Then 
in the set of integers C@ 2 ,2© 2 ,3© 2 , ... ( j*”2)© 2 f ( j™ 1)© 2 ,j© 2 j , 
the number of integers divisible by © 1 is given by the greatest 

integer < ' godC©^©^. 
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Proof 


iie divide the proof into three parts where each part 
considers one of the possible cases s i) gcdCQj^Gg) = ©^ ; 
ii) gcdCG^Gg) “l* iii) gcdCGj^^) > 1. 

(i) gcd(© lf G2) 35 ©1* In this case ©jJ©2 and hence a11 the 


j integers are divisible by ©^* 


(ii) gcd(9 lt ©2) = 1* In this case 0 1^®2 and hence G^ divides 

any integer iGg if it divides i. Hence number of integers 

in ©2»2©2» •••» j©2» that are divisible by ©^ is the 

quotient of i*e*, greatest integer < gcdCGj^Gg). 

1 1 

(iii) gcd(©p©2) > 1* Let gcdCG^Gg) = 0, where 1 < 0 < G^. 

By definition 0|O 1 ,0|© 2 * Let ^ = ©i» ^ - ©2* Then » 
gcd(G£, G£) = 1. 

If 1 i© 2 » then ©1 1 i0 2 * Since 9 cd (©i»©2^ = X » 11 follows 

that ©jji. Thus the number of integer divisible by 9^ is 

equal to the quotient of ^7- • This is equal to the greatest 

integer < ^ gcd(© 1 ,© 2 ). 

1 1 


The result of Lemma 4*4*11 is used for the determination 
of the possible number of zeros in any sequence s6 which 
gives the possible values of Hamming correlation functions and 
the number of nonzero elements in a sequence in which is the 
Hamming weight of the sequence. The set of Hamming weights w 
of sequences in S^. and the corresponding number of sequences of 
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weight w constitute the weight structure of sequences in S,p 
The weight structure of sequences in can be utilized to 
study the weight structure of error correcting codes over 
Pp[W(a)3 considered in Chapter 5* 

In what follows we consider examples of sequences of 
length T which are solutions of second order Pp[W(a)]-LRR, 
where Pp[W(a)] is semisimple and isomorphic to external 
direct sum of two finite fields* Further the characteristic 
polynomial f(x) of LRR is such that f^(x) = f(x) modulo[p;W^(x )] 
is primitive. In these examples the possible values of 
Hamming correlation functions and the weight structure of the 
sequences are found* 

Example 4*4.13 

Consider semisimple P 2 [a^+l]. (a^+1) = (a+l)( a 2 +a+l) • 

n l “ °2 * 2> e l(a) ■ (a 2 +a+l), e 2 (a) “ (a 2 +a); 

J x a <e 1 (a)> £ GF(2) and J 2 = <e 2 (a)> ~ GF(2 2 ) . 

m n • 

Since f^(x) is of degree 2 and is primitive over P 2 LWj,(a)] $ 

i * 1,2, 

o 

Sj^ over is of period (2 -1) * 3, 9^ - 3 and number of 

2 o 

zeros i, $ 2 over Jg is of period (2 ) -1 * 15, © 2 * 5 and 

15 

number of zeros = 3. j “ ® 3* Consider s^ and s 2 of length 15* 

Number of zeros in 0 s i* s 2 is either zero or greatest integer 

£ ^ gcd^,©^ ;£§ gcd(5,3) * 1. 
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The weight structure is given in Table 4.4.1, 

Table 4.4.1 Weight Structure of Sequences of Example 4.4.13 


Weight of 

Number of 

sequence 

sequences 

0 

1 

10 

3 

12 

15 

14 

45 


Example 4.4.14 

/ O 

Consider semisimple P^C ( a+l) (a +a+l) ] = 

n x - 1, » 3 ; P^Ca+l] SGF(2) j J 2 - pf[a 3 +a+l] £ GF(2 3 ) . ' 

** n. 

Since ^(x) is of degree 2 and is primitive over P 2 1 [Wi(a)]> 

i = 1,2. 

2 

s x over J x is of period (2 -1) = 3, s 2 over J 2 is of period 
3 2 

(2 ) -1 = 63. T = 63. Number of zeros in s x is 21, © x * 3. 

3 

Number j of sections in s 2 is (2 -1) = 7 and number of zeros 
in s 2 is 7. Thus © 2 = —j = 9. Number of zeros in o s x +s 2 is 
either zero or greatest integer < gcd(© 2 ,© x ) * 2 gcd(3,63) »7. 

1 T 

Period of s x is 3 and © 2 * 9« Hence whenever a zero of or s^ 
coincides with a zero of s 2 all the other zeros of s 2 also 
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However, for each T , a zero of os coincides with a 

1 

zero of S 2 » Hence number of zeros in s^+Sg is one. The 

number of possible zeros in sequences (of length 15) in 

are computed as follows. Any sequence in S^. is of the form 
T T» 

a •+■ a * 2 * Number of zeros in s^ or its cyclic shifts is 5« 
Number of zeros in S 2 or its cyclic shifts is 3. Number of 
zeros in other sequences is 1# Corresponding normalised 
values are • Thus possible normalised values of 

HACR functions of sequence in S^. is Cl, ^ ■jg 1 } . Possible 

normalised values of HCCR function between two sequences is 

f l 1 1 > 

l 3» 5 * 13 * • 

The Hamming weight structure of 64 sequences in is 
computed as follows: 


The sequences in S^. can be s^^ or S 2 or their cyclic 
shifts* or sum of 0 * si and over p|[a^+l]» where 

< 3 and ^ 15* are nonnegative integers. The weight 
of s^ or its cyclic shifts is 10. Since s^ is of period 3 
there are 3 sequences of weight 10. The weight of s 2 or its 
cyclic shifts is 12. Since $2 is of period 15 there are 15 

*C 

sequences of weight 12. When the sequence is a sum of a ' S 1 
and 0 ** 2 t since s^ is of period 3 and S 2 is of period 15* 
there results 45 sequences. Further in each of these sequences 
since only one zero of a sj[ coincides with a zero of cr*S 2 , 
these 45 sequences are of weight 14. The zero sequence is of 
weight zero. 
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coincide with zero of os. Otherwise the number of zeros in 
a . is zero. Thus, number of zeros in s^ or its cyclic shifts 
is 21, number of zeros in s^ or its cyclic shifts is 7, and 
number of zeros in ^*1+ o^sS'is either zero or 7. 


Possible values of HACR function are £63,21,7,0} 

Possible normalised values of HACR function are ll,j, 0} . 

Possible normalised values of HCCR function between sequences 
in S T is £-|, ^,0} . 

The Hamming weight structure of 256 sequences in S T is 
computed as follows. The sequences in S^. can be s^, or Sg or 
their cyclic shifts of sum of cr l Sj + o^s^ over P 2 t(a+l)(a 3 +a+l)] , 
where < 3 and ^ < 63, are nonnegative integers. The 
weight of s^ or its cyclic shifts is 42. Since s^ is of 
period 3 there are 3 sequences of weight 42. The weight of S 2 
or its cyclic shift is 59. Since S 2 is of period 63 there 
are 63 such sequences of weight 59. Further for a given value 
of a zero of o T 's^ coincides with a*S 2 for 7 values of *^ 2 * 

Since takes three values namely 0,1,2, there are totally 
21 such sequences of weight 59. Hence there are (63+21) - 84 
sequences of weight 59* The remaining sequences will have 
weight 63. The weight structure is given in Table 4.4.2. 
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Table 4.4,2 Weight Structure of Sequences of Example 4.4,14 


Weight of sequence 

Number of sequences 

0 

1 

42 

3 

59 

84 

63 

168 


4.5 SET OF ORTHOGONAL SEQUENCES OVER ORTHOGONAL IDEALS IN P^[W(a)] 

As we have seen in Section 2 A, an element r(a) in a semi- 
local or a semisimple Pp[W(a)] can be decomposed into internal 
direct sum components where each component is from an ortho- 
gonal ideal. These components mutually annihilate each other. 

Thus sequences over distinct orthogonal ideals are inherently 
elementwise orthogonal. In this section we give techniques 
for (i) generation of set of sequences over orthogonal ideals 
in Pp[W(a)] (ii) decomposition of sequences over Pp[W(a)] into 
set of orthogonal sequences over the same ring and (iii) trans- 
formation of sequences over primary ring or direct sum of pri- 
mary rings into set of orthogonal sequences over appropriate 
larger rings. It is shown that arbitrary sequences over semi- 
local or semisimple ring can be decomposed into sets of orthogo- 
nal sequences over a larger semilocal or semisimple rings which 
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contains orthogonal ideals isomorphic to the orthogonal ideals 
in the smaller rings. Examples are included to illustrate the 
techniques for generation of sets of orthogonal sequences, decom- 
position and transformation of sequences into set of orthogonal 
sequences. Application of orthogonal sequences for multiplexing 
and modulation is taken up in the next section. 


Consider two sequences of equal length N 


V U) , ( V U>, 



• • • f 



) 


(4.5.1) 


and 

V«2> 




• • • 9 



) 


(4.5.2) 


of equal length N over arbitrary field*Y/e call, .V^ - 

£ V^ 2 ^ , the inner product of the two sequences and 

i=0 1 1 

V^ 2 ^. Sequences and V^ 2 ^ are said to be orthogonal if their 

inner product is zero. In what follows we see that, if the 
sequences are over distinct orthogonal ideals, each of the 
elementwise products is identically equal to zero. 

v h. 

Let P„[W(a)] be a semilocal ring, where W(a) « it W*(a) # 
p i=l 1 


W^(a) irreducible polynomial of degree n^ over GF(p). We have 
seen in Section 2 A that the ring P£[W(a)] contains v orthogo- 
nal idempotents e^(a) ; i = 1,2,- ... v . Each orthogonal idem- 
potent e^a) generates an orthogonal ideal Jj. and Pp[W(a)] is 
the internal direct sum of } i = 1,2, ...v . Any element 
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r(a) 6 P?[W(a)] is uniquely given by the internal direct sum 
r(a) = r^(a) + r 2 (a) + ... + r^a) + ... r y (a) modulo [p;W(a)], 
where r^(a) is a multiple of e^(a) and hence belongs to J^, 
i « 1,2, ... v . If r( a) is 0 6 Pp[W(a)] all the components 
are zeros. If r(a) is a zero divisor in p£[W(a)3 at least one 

sr 

component is zero. The internal direct sum components r^(a) $ 
i as 1,2, ... v of r(a) has orthogonal property as proved in 
the following lemma. 

Lemma 4.5.1 

Let r(a) = r^Ca) + r 2 (a) + ... + r^a) + ... + r y (a) 
modulo[p$ W(a)], where r-^a) e ^ ; i = 1,2, ... v • Then, 

r^(a) * r(a). e^(a) modulo[p; W(a)] } i = 1,2, ...v and 
r-^a). r^(a) =0 modulo[pj W(a)] ; i * 1,2, j£ j . 

Proof 

r(a) * r x (a) + r 2 (a) + ... + r ± (a) + ... + r y (a) 
modulo[p; W(a)]. rCaKe^a) = r^Ca) •e i (a)+r 2 (a) .e^^Ca) + ... + 
r^Ca). e._(a) + ... + r y (aj.e^a) modulo[p; W(a)]. 

Tj(a)e Jj and hence is a multiple of e^Ca) $ j =*1,2, ...v « 

From the property of orthogonal idempotents 

(a).e^(a) - 0 modulo[p; W(a)] \ ^ j a 1,2, ...v 

j J 4 i 

and r i (a).e i (a) = r^(a) modulo[p; W(a)]. 
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Thus r^(a) = r(a).e^(a) modulo [p; W(a)]. r^(a) is a multiple of 
e^(a) and r^(a) I s a multiple of e^Ca). 

Hence r^aKr^a) - 0 modulo [p; W(a)], i,j = 1,2,. 


If z is a sequence over p£[W(a)], the sequence can be viewed 
as a direct sum of v sequences z^; where elements of z^ are 
from the orthogonal ideals J i $ i = 1,2, . ..v . Consider 
sequences. 


2 


( 1 ) 




Z 


( 2 ) 




• • • , 






(4.5.3) 

(4.5.4) 


of equal length N which are over two distinct orthogonal ideals 
in Pp[w(a)]. From the above lemma it is seen that, the elements 
of and Z ^ mutually annihilate, that is zj^.Z^ -0 

moduloCp; W(a)] ; for all j = 0, ... N-l. Hence Z^ and Z ^ 
are said to be orthogonal to each other. However, the orthogo- 
nality is not in the usual inner product sense. In general, if 
Pp[W(a)] is equal to the internal direct sum of v orthogonal 
ideals, ; i « 1, ...v , the sequences Z^, . ,.,Z^ 

over •••» Jy respectively, constitute a set of orthogo- 

nal sequences. 

In what follows we study different techniques for obtaining 
sets of orthogonal sequences over semilocal or over semisimple 
ring. A motivation for this study is the application of these 
orthogonal sequences in modulation and multiplexing of data 
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sequences* which we will discuss in Section 4.6. 

The techniques are broadly classified into three types, 
based on the following : 

1) Generation of sets of orthogonal sequence which are auto- 
nomous responses of canonical and single output LSS over 
semilocal or semisimple ring, Pj?[W(a)], with specified 

r 

initial conditions* 

2) Decomposition of a sequence over semilocal or semisimple 
ring P^[W(a)] into orthogonal sequences over orthogonal 
ideals in Pp[W(a)]. 

3) Transformation of sequences over primary ring or direct 
sum of primary rings, Pp[W(a)] into orthogonal sequences 
over larger semisimple or semilocal rings which contains 
orthogonal ideals isomorphic to Pp[W(a)]. 

4.5*1 Generation of Orthogonal Sequences 

Consider a Kth order singular canonical single output 
P«[W(a)]-LSS with C = [l 0 ... 0] . Let p£[W(a)] be a semilocal 

r r 

ring. We have seen in Section 4.3 that when the elements a^ ; 
i = 1,2, ..., K in the characteristic matrix A. are from an 
orthogonal ideal Jj and further if a^ is not a nilpotent element 
in Jj, the output sequences with initial state having components 
from Jj, are periodic. These sequences have elements from 
If Pp[W(a)] is an internal direct sum of v orthogonal ideals, 
orthogonal sequences can be generated from v generators. 
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h.n. h. 

We have J.. — P-* 1 ^[W.. J (a)j. 

J P J n . 

If h. * 1, then is isomorphic to GF(p **)• Then for a^^ £ Of 
3 3 

i s 12, . . . K and initial values from J., the sequences are 

J n . 

periodic and are isomorphic to sequences over P p J [Wj(a)];2 

n. 

GF(p j ). Further for proper choice of a lf a2 > •••» 6 J j» 

the periodic output sequence is isomorphic to a maximum length 

n.K n, 

sequence of period (p ** —l) over GF(p J ) • 


If h x « h 2 * ... h y * 1, the ring P p [W(a)3 is semisimple. 

Each orthogonal ideal is isomorphic to a finite field of the 

same order. The orthogonal sequence ovet is then isomorphic 

n± 

to sequence over GF(p 1 ) } i = 1»2, • ••*> • 


Orthogonal sequence over P p [W(a)] can also be generated 
using a nonsingular canonical single output P p [W(a)]-LSS with 
C * [1 0 ... 0]* However, in this case for generating sequence 
Z ^ over J if the initial state must have components from Jj. 

The sequences over P?}[W(a)3 can also be viewed as sequences 
of n-tuples over Zp[w] £ P p [W(a)] • 

The generation of sets of orthogonal sequences over semi- 
local and semi simple rings is taken up in the following exam- 
ples. 


Example 4.5.1 

3 3 3 

Consider the semisimple ring P^Ca +1 3« (• +1 ) = 

(a+l)(a^+a+l) . The orthogonal idempotents are e^( a) ss (a^+a+l) 
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2 

and.e 2 (a) - (a +a) • The orthogonal ideals are, =* <e^(a)> = 
£0, 1+a+a 2 } ~ GF(2) and J 2 = <e 2 (a)> * £0,(a+a 2 ) ,(l+a 2 ) ,(l+a) J £ 

GF(2 ) . Consider singular, autonomous second order single 
output system over J, with characteristic matrix 

To i 1 


o 

1+a+a 


1+a+a 2 


and C * [l 0]. |A c | =* 1+a+a 2 


3 3 

is a zero divisor in P 2 [a°+l] and A c is not nilpotent. Hence, 
the system is singular* With the initial state [0, 1+a+a 2 ] tr , the 
output sequence is Z (1) = (0, 1+a+a 2 , 1+a+a 2 , 0, ... ). The 

sequence is periodic with period (2 2 -l) = 3 and is isomorphic 
to a maximum length sequence over GF( 2) • The number of 
sequences is equal to the number of distinct nonzero initial 
states , that is 3 


Likewise a singular autonomous second order single output 

0 1 


system over J 2 with A c = 


1+a a+a 

r(2) 


and C = [l 0], gene- 


rates orthogonal sequence Z' 2 ^ over J 0 . Here I A I m (l+a) which 

3 z I c » 

is a zerc^in P^Ea^+l]. Hence the system is singular (A c is not 
nilpotent) • With the initial state [0, l+a] tr , the output 
sequence is 


Z (2) * (0, .l+a’ , l+a , a+a 2 , l+a , 0, l+a 2 , l+a 2 , 
l+a , .l+a , 0, a+a , a+a , l+a , a+a , 0, ... ) 

The sequence is periodic with period (2 2 ) 2 -! * 15, and is 
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isomorphic to a maximum length sequence over GF(2 ) • The 
number of sequences is equal to the number of distinct nonzero 
initial states, i.e., 15. vtfo note that segments of same length of 
sequences and are orthogonal, as the individual 

sequence elements are orthogonal. 

The normalised HACR function of sequences Z^^ and Z^^ 
and (ii) the HGCR function between Z^ and Z ^ are given 
below. H^i)(t) * (1, i, j H^ 2 )(t) = (1, 5 , ...) and 

Hz(l)z(2)( T ) is of length 15 and has two levels 0 and ^ . 


In this example the sequences can also be viewed as 

sequences over Z^ — PgCa^+l]. The implementation of sequences 

generators is obtained as discussed in Section 3.5. The 

sequence Z^ and Z^ of 3-tuples over GF(2), isomorphic to 

Z^^ and Z^^ respectively is given below. 

'Oil \ 

0 1 i # . . . I *> z^^ 

Oil I 


Z 


(l) 


( 2 ) . 


0110101111000 
0111100010011 ., 
0001001101011 


Example 4.5.2 

ft ft ft 

Consider the semilocal ring P^Ea +l]. (a +1) ! 
2 2 2 

(a+l) (a +a+l) . The orthogonal idempotents are s 


4M 
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4 2 4 2 

e a) * (a +a +1) and 62(a) * (a +a ). The orthogonal ideals 
are = <e^(a)> * {0,(l+a 2 +a 4 ) , (a+a 3 +a^) , (l+a+a 2 +a 3 +a 4 +a^)} 

J 2 * < e 2 (a)> " CO,(a 2 +a 4 ),(a 3 +a 5 ),(l+a 4 ),(a+a 5 ),(l+a 2 ),(a+a 3 ), 

( a 2 +a 3 +a 4 +a^) , (a+a 2 +a 4 +a^) f (a+a 2 +a 3 +a 4 ) , (l+a 3 +a 4 +a^) , 

( l+a 2 +a 3 +a^) , (l+a+a 4 +a^)» ( l+a+a 3 +a 4 ) , (l+a+a 2 +a^) , 

(l+a+a +a ) } • Consider the second order autonomous canonical 
single output system over given in Figure 4.5*la* With the 
initial state [(l+a 2 +a 4 ), 0 ] tr the sequence generated is 

of period 6* 

Z^^ - C (l+a 2 +a 4 ) f 0, (a+a 3 +a^), (a+a 3 +a^) , (l+a+a^a^a 4 -^), 

( a+a 3 +a^) , ( l+a 2 +a 4 ) , 0 • • • } • There are 15 nonzero 
initial states, which gives rise to 15 sequences* Consider the 
second order autonomous canonical single output system over J2 
given in Figure 4.5*lb* With the initial state [( a 3 +a^) ,0]^ r 
the sequence generated is of period 3* 

2^ 2) - {(a 3 + a 5 ), 0, a 3 +a 5 , •*•} • There are 255 nonzero 
initial states and hence 255 sequences* The sequences and 

Z^ 2 ^ are orthogonal* The common element in sequences and 

Z^ 2 ^ is the zero of the ring. Considering a length 1cm (6#3)=6 
of the sequences Z^ and Z^ 2 \ normalised cross-correlation 
z(2)( T ) is °f two level 0 and The sequences can also 
be viewed as sequences over Zj> ~ P^ta +l] . The implementation 
of sequence generators is obtained as discussed in Section 3*5* 
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The sequence 2^^ of 6-tuples over GF(2) isomorphic to Z^ 1 ^ is, 



The sequence of 6-tuples over GF(2) isomorphic to 2 is. 


( 2 ) 


fo 0 0 ) 

I 0 0 0 

0 0 0 
10 1 
0 0 0 
\l 0 1] 


4*5*2 Decomposition of Sequences 

v h. 

Consider a semilocal ring Pj?[W(a)]* W(a) = % (a) .As 

v i-1 

discussed earlier, any element r(a) 6 Pp[w(a)] can be uniquely 
expressed as the internal direct sum of v components r^(a) ; 
where r^Ca) 8 the orthogonal ideal ; i - 1,2, *.#v • 

Further from Lemma 4*5*1 we see that the component 
r^(a) = rCaJ.e^Ca) modulo[p; W(a)], where e i (a) is orthogonal 
idempotent in Pp[W(a)] and r^(a)*rj(a) *0 modulo[p;W(a)] }i£j • 
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Let Z be any sequence over Pp[W(a)]. By multiplying 
each element of Z by e^a) modulo[p$ W(a)] we get a sequence 
Z^ over Likewise e^(a).Z gives a sequence Z^^ over 

i = 1,2, ... v , Since the product of any element r^(a) of 
sequence Z^ and any element r^(a) of sequence Z^, j i 
gives zero modulo[p; W(a)], the sequences, Z^ , Z^»... ^ 

are mutually orthogonal. 

« 

Thus the sequence Z over P^[W(a)] can be decomposed into 

r 

orthogonal sequences. The scheme is given in Figure 4.5.2. We 
note here that the elements of sequence Z or i =1,2,. ..v 

are polynomials of degree less than n and are elements of 
Pp[W(a)]. Z or Z (i) , i = 1,2 , ...v , alternatively can be 

viewed as a sequence of n-tuples which are elements of 
z£[W] ~ Pp[W(a)]. However, the elements of Z^ are from an 
ideal in Z^[W] which is isomorphic to JN ; i = 1,2, ... v . 


As we have seen in Section 2.4, 

Pp[W(a)] ~ Pp 1 " 1 ^ 1 ^]© ... © Pp* "* [vty (a)] 

and 


Pp[W(a)] = J x +J 2 + ... J v , 
h . n . h, 

and ~P p x 1 [W i 1 [a)] . 

* n. n. 

If h. = 1 then £ P p 3 [W..(a)] £ GF(p 3 ) 

Ifh^=h 2 ®««* ss h y = 1, then the ring is semisimple and the 
orthogonal sequence over J^, is isomoiphic to sequence over 
GF(p i )» 1 = 1,2, ... v . 


V 
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Thus when the ring Pp[W(a)} is a direct sum of primary 
rings a sequence Z over P!?[W(a)3 can be decomposed into ortho- 
gonal sequences over orthogonal ideals in Pp[W(a)]. 

In the first method of generation of sequences discussed 
in Subsection 4.5.1, the number of generators required is equal 
to the number of orthogonal sequences* In the case of decompo- 
sition of sequence, a sequence Z from a single generator is 
decomposed into orthogonal sequences over the orthogonal ideals, 
using scalars, e^(a), i = 1,2, ... v • 

Example 4.5.3 

Consider a second order autonomous canonical single output 

fS A 

PgEar+ll-LSS, L as given in Figure 4.5.3a. The output sequence 
Z with the initial state [l 0]^ r is a periodic sequence of 
period 15. 

Z — (1, 0, a, a , 1+a , a, 1+a+a , 1+a, 1, a , lta, 1+ata , 1, 

1+a , 1 » 1,0, ... ) 

The sequence Z is decomposed into orthogonal sequences Z^^ over 
and ^ over , where = ^a +a+l^ = CO, 1+a+a J ^ Pir>£a+l3 

and Jj * <a 2 +a> s C0,( a+a^) ,(l+a) , (1+a^)} ** P^Ca^+a+l}. 

The scheme of decomposition of Z into orthogonal sequences Z^ 

(?) 

and Z' 1 over and J 2 respectively is given in Figure 4.5.3b. 

88 U 1+a+a 2 ), 0, (1+a+a 2 ), (1+a+a 2 ), 0, (1+a+a 2 ), (1+a+a 2 ), 
0, ... J is a periodic sequence of period 3 over and 
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z^ Sequence over 
zi*) Sequence over 


z -^Sequence over 


J» 


h 



Fig.4.5.2 Decomposition of Sequence z over 
Semllocat f^ 1 (w (a)] 



Fig. 4. 5. 3a Generation of Sequence z of 
Example 4-5*3 


z 



z 


(*) 


>- 


z 


( 2 ) 


Fig. 4. 5.3b Decomposition of Sequence z of 
Example 4-5-3 
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« l(a+a 2 ), 0, (1+a 2 ), (1+a), (1+a 2 ), (1+a 2 ), 0, (1+a), 

(a+a 2 ), (1+a), (1+a), 0, (a+a 2 ), (1+a 2 ), (a+a 2 ), 

( a+a ) , 0, is a periodic sequence of period 15 

over J 2 * 

3 o 

A j^-LSS L* jK L generates a sequence Z over 2^* This is 
decomposed into two orthogonal sequences Z^ 1 ^ and over 

3 

Implementation of the sequence generator L' ~ L and the 
scalars are done as per the procedure outlined in Chapter 3. 

O 

The sequences over Zg are given below. 

1 0001011101111110 
Zr 0010011 1001100000... 

0 0011010010101000 

and 

f l 0110110 
Z (l) = 10110110... 

10110110 

1 

. , 0 0111101011001000 

z (z) . 

— 100 1000 1 1-110 10 1 10 .*. 

1 0101100100011110 
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4.5*3 Transformation of Sequence Over Local Rings into 
Orthogonal Sequences 

y h 

Let PjjCw(a)] be a semilocal ring? W( a) = it W.^Ca), then 
P h « i*l 1 

Hj Hj 

the local ring Pp 1 1 [W^(a)] is isomorphic to the orthogonal 

ideal J^. We have seen in Section 2.4 that local ring 
h.n. h. 

P 1 [W. 1 (a)] can be embedded in a semilocal ring P^[W(a)] by an 

appropriate isomorphic mapping. If W^(a) 9 W2 (a), ... W m (a) are 

irreducible polynomials of the same degree say n^ and 

h.n h. 

h l ** **2 * *•* ** h m' then " the rin 9 s P p X X [W^ (a)3» 

• h m n b 

Pp® m [W^ m (a)] are isomorphic to each other and are isomorphic to 
the orthogonal ideals •••» J m *- n PpCw(a)]. Let 

hiiji hi 

tflj * Pp 1 ^(a)] - Jj 

h i n i h l 

be the isomorphic mapping between the local ring P p J ‘[W^ (a)] 
and the orthogonal ideal J.. The corresponding inverse mapping is 

J 

i h ^ h « 

* Pp 1 


Consider a mapping or transformation which maps elements from 
h.n. h. 

P A x [W i A (a)3 into elements of J. with the rule 

$ij : x^Ca) e Pp 1 1 [W i 1 (a)] - r i (a).ej(a) modulo[p;W(a)3 


* r ij (a)6J j 


( 4 . 5 . 5 ) 
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The corresponding inverse mapping is 

-1 h i 

*• r.^(a) modulo[p;V/ i x (a)] 

a r £ ( a) 6 Pp ini [W^ 1 (a)] (4.5.6) 

For i * j, 0^ = is the isomorphism between the local ring 
ph^n. h. 

p i [W^ A (a)] and orthogonal ideal However, for i £ j, 0^^ 

is an isomorphism only, between additive abelian group stru- 
h n h 

ctures of Pp 1 1 [W i 1 (a)] and J . • 

The isomorphisms are illustrated in Figure 4.5.4 for 

the case m = 2. The isomorphisms between and J 2 and 

h,n, h h.n. h, 

Pp iW^ (a)] and P p A 1 [W 2 (a)] are also indicated. 

The key notion in this technique is that an element in any 

of the m local rings is uniquely mapped into an element in each 

of the m orthogonal ideals by the isomorphisms. Thus if we have 

h,n, h, 

an arbitrary sequence over local ring P p (w^ (a)], the embedd- 
ing of elements of this sequence in the orthogonal ideals 

h,n, h l 

Jl»J 2 » J m isomorphic to Pp X [W^ (a)] results in a set of m 

orthogonal sequences. In effect an arbitrary sequence over 
h.n^« ^1 

Pp (a)] is transformed into a set of m orthogonal sequences 

over Pp[W(a)]. It is imperative in this scheme that PpCw(a)] 
should have at least one orthogonal ideal isomorphic to the local 

h l n i h i 

ring. If a sequence over a local ring Pp X ^[W^Ca)] is to be 
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W,(a) ,W 2 (a) are irreducible polynomials of the 
same degree n, over GF(p) 


Fig. 4.5.4 Isomorphism Between Locat rings and 
Orthogonal Ideals . 
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transformed into m orthogonal sequences, there must be a semi- 
local ring such that the local ring can be embedded into m 
orthogonal ideals isomorphic to each other. The number m of 
orthogonal signals is governed by the number of irreducible 

polynomials of degree n^^ over GF(p) and the semilocal ring of 

h-n. hj 

least order is the direct sum of m local rings, P p J ‘ , [Wj J (a)]j 
j — 1,2, ••• m. 

When W(a) - % W.(a) 

i=l 1 

Pp[W(a)] is a semisimple ring 
n. ' nj 

and P p 1 [W i (a)] £ GF(p x ) ~ J ± i = 1,2, ... v . 

n. 

The mapping of elements from P p [W^a)] into ^ is a special 
case of ring embedding, where elements of finite field are 
mapped into orthogonal ideals of the same order. 

In what follows we consider the mapping 0^ as defined by 

Equation (4.5.5). Though 0 . . is an isomorphism between the 

3 h.n. h. 

additive abelian group structures of local ring P p [W i (a)] 
and orthogonal ideal J^, the transformed sequences are orthogo- 
nal to each other. 


Example 4.5.4 


* 3 3 

Consider a second order autonomous canonical; P«[a +a+l]-LSSj 

r- t 


L with characteristic matrix = 

c 

l—” —I 

With initial state [l 0] xr the output sequence 


and C * [l 0]. 
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Z (l» 0, 3> 3j (3 ^ 3 ) J 3y (3 +l) f 1| 0, ••• ) 

Consider semisimple P2[(a 3 +a+l) (a 3 +a 2 +l)] • 

The orthogonal idempotents in this ring are 
e^(a) * (a^+a 2 +a) and 62(a) * (a^+a 2 +a+l) 

A / 1 \ 

Sequence Z is transformed into orthogonal sequences Z v ' and 
( 2 ) 

Z * over = <e 1 (a)> and 2 ^ « <e2(a)> respectively as shown 
in Figure 4.5.5, the mapping 0 ^ is multiplication by e^a) 
modulo[25(a 3 +a+l)(a 3 +a 2 +l)] } i ■ 1,2, 

Z^*^ — ((a+a 2 +a^), 0, (a 2 +a 3 +a^)» (a 2 +a 3 +a“*) , (l+a+a 3 ), 

( a 2 +a 3 +a^) , ( l+a 2 +a 3 +a^+a^) , ( a+a 2 +a^) , 0, ... ) 

Z (2) * ( ( l+a+a 2 +a^) , 0, (a+a 2 +a 3 +a^) , ( a+a 2 +a 3 +a^ ) , (l+a 2 +a 3 ), 

( a+a 2 +a 3 +a^) , (a 2 +a^+a^), (l+a+a 2 +a^), ... ) 

^ and Z^ 2 ^ are orthogonal. 

We note here that, 0 ^ is an isomorphism between the field 

3 3 

?2[a +a+l] and the orthogonal ideal and 0 2 is an isomorphism 
between additive abelian group structures of P^Ca +a+l] and the 
orthogonal ideal Jg. However, Z^^ and Z^ 2 ^ are orthogonal to 
each other. 

3 

Lot L33 L be isomorphic to L» 

Then sequence % 2, and is a sequence of 3-tuples over 

z| s p|[ a 3 +a+l] . 
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1 0000011 
00111100 
10 0001010 


The sequence Z is transformed into two orthogonal sequences 
and Z^ 2 ^ over zf Z pS[(a 3 +a+l) (a 3 +a 2 +l)] . 





I 

\ 


I 


We now take up an example, where a sequence over semi- 
simple ring is transformed into a set of orthogonal sequences 
over a larger semisimple ring, which contain orthogonal ideals 
isomorphic to the orthogonal ideals in smaller semisimple ring. 


Example 4.5.5 


4r 4 2 n 

Consider the semisimple ring Pgla +a +a] 
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W(a ) * a(a 3 +a+l) # Wj(a) * a, W 2 (a) = (a 3 +a+l). 

«f^(a) = (a 3 +a+l), W^Ca) = a ; W^Ca) and W 2 (a) are relatively 
prime. There exists b^Ca) and b 2 (a), which are found by 
Euclids algorithm [18] such that W^(a) b^(a) + W 2 (a) b 2 (a) 

® e^{a) + e 2 (a) “ i niodulo[2$ a+a+a] . b^Ca) and b 2 (a) are 

found to be 1 and (1+a ) respectively and the orthogonal 

3 3 

idempotents are e^(a) « (a +a+l) and e 2 (a) « (a +a). 

The orthogonal ideals are = <e 1 (a)> ■ {0,(l+a+a 3 ) } £P 2 [a] 

4 2 3 2 2 3 

and J 2 « <e 2 (a)> ** { O* ( a+a ) f a f a ,a , (a+a }# (a +a ) t ««•« 

(a+a 2 +a 3 ) ) si p|[a 3+a+1 3* 

• 4r 4 2 -» 

An arbitrary sequence over P 2 la +a +aj, can be decomposed 
into two orthogonal sequences over and respectively as 
shown in Figure 4.5.6a. 

A set of 4 orthogonal sequences from Z can be generated 
by embedding the finite fields P 2 [a] and P 2 [a +a+l] in a larger 
semisimple ring p|[a{a+l)(a 3 +a+l)(a 3 +a 2 +l)J * p|ta®+a) which 
has two orthogonal ideals ~ P 2 [a] and two orthogonal ideals 
•2 p|[a 3 +a+l]. 

We have Wj1(a) = a, W 2 (a) = (a 3 +a+l), Wg(a) * (a+1), 

W^(a) « (a 3 +a 2 +l), w'(a) » (a 8 +a) 
and a) * (a^+l) } W 2 (a J — (a 2 +a)(a 3 +a 2 +l) = (a^+a^+a 2 +a) 

W^( a) * (a^+a 8 +a^+a^+a 3 +a 2 +a), W^( a) a* (a^+a 3 +a 4 +a) . 
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There exists b^(a) t b 2 (a), b 3 (a), b^(a) such that 
3). b^( a) + W^>{ a J . bg( a ) + W 3 ( a) . b^( a) + W^( a/. b^( a) 

= ej(a)+e?2(a)+e* 3 (a)+e , 4 (a) * 1 modulo[2; W (a)]. 

By Euclids algorithm [18], 

o 2 

b^(a) as 1 ; b 2 (a) = (1+a ), b 3 (a) =* 1, b 4 (a) » a • Hence, 
e^(a) =s VfjCaJ.b^Ca) » a 7 +l, e^(a) • W 2 (a).b 2 (a) * (a 7 +a 4 +a 2 +a) 

e‘ 3 ( a) m W 3 (a).b 3 (a) • (a 7 +a 6 +a 5 +a 4 +a 3 +a 2 +a) .1 and 
e 4 (a) « W^(a) .b 4 (a) * (a^+a 4 +a 3 +a) * (a 7 +a 8 +a^+a 3 ). 

Transformation of sequence Z over P 2 [a +a +aj into a set 
of four orthogonal sequences over P 2 [a 8 +a] is possible by first 
decomposing Z into orthogonal sequences Z^ and Z^ over 
and J 2 respectively. Z^^ and Z^ 2 ^ are then transformed into 

Q O 

two orthogonal sequences each in P 2 [a +a]. As shown in 
figure 4.5.6b, Z^^ is transformed into Z'^^ and Z*^ 3 ^ over 
orthogonal ideals Jj/** <e 1 (a)> and J 3 * <e 3 (a)> and Z^ 2 ^ is 
transformed into Z 1 ^ 2 ^ and Z»^ 4 ^ over orthogonal ideals 

* <e£(a)> and = <e^(a)> in P 2 [a®+a]. The mapping f6^ is 
multiplication by ej(a) modulo P 8 [a 8 +a] ; i as 1,2, 3,4. 



511 


Consider a periodic sequence Z over P^C a 4 +a 2 +a] generated 

4- 4 2 n 

by a second order nonsingular canonical autonomous P2La +a +aj- 
LSS with C * [l 0] given in Figure 4.5.6c. With the initial 
state [l 0] tr the output sequence 

Z = (1, 0, (1+a), (1+a), (a+a 2 ), (1+a), (1+a 3 ), (a 2 +a 3 ), 1, 

( 1 + 3 ) • • • ) 

4-4 2 -| 

The decomposition of this sequence over 1?2L a * a +a J 

Z^ 1 ^ = ((1+a+a 3 ) ,0, (l+a 2 +a 3 +a 4 ) , (l+a 2 +a 3 +a 4 ) , ( a+a 3 +a 4 +a 5 ) , 

( l+a 2 +a 3 +a 4 ) , ( l+a+a 4 +a 8 ) , (a 2 +a 4 +a^+a 8 ) f ( 1+a+a 3 )' , 

(l+a 2 +a 3 +a 4 ) ...) modulo[2; a 4 +a 2 +a] 

» ((1+a+a 3 ), 0, (1+a+a 3 ), (1+a+a 3 ), 0, (l+a+a 3 ), 0 ...) 

of period • 3 

and - ((a+a 2 ), 0, (a+a 3 ) , (a+a 3 ),a,(a+a 3 ),a,a 2 ,(a+a 2 ) , 

(a+a 3 ), 0, •••) modulo[2; a 4 +a 2 +a] of period 63. 

is then transformed into sequences Z' and Z* ^ 3 ^ and 
Z^ 2 ^ is transformed into Z’^ 2 ^ and Z 1 ^ 4 ^ over P 8 [a 8 +a]# 

Z'^ se^aJ.Z^ 1 ^ modulo [2 ; a 8 +a] 

Z»(3) s e^(a).Z^^ modulo[2$ a 8 +a] 

Z* ^ = e£(a).Z^ modulo[2; a 8 +a] 

Z'^ 4 ^ =* e^(a)*Z^ 2 ^ modulo[2; a 8 +a] 



A 

z 
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Fig. 4. 5. S Transformation of Sequence z into 
Orthogonal Sequences z^and z^ 



Fig.4.5.6a Decomposition of Sequence z over 
P 2 4 [a*a 2 +a] of Example 4.5.5 
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Thus we have, 

Z ,(1 * = ((1+a 7 ), 0, (1+a 7 ), (1+a 7 ), 0 ...) 

Z’* 3 * * ( ( a+a 2 +a 3 +a 4 +a 5 +a 6 +a 7 ) , 0, ( a+a 2 +a 3 +a 4 +a 5 +a 6 +a 7 ) , 

( a+a 2 +a 3 +a 4 +a 5 +a^+a 7 ) , • • • ) 

Z« (2) ( (a+a 4 +a^+a^) , 0, (a+a 2 +a 4 +a 7 ) , (a+a 2 +a 4 +a 7 )., 

(a+a 2 +a 3 +a 5 ) , (a+a 2 +a 4 +a 7 ) , ... ) 

Z' {4) * ((a 2 +a 4 +a 5 +a 6 ), 0, (a 2 +a 3 +a 4 +a 7 ) , (a 2 +a 3 +a 4 +a 7 ) , 

( a+a 4 +a^+a 7 ) , ( a 2 +a 3 +a 4 +a 7 ) , ( a+a 4 +a^+a 7 ) . • • ) 

The elements of sequence Z are polynomials of degree < 4. 

A 4r 4 !2 i 

The elements can also be viewed as 4-tuples over 2^ — P 2 ia +a +a J» 

The decomposed orthogonal sequence Z'^, Z* ^ , Z* Z* ^ 

ft ft ft 

are 8-tuples over Z 2 £ P^ta +a]. The prOceduref«nr implementa- 

4 8 

tion of isomorphic Z^-LSS and Z^-LSS is discussed in Chapter 3. 

The corresponding sequences are given here. 

4 4r 4 2 n 

The sequence Z of 4-tuples over +a +a -* ^ecom- 

( l) (Q.} 4 

posed into orthogonal sequences 7r 1 and Z, ' over 2£» which is 

i(i) (9) (3) 

further transformed into orthogonal sequences Z v , Z* v , Z' v , 

( ft ft ft 
£*•' ; of 8-tuples over 2^> — +a]» The sequences are 



5X4 


£ 



0 

0 

0 

0 


X 

1 

0 

0 


x o x i o i i 
1 1 1 0 0 0 1 
0 10 0 10 0 
0 0 0 1 1 0 0 




0 110 1 
0 110 1 
0 0 0 0 0 
0 110 1 


10 1 
10 1 
0 0 0 
10 1 


* • • 




0 0 0 0 
0 111 
0 0 0 0 
0 110 


0 

1 

• 

0 

1 


0 0 0 0 0 
10 110 
0 110 0 
0 0 0 1 0 


...1 



is decomposed into V and Z* and is decomposed 

into Z* ^ and Z' ^ over z| ~ p|[a 8 +a]. 





0 

0 

0 

0 



0 

0 

0 

0 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

1 


10 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
10 1 


• • • 
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0 

0 

0 

0 

0 

0 

0 

0 


0 0 0 
110 
110 
110 
110 
110 
110 
110 


V 


( 2 ) 


jo 0 0 0 0 0 

/ 1 0 1 1 1 1 

0 0 1111 
0 0 0 0 1 0 

10 110 1 
l 1 0 0 0 1 0 

\ 1 o 0 0 0 o 

y> o i i o i 



Ta 



1 

0 

1 

1 



0 

0 

0 

0 

0 

0 

0 

0 


0 0 0 0 0 
0 0 10 1 
110 10 
110 10 
11111 
0 0 0 0 0 
0 0 10 1 
11111 
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In the next example we consider transformation of sequence 
over local ring into orthogonal sequences over semi local ring. 

Example 4.5.6 


Consider a nonsingular, canonical, single output, autonomous 
p|[a 2 +l]-LSS L with C * [l 0 ] as shown in Figure 4.5.7a. With 
the initial state [l 0 ]* r , the response Z =* (1, 0,a,l,(l+a), 
1,1,0 ••■) and is of period 6 . Z is transformed into two ortho- 
gonal sequences Z^ and Z^ 2 ^ over the local ring P^Ca^a^+l)] = 
4r 4 2i 

PgLa +a J as shown in Figure 4.5.7b. 

W^(a) * a 2 , W^(a) =* (a 2 +l), e^(a) = (a 2 +l), 62 (a) » a 2 , 

and the mapping is multiplication by e^(a) modulo[ 2 ,a 4 +a 2 ] j 

i = 1 , 2 . 

Z (1) * ((l+a 2 ), 0 ,(a+a 3 ),(l+a 2 ),(l+a+a 2 +a 3 ),(l+a 2 ) f (l+a 2 ),0 ...) 


is of period 6 over orthogonal ideal <e 1 (a)> in 
P|ta 4 +a 2 ], 

Z^ 2 ^ ® (a 2 , 0 ,a 3 ,a 2 ,(a 2 +a 3 ) ,a 2 , a 2 , 0 , ...) 

is of period 6 over orthogonal ideal <e 2 (a)> in P^Ca^+a 2 ]. 
The corresponding sequences of n-tuples are 
2 sequence of 2 -tuples over Z^ £ p|[a 2 -H] 

Z (l) ,2 (2) sequences of 4-tuples over 2g £ P 2 ta 2 (a 2 +l)] . 



\ 
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Fig. 4 .5.7a Generation of Sequence z ov 
Example 4.5.6 
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£ * 



( i 0011110 
0 0 1 0 1 0 0 0 




A 001111 0 
0010100 0 
1001111 0 
o 1 0 1 0 0 0 




1 0 0000000 
00000000 
10011110 
\0 0101000 


V 


• • • 


I 


4.6 MODULATION AND MULTIPLEXING APPLICATIONS OF SEQUENCES OVER 
ORTHOGONAL IDEALS 


In this section we show that sequences over orthogonal 
ideals in semisimple rings can be used as carriers which can 
be modulated by data sequences with elements from finite fields 
and then multiplexed in a manner analogous to spread spectrum 
modulation and multiplexing schemes based on pseudonoise binary 
sequences. In the latter case demultiplexing is done by using 
the correlation property of the pseudonoise sequences* However, 
because of finite integration time in the detector, the spread 
spectrum carriers (P-N sequences) corresponding to undesired 
data streams are not completely averaged out [^9]. Since the 
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elements of the sequences over distinct orthogonal ideals 
"mutually annihilate, this problem is not present in modula- 
tion and multiplexing using orthogonal sequences* Just as 
in the case of spread spectrum modulation using pseudonoise 
•binary sequences [32,33], the modulation and multiplexing 
scheme employing sequences over orthogonal ideals has the 
advantage of selective addressing and inherent message 
privacy. 

We have seen in Section 2.3 that in a semisimple ring 

V 

P?[W(a)3, where W(a) = it W. (a); W_. (a) irreducible poly- 
p i=l 1 1 

nomial of degree n^ over GF(p), the ideal generated by 

orthogonal idempotent e^(a) is such that 

JJ X PptWita)] Z GFCp" 1 ) } i = 1,2, ...» 

A Kth order canonical single output Pp[W(a)]-LSS with 

C » [l O ... 0] and coefficients a^G ; j = 1,2, ... K. 

can then be obtained such that with the initial values from 

n.K 

J^, the sequence generated is periodic with period (p 1 -1). 

The elements of the sequence are from This is an example 

of a singular P**[W(a)]-LSS which generates a periodic sequence 

for specified initial condition. The sequence so generated is 

isomorphic to the maximum length (M-L) sequence of period 
n.K n. 

(p 1 -1) over finite field GF(p 1 ). 

The M-L sequence over J if can be used as a carrier in 

n. 

modulation schemes. A data sequence over GF(p ) is first 
transformed to a sequence over by embedding each of its 
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elements into the ring of higher order which contains ortho- 

n i 

gonal ideal of order p . The new data sequence over J* 

/ j \ Hj K 

modulates the M-L sequence Z Vi ' of length (p -1) over 

If the input to the modulator during a given interval is r^(a), 

the sequence generator output is r_. (a) that is each 

1 n.K 

element of M-L sequence of length (p 1 -1) is multiplied by 
r^(a). Thus the data sequence modulates a high rate sequence. 

From the result of Lemma 4.5.1, r^(a).rj(a) * O modulo 
[p; W(a)3 j « 1,2, ...v , j i. The orthogonal property 

of the elements in the sequence enables us to multiplex the 
output sequence of V modulators, each output sequence being 
over an ideal generated by orthogonal idempotent. Thus in 
this scheme a data sequence in the ith channel from a source 
whose elements are from GF(p n *) is transformed to an orthogonal 
sequence by embedding the sequence elements in Pp[W(a)]. The 
resulting sequence which has elements from J^, modulates the 
M-L sequence over J^. The elements of a sequence in a channel 
are orthogonal to elements in the sequences in the other (v-l) 
channels. These sequences are added pointwise to obtain a 
sequence over the ring pj?[W(a)] and then transmitted. Because 
of the orthogonality of the elements in the ideals ••• 

J y the sequences can be seperated at the receiver and the 
Hamming correlators - the sequence generators of which are time 
synchronised and phase locked with the transmitter generator ” 
are used to demodulate the received sequence to obtain the data 
sequence. Only modulation and multiplexing is investigated 
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here. Noise performance is a topic of further investiga- 
tion* 

The modulation and multiplexing s chose and the corres- 
ponding demultiplexing and demodulation scheme are shown in 

Figures 4.6.1a and 4.6.1b respectively. Source No. i gives 

n i 

out data sequence over GF(p x ). Each element r^(a) of the 
data sequence is mapped to a corresponding ring element 
r^(a) 6 by the mapping 0^, which is multiplication by 
e^a) modulo [p; W(a)]. r^a) modulates the M-L sequence 
over generated by an autonomous, singular, K^th 
order canonical, single output system with initial values 



r^(a) the output of the modulator is r^(a) Z^; i * 1,2, 

Thus in the ith channel the input symbols to the modulator 

n-K 

are presented at a rate of one symbol per (p -1) clock 
duration [when the source alphabet sizes are same that is 

n i “ **2 = ••• n v and the periods of the modulated 

i r *. 

sequences are same ae-K^ = K 2 - ••• « K y , the data rates 

in the individual channels are same. The number of channels 
v is then at most equal to the number of irreducible poly- 
nomials of degree n^ over GF(p)]. 

Since is closed under multiplication the elements in 
the sequence r^(a) Z^ are in J^* Further since the sequence 
Z^*) is isomorphic to a M-L sequence over GF(p m ), as we have 
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seen in Section 4.4, r^a) is a shifted version of 

i a 1,2, ...V • The elements of the sequence 

r^(a) Z^^ are orthogonal to the elements of the sequence 
in the remaining ( v -1) sequences and hence can be multiplexed. 
The v sequences are added pointwise modulo [p; W(a)] to get 
the sequence Z = r^a) Z^ + ^(a) Z^ + ... x u (a) Z^ v \ 

As we have seen in Section 2.3, p[?[W(a)] is the internal 
direct sum of ideals J^, i - 1,2, ...v • Thus the elements 

in the sequence Z are the internal direct sum of elements 
in r^(a) Z^\ ... r y (a) Z^ Internal direct sum of 

distinct ordered set of elements from channel 1,2, ...v 
give rise to distinct element in Pp[W(a)], which is trans- 
mitted. 

Demultiplexing and demodulation scheme at the receiver is 
as shown in Fig. 4.6 .lb. Demultiplexing is done by multiply-- 
ing the sequence Z by scalers e^(a) ; i = 1,2, ... v • From 
the result of the Lemma 4.5.1 we have 

Z.e^(a) s* r^(a) Z^^ e^(a) + ... r^(a) Z e^(a) + ... 

x v (a).Z^ v \e i (a) * r^a) Z^ modulo[p; W(a)], 

1 55 t s s V m 

The sequence r^(a) Z^ is a shifted version of Z^^ and is 

cross-correlated with the sequence Z^^ . If the sequence is 

all zero sequence corresponding to r.«(a) =* 0, the cros.s- 

nj(Ka— l) 

correlator output has only one level of magnitude (p -1). 
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n i K i 

For r^(a) = e^(a) the peak of magnitude (p A -l) occurs for 
0, For other values of r^(a), as seen from Lemma 4 *4*4, 
the peak occurs at shifts t equal to a multiple of 9, 


n i K i 

where 9 = - - ■ . The correlator performs Hamming cross- 

(p x -l) 

correlation to obtain the shift x at which the peak occurs; 
the detector decides the symbol r^'(a) which has modulated 

0T 1 maps r^(a) to the corresponding element r^(a) of 
the data sequence, 0J 1 (r i (a)) is obtained by taking r^a) 
modulo [p; W^a)], 


We now consider a variation of the above scheme. In 

this scheme given in Figure 4.6.2a and b each element of the 

n. 

data sequence over GF(p ) in channel i modulates a M-L - 
,\/ 1 \ n. 

sequence Z v J over GF(p i ). The modulated M-L sequence say 
r^(a) (which is a shifted version of Z^) is transformed 

to a sequence r^Ca) over the ideal in Pp[W(a)], by 

the mapping 0 if i = 1,2, . y . Tne v sequences are then 
added modulo[p; W(a)] and then transmitted. The transmitted 
sequence is Z * r^(a) Z^^ + ... r y (a) Z^ v ^ modulo[p;W(a)]. 
At the receiver the demultiplexing is done as follows. 

Sequence elements in r^(a) Z^^ are multiples of e^(a). As 
we have seen in Section 2.3, e^(a) is a multiple of ^(a) ; 
i « 1,2, ••• v , Hence we have, 

Z moduloCp; W^a)] * [r^Ca) Z^ + ... + r^a) Z^ + ... 

+ rj, (a) iS v )] modulo(p; Vj£a)]« 
»$^(a) / 2^ i ^ modulo [p; W^(a)]. 


> 
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Fig.4.6 2a Alternative Scheme of Modulation and 
Multiplexing . 



Fig.4-6-2o AlterncT. ;< & Scnerr.i si Demodulation and 
Demultiplexing 
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The computation Z modulo[p; W^(a)] is carried out by residue 
computer modulo[p; W^(a)] which is a division by Vf^(a) cir- 
cuit which can be implemented by shift registers as discussed 
in Section 3.1* The remainder which is of interest is the 
content of the shift register at the end of division operation. 
r^(a) is a shifted version of the M-L sequence As 

seen in Lemma 4.4.4 the location of the peak value in the 
Hamming cross-correlation between a) and depends 

on the symbol j^(a) ; i « 1,2, ...v . The Hamming cross- 

correlator and detector in the ith channel then gives out the 
symbol r^( a) which modulated the M-L sequence. 

The part of the system between dotted lines 1-1* and 

n i 

2-2' can be used for multiplexing data sequences over GF(p ). 

In the schemes we have considered, W(a) is a product of 
irreducible polynomials. In general the degree n^ of 
W^(a), i * 1,2, ...v may be different. The degree of the 
irreducible factors of W(a) are governed by the alphabet size 
of the source'. If the alphabet size of the sources are 
different, the length of the modulated sequence in each 
channel is different. This results in different data rates 
in each channel. If the clock rates of individual sequence 

m 

generators are different, for proper mixing of sequences at 
the multiplexer, the clock rates must be integral multiples of 
the lowest rate sequence generator. The number of channels 
that can be multiplexed is equal to the number of irreducible 
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factors of W(a). If the sources are of same alphabet size 
that i$ s s ••• asn v anc * * he P er i°^ s of "the modula- 

9 

ted sequences are same at" = * • • “ K y , the data 

rates in the individual channels are same* The number of 
channels v is then at most equal to the number of irre- 
ducible polynomials of degree n^ over GF(p). From the 
consideration of number of memory devices required, the 
second scheme requires less number compared to the first 
scheme* 

In the following we give a comprehensive example to 
illustrate the technique of modulation and multiplexing of 
orthogonal sequences. We consider sources of different alpha- 
bet size. The alphabet size is assumed to be power of a 
prime p. Given an alphabet size the number of sources which 
can be multiplexed, is atmost equal to the number of 
irreducible polynomials of appropriate degree. 

Example 4*6*1 

Suppose data sequence from three sources are to be 
multiplexed. Let the alphabet size of two sources SI and 
S2 be 2 and that of source S3 be 4. 

We choose 

W x (a) o a, 

W 2 (a) * (a+l) , 

W^(a) ~ (a^+a+1) , over GF(2) 

W(a) « (a^+a) 

Aa A a 

and the ring is P 2 [a 
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As defined in Section 2,3, 

# x (a) « W 2 (a). W 3 (a) * (a 3 +l) 

W 2 (a) * W x (a). W 3 (a) * (a 3 +a 2 +a) 

TSgXaJ * W x (a). W 2 (a) * ( a 2 +a) 

We see that (a 3 +l),l + (a 3 +a 2 +a).l + (a 2 +a),l « l modulo 

[2; a 4 +a] • 

Hence the orthogonal idempotents are 
® x (a) * (a 3 +l) 
e 2 (a) - (a 3 +a 2 +a) 
e 3 (a) * ( a 2 +a) 

J x = <e x (a)> = {0,(l+a 3 )i 2 P^(a) £ GF(2) 

J 2 « <e 2 (a)> a {0,(a+a 2 +a 3 )}£ p|[a+l] £ GF(2) 

J 3 a < e 3 ( a )> a £ 0, ( a+a 2 ) , (a 2 +a 3 ), (a+a 3 )l £ p|[a 2 +a+l] 

Scheme 1 

Source generators : The period of the sequences from the 

three generators need not be same. The orthogonality of the 

sequences are still maintained. Sequence over J^i We 

consider a 2nd order, canonical, single output LSS over J, 

0 1 

with C a [l, ol and characteristic matrix A_ a ~ o , « 

c l+a J l+a 3 ] 

V- J 

The sequence 2^^ with initial state [0, l+a 3 ]* r is an M-L 
sequence of period 3 over J x 
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>(l) _ 


55 (( 1 +a )* 0 , ( 1 +a ), ( 1 +a ) 9 0 9 ( 1 +a )> ••• ) 


Sequence tS^ over J 2 : We consider a 2nd order canonical, 

single output LSS over J 2 with C = [l, 0] and characteristic 

0 1 


matrix A c = 


2 3 2 3 

a+a +a a+a +a 


• The sequence Z 


( 2 ) 


2 3 

with initial value [0, (a+a +a ] is an M-L sequence of 
period 3 over J 2 


* ((a+a^+a 3 ), O, (a+a^+a 3 ), (a+a^+a 3 ) , ••• ) 

Sequence Z^ 3 ^ over J 3 : We consider a 2nd order canonical 

single output LSS over J 2 with C = [l, 0] and characteristic 

0 1 


matrix A, 


3 3 

a+a a+a 


(3) 


• The sequence Z v ' with initial 

*'J 

value C 0 , (a+a 3 )] tr is 

Z (3 > =* ((a+a 3 ), 0 , (a 3 +a 3 ), (a+a^), (a^+a 3 ), (a 3 +a 3 ),...) 


The sequence is of length (2-1) = 15 


Z< 3 > = (* 3 >, (a+a 3 ) * 3 >, <a 2 +a 3 ) Z< 3 > ... ) 


where Z^ 3 ^ is a segment of length 5 of sequence Z^ 3 ^ 


The modulation and multiplexing scheme is given in 
Figure 4,6.3a* 
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Sl ^ % M 


Alphabet O 
over I i 1 [a] 


<t>\ 


Ma) 2 
(i) 


(D 


Sequence 

Generator 


s * C \ r * (Q) 

Alphabet \-J IfiJ Tf -ft) 

ol r- .vi X-I 


over f^fa+t] 


Sequence ! 
Generator 1 


Alphabet v --' l— i! X 

over f| z [a* a+i] * **- 


r 3 (a) 2 
0 ) 



Sequence 

Generator 


modulo |2;<&d] 


Fig. 4. 6. 3 a Modulation and Multiplexing Scheme of 
System of Example 4.6/: 
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Suppose the input from source is *!<•> = X« »5W 
from source S 2 is ^ 2 (a) s ^ 6 and from source 

S 3 is r 3 (a) = (1+a) € P 2 [a 2 +a+l]. 

The corresponding elements in orthogonal ideals are 

r^(a) '« (1+a 3 )© J^, r2(a) = OSJ 2 , r 3 (a) - (a+a 3 )6 and 
ri (a) Z (1 > = ((1+a 3 ), O, (1+a 3 ), (1+a 3 ), O, (1+a 3 ) ... ) 

^2^®) ^ = (O, 0, O, ... ) 

r 3 (a) Z^ * ((a 2 +a 3 ), O, (a+a 2 ), (a+a 3 ), (a+a 2 ) ,(a+a 2 ),0, . .. ) 

r~(a) Z (3) is Z^ 3 \ that is a shifted version- of 

z (3). 

The transmitted sequence is 
Z = r^a) Z^^ + r 2 (a) Z^ 2 ^ + r 3 (a) Z^ 3 ^ 

= ( ( 1+a 2 ) ,0, (l+a+a 2 +a 3 ) , (1+a) , ( a+a 2 ) , ( l+a+a 2 +a 3 ) , 0, •••) 

Demultiplexing and demodulation scheme is given in 
Figure 4.6.3b. 

r^(a) Z^^ « e^(a) Z modulo[2; a^+a] 

— ( (1+a ), 0, (1+a ), (1+a ), O, ... ) 

Correlator output peak occurs at t* 0. Hence r^(a) *s (1+a ) 
r 2 (a) Z^ 2 ^ = e 2 (a).Z modulo[2,a 4 +a] = (0,0,0, ... ) 

Correlator output does not have a peak. Hence r 2 (a) = 0 
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-6 


H Correlator & f 
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Sequence 

Generator 


{ a+a+a ) 

i r 2 (c) 2 fe) Hemming j 

-*0— ■ > Correlator &j- 

? Detector l 


if 

i 


j Sequence 

i Generclcr j 


(c+a: 

i r,(a)z< } > 

■*6 -w 


Hamming 
Correlator % 
Detector 

7k 


1 


j Sequence 
j Generator 


r* (a) 


r,(Q) 


ft to 


Fig. 4.6. 3 s DerrH-L:£p;exi:.c rr.d ^er.cou'.cTirr. 

•* M * /*»« / A 

V. \ I I* ? ‘ ' * ♦ - ^ »"f, ^ * i \ ’ 4 
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r«(a) Z^ 3 ^ *s e-,(a).Z modulo[2;a^+a] 


** ((a +a^)|O f (a+a ) f (a+a^) f (afa ••• } 

r 3 (a) Z^ 3 ^ = c 10 Z< 3 > is a shifted version of Z^ 3 ^. 

Length of segment of sequence Z^ 3 ^ is © » 5 and period of 
Z^ 3 ^ is 15 * 30 and correlator peak occurs at t » 10 = 20 • 
z <3) = (^ 3 >, ( *. a 3j2(3> f (a 2 +a 3 }1 (3) _ j . 

3 i 

Hence from Lemma 4.4.4, r 3 (a) = (a+a ) J where 

J = (^S) = 1. 

^(a) as r i (a) modulo[2; a] * 1 

* r 2 (a) modulo[2; [a+l] = 0 and x^Ca) as 


9 

r 3 (a) modulo[2; a +a+l] = (1+a) • 


Scheme 2 


We consider the alternative schemes given in Figures 
4.6.4a and 4.6.4b. 

The sequences Z^, Z^ and Z^ 3 ^ are generated as 


follows : 


Sequence and ?(2) : Response of 2nd order canonical 

single output pi[a]~LSS with characteristic matrix 

To ll ' *_ 

A ss and C a [1 0]. With initial state [l oy x 

L 1 *J 

the output sequence 5W = (ionoi...] and an 
identical generator generates , ^.(lOUO! ...) . 
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Fig. 4.6- 4a Alternative Modulation and Multiplexing 
Scheme of System of Example 4*6*1 
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A *■ » \ t * • 

*» r:ann:n: • 

* 

^Correlator r 
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X 

, 
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Sequence ; 
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^ * G*CuO„ 
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iltesl 
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Computer 


modulo |2ja^a^ 


i rj(a) z^I Hamming J ^(o) 
'Correlator 


& Detector i 

jj ’ 


j Sequence! 
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u..... — J 


Fig.4.6-4b Demultiplexing and Demodulation Scheme 
of System of Example 4.6-1 
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Sequence Z^ 3 ^ : Response of 2nd order canonical single output 

’ 0 1 " 

2 2 

Po[a +a+l]-LSS with characteristic matrix A„ - 
* c 1+a l+a< 


and C « [i o]. With initial state [l+a, 0] tr we have 


Z< 3 > *s ((l+a), O, a, l f a, a, 0, 1, (1+a), 1, ...) 

Let ^(*a) =16 P^(a) $ ? 2 (a) 5 0 ® P 2 [a+l] and 

r 3 (a) • (1+a) € p|[a 2 +a+l]. 

r x (a) 2^ « (1,0,1 ,1,0, 1 ...) over P 2 [a] 

r 2 (a) 2 (2) * (0,0, ... ) over P 2 [a+l] 


r 3 (a) Z^ = (a, 0,1, 1+a, 1,1,0, 1+a, ...) over p|[a 2 +a+l]. 

With multiplication modulo [2; a 4 +a] 

r x (a) Z^ a e x (a) r^a) Z^ a ((l+a 3 ),0,(l+a 3 ),0, ... ) 

r 2 (a) = e 2 (a) r 2 (a) Z^ a (o, 0, 0, ... ) 

r 3 (a) Z^ = e 3 (a) r 3 (a)/2{ 3 ^ «((a 2 +a 3 ),0,(a+a 2 ),(a+a 3 ), 

( a+a ), (a+a ) ...) 

Z = r x (a) Z (l) +r 2 (a)Z (2 ^ + r 3 (a) Z (3 i a 
( ( 1+a 2 ) ,0, ( l+a 2 +a 2 +a 3 ) , ( 1+a) , ( a+a 2 ) , 

( l+a+a 2 +a 3 ) ... ) • 
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At the receiver the three residue computers generate r^ a) ^ 
^(a) and r^Ca) Z^ respectively. 

$ 1 (a) * Z modulo [2; a] = (1,0,1, 1,0,1, ... ) 

^ 2 (a) « Z modulo[2j a+l] = (0,0,0, ... ) 

^g(a) Z^^ = Z modulo[2; a 2 +a+l] =* (a,0,l,(l+a) ,1,1, ... ) 

The correlator outputs are r^(a) = 1, r 2 (a) = 0 

and 2^(a) * cr 1 ® is a shifted version of • Since 

the shift is x = 10 = 2© the peak occurs at t = 10 = 29 ; 
period of sequence is 15 — 30. Hence from Lemma 4.4.4, 

2* 3 (a) =Kl+a)^ where j = — ■ = 1. 

Using the isomorphism between 2^ and P^CwKa)] the modu- 
lated "sequence in each channel and the multiplexed sequence 
can alternatively be viewed as appropriate n-tuples over 
GF(2) . These sequences are denoted by respective symbols with 
under bar. 


Scheme 1 

^ ^*) h P* « 

Sequence are over ZL P2* a +a J 

10 110 1 


z 


(1) = / 0 0 0 0 0 0 
0 0 0 0 0 0 


10 1 


10 1 
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Z 


( 2 ) 


( 00000 
10 110 
10 110 
10 110 




0 

0 

0 

0 


0 0 0 
0 10 
111 
10 1 


0 

0 

1 

1 


r x (a) * 1 s Jfc(a) * 0 * £3(3) “ 1] 


r x (a) * 

nr 

1 

a 

0 

» l2< a > = 

nr • 

0 

0 

0 

5 £ 3 (a) = 

0 

1 

0 


1 , 


0 

w 4 


1 

— M 





1 

0 

0 

1 


1 0 
0 0 
0 0 
1 0 



IgCa) Z (2) 




0 0 0 



539 


0 0 0 0 \ 
1111 

• * • 

10 11 
0 10 0 

The transmitted sequence is 

Z = r-^(a) Z (1) + r 2 (a). Z^ + r 3 (a). 

10 110 1 \ 

0 0 1111 

10 10 11 

0 0 1 0 0 1 / 


r 3 (a).Z (3) = 


I 0 0 
0 0 
1 0 
1 0 


Demultiplexing separates the sequences and correlator gives 
out the symbols r^a), r 2 (a), r 3 (a) in the respective channels. 

Scheme 2 


Z^ * (1 0 1 1 0 1 ,...) over GF(2) 
Z^ =(101101 ...) over GF(2) 


I 3 * 


1001000111 \ 0 

••• J over GF(2^) 

\l 010110010 i 

1: 


r,(a) = 1, r 2 (a) =0, %{a) = 


as before. 


r x (a) 2 U) =(101101...) over GF(2) 
rgta) 2 (2) =(000... ) over GF(2) 


L(a)2< 3 >= I 


I 00111101 


I 

\l0010001 


• • • 


over GF(2 2 ) * 
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e x (a) = 

o O H 

i 

i e 2 (a) * 

"o “ 
1 

1 

» e 3 (a) = 

r o‘ 

1 

1 


LiJ 


1 m 


0 

« 4 


£l<a) Z* 1 * 58 e x (a) r^a) £ (1) 


r l 1 
0 
|0 
L 1 J 


r l^ 

0 

0 

0 


*( 1 ) 


■ z 


rg(a) Z^ = e^a) i^Ca) Z^ 




r 3 (a) Z (3) * e 3 (a), 5 3 (a).2 (3) 


*m «* 

0 


rr 

1 


i 

1 

• 

0 

0 


0 


.£( 3 ) 


0 0 0 0 0 0 
0 0 1111 
10 10 11 
10 0 10 0 


As before the transmitted sequence is j£. At the receiver 
the three residue computers generate r^(a) 1z,^» 'rgCa) 2^ > 
and $ 3 (a) respectively and the correlator outputs in 

the respective channels give the data symbol. 


The modulation and multiplexing schemes discussed in this 
section have inherent message privacy since the data sequences 
are in coded form. Sequences and orthogonal ideals can also be 
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used for selective addressing, in which a single transmitter 
makes contact with any one of the several receivers by proper 
choice of sequences. Each receiver is assigned a particular 
code sequence over a particular orthogonal ideal. With different 
code sequences over different orthogonal ideals, assigned to all 
of the receivers in a network, a transmitter can select any one 
receiver for communication by transmitting the code sequence 
corresponding to that receiver. 



CHAPTER 5 


APPLICATION TO ERROR CONTROL CODING 


In this chapter we study linear block codes over Pp[W(a)] 
on lines similar to linear block codes over finite fields 
[12,17-21] and show how Pp[W(a)]-LSS can be utilised for 
encoding and decoding of polynomial and cyclic codes over 
Pp[W(a)]. 

Consider blocks of length n in a sequence of symbols from 
GF(p) • We can define a mapping of K such blocks to N blocks 
i*e* a mapping of nK tuples to nN tuples over GF(p), resulting 
in an (nN,nK) block code over GF (p). As seen in Section 2<6 
there is a one to one correspondence between elements of 
P”[W(a)] and n-tuples over GF(p) . Therefore, the (nN,nK) 
block code over GF(p) can alternatively be viewed and studied 
as an (N,K) block code over Pp[W(a)]. The results of the study 
over P£[W(a)] can then be taken over to (nN,nK) block code 
over GF(p)* When W(a). is irreducible over GF(p), Pp[W(a)] 
becomes GF(p n ) and codes over GF(p n ) can be looked upon as a 
special case of codes over P£[W(a)]. 

In Section 5*1 we briefly review the coding problem in the 
context of (N,K) block codes over an arbitrary alphabet of 
finite size* Section 5.2 deals with linear block codes over 
Pp[W(a)] which are characterised by generator matrix G or 
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parity check matrix H$ the elements of G and H are from 
Pp[W(a)3* Restrictions on the choice of H due to the presence 
of zero divisors in Pp[W(a)] have been discussed. The rela- 
tion between minimum Hamming distance of linear block codes 
and their error correcting capability, and decoding procedure 
using decoding table are given* 

A specific class of linear block codes namely (N,K) poly- 
nomial codes over Pp[W(a)3 are studied in Section 5.3* In 
such codes every code word expressed as a polynomial y(x), is a 
multiple .of a fixed polynomial g(x) of degree (N-K) over 
Pp[W(a)]; this fixed polynomial is called the generating poly- 
nomial* It is shown that for g(x) to be a generating poly- 
nomial of the code^ either the constant term g Q or the coeffi- 
cient of highest degree term g^^ must be a unit in Pp[W(a)]* 
Encoding principles, minimum distance properties and decoding 
principles for systematic and nonsystematic polynomial codes 
are given* 

A subclass of polynomial codes namely (N,K) linear cyclic 
codes over Pp[W(a)3 are studied in Section 5*4. In a cyclic 
code cyclic shift of every code word is also a code word. It 
is shown that .for the case when the generating polynomial g(x) 
divides (x^-l)» the polynomial code generated by g(x), becomes 
a cyclic code* Encoding principles, minimum distance proper- 
ties and decoding principles for systematic and nonsystematic 
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cyclic codes are given. Cyclic codes can be decoded in the 
same manner as polynomial codes. Other decoding principles 
considered are the permutation decoding similar to that of the 
systematic cyclic codes over finite fields [54] and the 
Hamming cross correlation method. 

Implementation aspects of encoders for (N,K) polynomial 
and cyclic codes over P£[W(a)3 are presented in Section 5.5. 
Three encoder structures are suggested. Encoder No. 1 is 
basically a feedforward Pp[W(a)]-LSS which performs polynomial 
multiplication and generates nonsys tenia tic polynomial or cyclic 
code. Encoder No. 2 generates systematic polynomial or cyclic 
code . It is basically a LSS vtfiich performs polynomial divi- 
sion by g(x) to generate the check symbols. Encoder No. 3 is a 
nonsingular autonomous LSS whose autonomous responses of one 
periodic length constitute a systematic cyclic code. Inter- 
leaving of code words is done to combat long bursts of errors. 
Encoder structures for interleaved codes over Pp[W(a)] are 
given. Using the isomorphism between Pp[W(a)] and z£[W] as 
given in Section 2.6 all the above encoders can be implemented 
over GF(p). The message and codeword symbols then correspond 
to n-tuples over GF(p). The operations of addition and multi- 
plication of n-tuples in the encoder take place in parallel 
fashion. However, when the code is over the ring p!J[a n -l], the 

r 

operations of addition and multiplication can be implemented 
serially. The hardware needed for serial operation is less than 
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that required for codes over the general P!!![W(a)] which includes 
codes over GF(p n ) such as given in [so]* 

Decoder structures for polynomial and cyclic codes over 
Pp[W(a)] are considered in Section 5.6* Three decoders are 
given* In the first one the decoding is based on syndrome 
calculation using polynomial division circuit suitable for 
both systematic and nonsystematic polynomial and cyclic codes. 
The second decoder is based on the Hamming cross correlation 
property of systematic and nonsystematic cyclic codes. The 
third decoder is the permutation decoder for decoding systematic 
cyclic codes. 

5.1 CODING PROBLEM 

When we wish to transmit a sequence of symbols from a 
finite alphabet over a noisy channel the channel noise will 
occasionally cause a transmitted symbol to be received as 
another symbol* This undesirable feature of channel though 
cannot be prevented its effect can be reduced by the use of 
coding* 

In block coding a sequence of K message symbols is trans- 
formed (encoded) into a block of N = K+r symbols. The sequence 
of N symbols which the encoder transmits is called a code- 
word. If the size of the symbol alphabet is q then sequen- 
ces of length N are possible out of which only q are code- 
words* The set of all codewords is called an (N,K.) block code* 
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The ratio K/N in an (N,K) block code is called the rate of 
the code* It is desirable to have as high a rate as possible 
for the efficient use of channel. 

The number of nonzero symbols in a codeword is called 
its Hamming weight or simply weight. The set of weights to 
of codewords and the corresponding number q(u>) of codewords 
constitute the weight structure Q(co) } of the code. The 

number of locations at which the symbols of two codewords 
differ is called the Hamming distance between the codewords. 

The least of all possible Hamming distances in a code is 
called the minimum distance of the code. 

The noise associated with the channel can be regarded as 
an independent sequence of symbols of length N which is added 
component wise to the transmitted codeword. Because of noise 
the received word may be anyone of the q N words of length N 
symbols. The difference between the transmitted codeword and 
the received word is called error word. The weight of an 
error word is equal to the number of places at which it changes 
the symbols in the codeword. When the received word is not a 
codeword an acknowledgement that an error >has occurred, is 
called error detection. From the received word, determining the 
most likely transmitted word is called error correction. Only 
those error words which are not codewords may be detected and 
corrected. 
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Error detection/correction capability of a block 
depends on its minimum distance. In the next section we shall 
see that greater the minimum distance better the error detect- 
ing. and correcting capability. 

A code which can correct all patterns of t or less errors 
is called a t error correcting code. A necessary condition for 
a t error correcting (N,K) block code containing M codewords 
with symbols from an alphabet size q is 

t M(q-l) 1 (!?) < q N , (5.1.1) 

i=o 1 

called the Hamming bound [18-20]. 

With M * q K , (5.1.1) becomes 

E (q-l) 1 (**) < q ( N “ K ) (5.1.2) 

i=o 1 

A code is said to be perfect or close packed if it satisfies 
Expression (5.1.1) with equality for some t and it can correct 
all errors of weight less than or equal to t and no error of 
greater weight. The existence of single error correcting 
perfect codes over finite fields is established {si ] and 
single error correcting. Hamming codes over commutative ring 
of residue class integers modulo m = p h are given in [48]. How- 
ever, these codes are not perfect unless h *= 1. 
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If the errors are within the error detecting/correcting 
capability of the code then from the N received symbols it is 
possible to detect/correct the errors introduced by the channel. 
The error detection/correction is done by the decoder whose 
structure depends on the criterion used for the error detection/ 
correction. 

Two decoder structures are possible. A decoder may either 
minimise the probability of error or maximise the likelihood 
of the received word. The latter one is called the maximum 
likelihood decoder. If it is assumed that the message words are 
equiprobable then the two decoders are equivalent. Further if 
it is assumed that the message symbols are equiprobable, then 
maximum likelihood decoding is equivalent to minimum distance 
decoding. The decoding rule then becomes : find the codeword 
nearest to the received word in the Hamming distance sense. 

If more than one codeword are nearest to the received word, 
choose any one of them. 

The main problem in coding theory is to find codes with 
large rate for efficiency and large minimum distance to correct 
many errors. These are conflicting goals and in general it is 
difficult to obtain codes meeting both requirements simultaneous- 
ly. A way of tackling this situation is to consider various 
classes of codes and choose the ones having the desired proper- 
ties. From the practical point of view simpler encoder and 
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decoder schemes are desired. Hence codes can also be chosen 
from this point of view by imposing appropriate constraints on 
the codewords. 

With this as background we now study linear block codes 
over Pp[W( a) ] . 

5.2 LINEAR BLOCK CODES OVER P"[W(a)] 

¥ 

Consider an (N,K) block code over Pp[W(a)]; since the 

degree of W(a) is n, the order of P^[W(a)] is p n . The set, 

¥ 

say, V of all p°^ N-tuples over Pp[W( a)], constitutes a free 

Pq[W( a)] -module of rank N. 

¥ 

A linear block code over P^[W(a)] is a set of codewords 

r 

(N-tuples) which is closed under addition and scalar multipli- 
cation; the scalars being drawn from p£[W(a)]. In other words 
a linear block code over Pp[W(a)] constitutes a submodule of V. 
Consider free submodules of rank K of the module V. The order 

-t/ 

of such a submodule is less than or equal to p . Since tho 
number of message words for a given K is p nK , for a one-to-one 
correspondence between message and codewords the order of C 
(number of codewords in C) , must be p . Hence our interest is 
in those free submodules of rank K whose order is p . Thus a 
linear (N,K) block code C over Pp[W(a)3 is a free submodule 
of rank K and order p nI S of the Pp[W(a)]-module V. 
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Example 5.2*1 : Consider the residue class polynomial ring 
I>f[a 2 +l] . This ring is of order 4 and the set V of all 
3-typles over it constitutes a free module of rank 3 and order 
4 3 = 64. 

Consider the following submodule of 3-tuples in V. 

f(ooo) ((1+a) (1+a) (1+a))} • This is a submodule of 

rank 1 and order 2 < (2 ) . Therefore, it does not constitute 
a linear block code. 

Consider the submodule C 

C(OOO) (1 11) (a a a) ((1+a), (1+a) (1+a))} . 

The order and rank of this submodule are 4 and 1 respectively 
and the element (111) constitutes a basis of this submodule? 
other elements in C can be expressed as a multiple of (1 1 1). 

C is therefore a (3,1) linear block code. Table 5.2.1 gives 
one possible mapping of message words to codewords of the (3,1) 
linear block code C* The table also gives codes over 2^ which 
is based on the isomorphism between z| andP^ta^+l]. 

The (3,1) linear block code C considered in this example 
is a repetition code where each message symbol is repeated 3 
times out of which 2 symbols constitute the parity check sym- 
bols. 

-.t/ 

Since C is a free submodule of rank K and order p , any 
set of K linearly independent codewords constitutes a basis 
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Table 5.2.1 

(3,1) inear block code over p|[a 2 +l] and 
z| £p|[a 2 +l] of Example 5.2.1 


p|U 2 -hJ 

A 

u 

V 

' . U 

y 

i 

0 

(0 0 0) 

o o 

oo 

oo 

o o 

V-/ 

1 

(1 1 1) 


(1 1 l ) 

'0 0 0 J 

a 

P (a a a) 

:<s>! 

f 0 0 Ox 

^1 1 1 ; 

1+a 

((1+a) (1+a) (l+a))i 

j 

* 

i I 

(1 1 1) 

4 i i ; 
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and any codeword is a linear combination of these K basis code* 
words. The KxN matrix whose rows are the K -basis codewords 
is called the generator matrix Q of the code G is of rank K. 

We note here that the elements of G are from Pp[W(a)] which are 
themselves polynomials over GF(p) and in variable a. If 

u ® (uq Uj ... Uj£_i) (5.2.1) 

is the message word, corresponding codeword y is given by 

y * u G (5.2.2)* 

For a given G of rank K, there exists an (N-K)xN matrix H of 
, tr 

rank (N-K) such that HG * 0. H is called the parity check 

matrix of the code C. If y is a codeword it is a linear com* 

. tr 

bination of rows of G. Hence, Hy - = 0. On the other hand 

if any N-tuple y’ is such that Hy‘* r * 0 then y ,tr is a 

linear combination of rows of G and hence is a codeword. Thus 
tr 

Hy » O iff y is a codeword in C. 

T 

In earlier chapters we have denoted n-tuples over GF(p) as 
column vectors. However in this chapter we follow the 
standard practice in coding theory and write K-tuples and 
N-tuples over Pp[W(a)] and n-tuples over GF(p) as rows, 
denoted by lower case symbols. 
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If the code is such that any set of K fixed locations in 
the codewords have K message symbols , then the code is called 
a systematic code* For convenience in this section we assume 
that the first K symbols in the code are message symbols , i.e* 
Yi = u i » 0 <. i <L (K-l), and the remaining r = (N-K) symbols 
are the linear combination of message symbols called parity 
check symbols. 

For a systematic (N,K) linear block code the KxN generator 
matrix is of the form 

G - [I s p] (5.2.3) 

The corresponding (N-K)xK parity check matrix is 

H = [-P tr I] (5.2.4) 

In (5.2.4) I is the (N-K)x(N-K) identity matrix and the 
(N-K)xK submatrix P^ r is transpose of P. The entries of P 
decide the linear relation between the message symbols and the 
parity check symbols. 

In general the determination of K linearly independent 
N-tuples over P^[W(a)], which constitute the rows of G (of 

■ r 

rank K) is difficult. However for a systematic code with G of 
the form (5.2.3) , the K rows of G are necessarily linearly 
independent, and hence G is of rank K. The entries of KX(N-K) 
submatrix P which are from Pp[W(a)] are chosen such that the 
code has specified error detecting/correcting capability. 
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The error detecting/ correcting capability of the code 
depends on the minimum distance between codewords which we 
take up now. 

5.2.1 Minimum Distance and Error Detecting/Correcting 
Capability 


As in the case of linear block codes over finite fields 
the following is true for the linear block codes over Pp[W(a)], 
where the weight structure is sufficient to know the minimum 
distance of the code. 

Theorem 5.2.1 s In a linear block code over Pp[W(a)3, the 
minimum distance equals the minimum weight. 

Proof : The linear structure of the code implies that given 
any two codewords y and z, their difference (y-z) belongs to 
the code. Thus as seen in Section 4.4, the Hamming distance 
Dyz between y and z is equal to the Hamming weight ° f 

y-z. 


x .e . f 


*Vz ~ D y-z,0 W y- Z 


As a consequence the set of all distances between pairs of code- 
words of a linear code coincides with the set of all weights of 
its codewords. 

* 

In the case of block codes over a finite field if the 
minimum distance is d then (d-1) errors can be detected or 
W errors can be corrected , where LxJ indicates largest 
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integer less than or equal to x. Codes can be used for error 
detection and/or error correction. For example all received 
N~tuples lying at a distance t or less from some codeword are 
decoded into that codeword, but if no codeword exists at such a 
distance from the received N-tuple,the latter is not decoded. 

In all N-tuples which contain at least (t+1) but not more than 
d~(t+l) channel errors, the error is detected* Therefore, if t 
or less errors are to be corrected and t <[, then a t* 

number of errors can still be detected with (t+1) < V < (d-t-1). 
Hence a linear code can correct t errors and simultaneously 
detect t’ errors iff d > t' + t + 1. 

The above results are based on the additive abelian group 
structure of the code and the Hamming metric defined on that* 
Since a linear block code over Pp[W(a)] also has the structure 
of an additive abelian group and the Hamming metric can be 
defined on this, the results hold here also. 


Theorem 5.2.2 s If d is the minimum Hamming distance of a linear 

or less channel 


block code over Pp[W(a)], then all sets of 
errors can be corrected. 


Proof : Suppose the number of errors is < m- Then the 
received word is closer to the transmitted word in the Hamming 
distance sense. At least +1 errors are needed to make 

the received word closer to a codeword different from the trans- 
mitted one. Hence this code with minimum distance d is a 
error correcting code. 


IVJ 



556 


In a systematic (N,K) linear block code, K symbols corres- 
pond to the message word. A codeword can have atmost (N-K) 
nonzero parity check symbols. A codeword with only one nonzero 
message symbol then can have weight atmost (N-K+l) • Hence the 
minimum distance d of a linear block code over P”[W(a)] satis- 
fies the Singleton bound as given in [20] • 

d < (N-K+l) (5.2.5) 

Codes with d = (N-K+l) are called maximum distance. separable 
(MDS) codes. Reed Solomon codes [82] are the well known MDS 
codes over GF(p n ) (p£[W(a)], where W(a) is irreducible over 
GF(p)). Existence of codes analogous to Reed Solomon codes 
over residue class integer ring 2^ is investigated in [49]. 

The following lemma gives a bound on the length N of' code- 
words in a code with a given minimum distance d. 

Lemma 5.2.1 : In an (N,K) linear block code the necessary con- 
dition for the code to have minimum distance d is that N must 
be greater than or equal to d. 

Proof : Using Singleton bound given in Expression (5.2.5), 
we have 

d < N-K+l 


i . e. 


N > d+K-1 
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For a code K is at least one. Hence N 2 d, * 

Corollary 5.2.1 : For a single error correcting linear block 
code* N is greater than or equal to 3. 

Proof : The minimum distance of a single error correcting lineat 
block code is 3. From the result of the above lemma N > 3. 

* 

The inequality (5.1.2) is a necessary condition to be 
satisfied by any t error correcting codej it, however, does not 
guarantee the existence of a t error correcting code. For the 
existence of a t error correcting (N,K) linear block code, the 
parity check matrix H must satisfy certain conditions. 

Suppose y = (y o ,y x , y N-1 ) (5.2.6) 

is the transmitted codeword and the error word is 

© = ( e 0 » e i* •••» ©n-1^ 

Then the received word is 

y» = y+ e 

and 

s(y‘ ) * Hy ,tr « H(y H-e) tr = He tr , 

is called the syndrome of y' , If the columns of parity check 
matrix H are H Q ,H^, ..., then the syndrome can be written 

as 

s(y' ) = e 0 H 0 + e i% + ••• 
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The parity check matrix H of a t error correcting (N,K) linear 
block code over Pp[W(a)] must satisfy the following conditions. 

1. For the detection of errors within the error detection 
capability of the code the syndromes should be nonzero for 
nonzero errors. 

Suppose the error word is (O-o*.. e^ ... 0). The syndrome 
of y* is then e^H^. For the detection of the error e^, the 
syndrome should not be zero. Hence a necessary condition 

to be satisfied by the parity check matrix H is that none of 
its columns consists of only zeros, only zero divisors or a 
combination of zeros and zero divisors. 

2. For the correction of t or less errors distinct error 
patterns should give rise to distinct syndromes. Any pattern of 
t or less errors will give rise to distinct syndrome if no 
linear combination of t or fewer columns of H equals another 
such linear combination. This puts a restriction on the 
columns of H that each set of 2t columns should be linearly 
independent. We prove this in the following theorem. 

Theorem 5.2.3 8 If the parity check matrix H of an (N,K) linear 
block code over P n [W(a)] is such that every set of 2t columns 

r 

are linearly independent then any pattern of t or less errors 
will give rise to distinct syndrome. 
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Proof t Let e and e* be two distinct patterns of errors of 
weight t or less each. Then the syndromes are 


He 


tr N ' 1 
tr * £ e.H. 

i=o 1 1 


and He 


tr N “ 1 
,xr = £ e’H* 

i=o 1 1 


where at most t of the coefficients e^ and respectively are 
nonzeros. Suppose the two syndromes are equal, then 
N-l 

£ (e 4 -e!)H *0, where at most 2t coefficients (e.-el) are 

i=o 1 1 1 

nonzeros. This implies that linear combination of 2t or less 
columns of H is equal to column of zeros, i.e., 2t or less 
columns of H are linearly dependent. This contradicts the 
hypothesis that 2t columns of H are linearly independent. 
Hence, distinct patterns of errors of weight t or less give 
rise to distinct syndromes, if every set of 2t columns of H 
are linearly independent. * 

Theorem 5.2.4 : If H is the parity check matrix of an (N,K) 
linear block code over P£[W(a)], then the code has minimum 
distance d, iff all sets of (d-1) columns of H are linearly 
independent and some sets of d columns are linearly dependent. 

> Proof I Let the minimum distance of the code be d. Let 

z = (z. Q z ...» be any nonzero N-tuple of 

weight less than d, i.e., at most (d-1) z^s are nonzeros. 

Hence z is necessarily not a codeword and s(z) = Hz = 

N-l 

£ i.H, / 0. Thus linear combination of any set of (d-1) or 

i JL 1 
«0 
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less columns of H are linearly independent. Let 
y = (y 0 »y^» • ••, a c °d®word of weight d, then 

tr N ” 1 

s(y) = Hy = £ y.Hj = 0, where d of the coefficients y* 
i=o 1 1 1 

are nonzeros. This implies that d columns of H are linearly 

dependent. Thus all sets of (d-1) columns of H are linearly 

independent and some d columns are linearly dependent. 

On the other hand suppose every set of (d-1) columns of 

H is linearly independent and some sets of d columns of H are 

linearly dependent then, for N-tuples, y’ = (y^ y^ ... 

of weight (d-1) or less only (d-1) or less elements yi are non- 

tr N ” 1 

zeros and Hy' r = £ yl H- 0. This implies N-tuples of 

i=o 1 1 

weight less than d are not codewords. Since some d columns of 

H are linearly dependent .there exists N-tuples y of weight d , 
tr N -1 

such that Hy » £ y^Hj becomes zero. This implies that , 

i=o 

N-tuples of weight greater than or equal to d are codewords. 
Hence the minimum distance is d. The foregoing results can be 
summarised as follows : 

The minimum distance of a t error correcting (N,K) linear 
block code over P[?[W(a)] should be at least equal to (2t+l). 

r 

If the minimum distance is equal to (2t+l) every set of 2t 
columns of H must be linearly independent and some ( 2t+l ) 
columns are linearly dependent. 

* 
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less columns of H are linearly independent.* Lot. 
y = (y 0 >y^» . .., a codeword ot weight d, thon 

tr N-l 

s(y) 88 Hy * £ y^H* - 0, where d of the coefficients y^ 
i=o 1 " 

are nonzeros. This implies that d columns of H are linearly 
dependent. Thus all sots of (d-i) columns of H are linearly 
independent and some d columns are linearly dependent. 

On the other hand suppose- every set of (d-3) columns of 
H is linearly independent and soitu. nets of d columns of H are 
linearly dopundont then, for N-tuplt s, y* * ( y\ ... y^j) 
of weight (d-1) or less only (d-l) ot less elements y! are n*»r»- 

♦ r N ~ l 

zeros and Hy' * * £ yl 1L / 0. This Implies N-tuplus of 

1 ' 

weight less than d are not codewords. 3im:i. some* d columns of 

H are linearly dependent .there exists U-tuplus y of weight d 
tr N-l 

such that Hy * « £ y 4 H, becomes zero. This implies that , 

i »o 11 

N ".tuples of weight greater than 'T eoual to d are codewords. 
Hence the minimum distance is d. Th. foregoing results can be 
summarised as follows : 

The minimum distance of a t error correcting (N,K) linear 
block code ovor Pj][W(a)J should be at least equal to (2t+l). 

Xf the minimum distance is equal to (2t+l) every set of 2t 
columns of H must be linearly independent and some (2t+l) 
columns are linearly dependent. 



Tho existence of n t error correcting (N,K) linear block 
code over P|}[W(n)] depends -n the oxisUnc e* o{ n matrix H with 
its elements fr >m PjJ[W(n)3, whose rank is (N-K) .and in which 
every sot of 2t columns is linearly independent* It appears 
that existence of such matrices strongly depends on the number 
of units in Pp[W(n)] ; an expression f or the number of units 
in PjJ[W(a)3 is given in Appendix p , 

Example 5*2*2 : In this example we chock the existence »l a 
single err >t correcting (5,3) linear block c .tie »ver pJlA-l J. 

r i 

The nvcosftiry c <nditi»m f »r a (5,3) linear bl u*k i id.,- ^ver 
Pgla +lJ with t error cojrccUng ca»ibliity t> .xi'.t is given 
by Inequality (5 *1*2)# 

Hon.' N 5, K. • 3, t l, p ' ? and q 4 

we have q^ N " ,K ^ - jp, 

and £ (4-1)* (‘f) « 1 + 3 . 5 * 16 . 
i=o 1 

Tho inequality is satisfied# Therof «re t 1 single error c >rrect~ 
ing (5,3) linear cade ;ver P 2 [a 2 +i] may exist* Now we investi- 
gate whether it is possible t» get a 2xb parity check matrix in 
which overy set of two columns is linearly independent. It can 
be verified that with the elements from p|[n 2 +lj - {0, l,a,( l+.a)} 
where ( i+n) is a zoro divis >r, it is n possible t> obtain the 
required 2x5 H matrix* Hence a (5,3) single error coriacting 
linear block code over p|[n 2 +l3 is n*t possible* However, it is 
possible to have a (5,3) single error dLetactinq c^de* 
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Example 5*2,3 : In this example we investigate the existence 
of a linear block code over P^[a 2 +a+lJ which is a finite field 
of order 4, In this case as in Example 5*2,2 the Inequality 
(5,1,2) is satisfied. In addition it is possible to obtain 
the required 2x5 matrix. For example, in 


1 1 


H * 


1 a 


110 
1+4 0 1 


all sots of two columns of H arc linearly independent. But 
all sets of three columns are not linearly dependent, For 
example, 


i*(j^ n ) + 1 *(q) + (l+a).(®) " (y) mod[2j n 2 +a+l] • 

Since any set of two u tlumns of H is linearly independent 
no 5- tuple y* of weight 2 will make Hy ‘ 1 - 0. Hence minimum 
weight of the code with II as parity check mitrix is 3. The 
code with parity check matrix H given above can therefore 
correct single errors. This is an example of single error 
correcting nonbinary Hamming code over GF(2 2 ), 

# 

Example 5,2,4 t We investigate the existence of a (6,3) linear 
block codo over ^2**® "*’*■'* Far single error correction we have 
t * 1 and the loft hand side of Inequality (5,1,2) is equal to 
1+3x6 » 19 and the right hand side is equal to (2 2 ) 3 - 64. The 
inequality is satisfied. Hence it may be possible to got a 
single error correcting (6,3) code. 
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One possible H matrix is 

MM 

10 110 0 
H « allO 10 

0 a a 0 0 1 


Every sot of two columns of H is linearly independent, Hence 
the code has minimum distance 3 and can correct all patterns of 
single errors. On the other hand a (6,3) double orr>r correct- 

A *3 

ing code »ver pj^a +1] is n >t p visible* This ir. bocnuM* i or 
t 2 we have right hand side >1 inequality (5*1.2) equal to 64 
and left hand side oqtnl t » 1.30 tnd the inequality ir. n >t 
satisfied. „ 


Example 5.2.5 ; Wo Lnvefttlqite the existence >f a (3,1) linear 

Of 2 ^ 

block code over Pjla +1J, Per single error correction, t - 1, 
the right hand side of Inequality (5*1.2) is 


j2( 3-1) „ w 


and the left hand side is 10. 

The Inequality (5.1,2) is satisfied. 

Hence it may be possible to yet a single error correcting (3,1) 
code. One possible H matrix is 

110 

H » 

a 0 1 

mm 
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Every set of two columns of H are linearly independent* 
Hence (3,1) single error correcting code over exists. 

However, since (5*1*2) is not satisfied with equality it is not 
a perfect code. 

We note in the above example that if the element a in the 
first column of H Is replaced by l, the (3,1) linear block code 
becomes a repetition code and if the element a is replaced by 
the zero divisor (1+a), the first two columns become linearly 
dependent. Then the minimum distance of the code is 2 and can 
only detect single errors. 

Example 5.2.6: We invest tg *to Un. existence »f a (5,3) linear 
block code over p|[a^+a]. For single err >r correction t - 1, 
the right hand side ot Inequality (b.l*2) is p/*(!>-3) . ^ lncJ 
the left hand side 1+1. b •• 16. 


The inequality is satisfied with equality* 


Hence it may bi possible 1 1 get a single error correcting(b ,3) 
c * >d o * >ve r Pit, [ n^+ a j . 


One possible H matrix is 

\\ i , 


H - 



l+o !+.*» 


1 0 

0 i 


Every sot of two columns of H is not linearly independent. 

Hence the minimum distance of the code is 2. Therefore, it can 

not correct single errors* However, it can detect single errors* 

* 
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Having discussed the factors which govern the choice of 
parity check matrix H of a linear block code over PJJ[W(a)3» we 

r 

now proceed to discuss the error detection and correction 
procedures for these codes* 

5.2*2 Error Detection and Correction 

The error detection/corrocticm using an (N,K) linear 
block code C over PjJ[W(a)3 is done by the calculation of 
syndrome of received word*,. In the previous suction we have 
seen that the syndrome of any received word is zero iff it is 
a codeword. If the syndrome is nonzero an error is detected. 
The error correction is based on finding the c iset correspond- 
ing to the syndrome and i<u.,itinq in it n minimum weight word 
which is the most likely error pattern* This error pattern is 
subtracted from the receive’ w>rd ti get the transmitted word* 

Wu next consider construction »i c>'»ots of C in the 
module V and a decoding procedure of linear block codes over 
Pp[W(a)J. The set V of all N-tupies over Pp[W(*»)3 constitutes 

a module of rank N which is inherently an additive abelian 

group* C is a submodule >f rank K and hence is a subgroup of 
V* Wo form cosets of C in V as indicated in Section 2*1* Two 

N-tuplcs and Vg of V are in the same coset if 

V l-V 2 e C (5.2.7) 
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Therefore, 

H(V x -V 2 ) tr = fi (5.2.8) 

which implies, 

HV x tr * HV 2 tr (5.2.9) 

The sot ol' all N-tupies in the same coset have the same syndrome. 
We show below that in an (N,K) block code over PjJ[W(a)3 each 
coset corresponds to a distinct syndrome. 

Theorem 5.2.5 : Each coset of linear block code C over PjJ(W(e)] 
corresponds to a distinct syndrome* 

Proof ; Let degree of W(a) be- n. Then order of PjJ[W(a)] is p n . 
Number of possible N- tuples over Pp[W(o)3 is p n ^. Order of C is 
p n ^» Number of cosets is therefore p n ^ ^ • Syndrome is an 
(N-K) -tuple over Pp[W(a)3* Hence the number of distinct syn- 
dromes is equal to 

If two N-tuplos V x and V 2 have the same syndrome then from 
Equations (5.2.8) and (5.2.9), (V x -V 2 ) is a codeword and hcnco 
V x and V 2 must bo in the same coset. Therefore, each cosot 
corresponds to a distinct syndrome. 

* 

Wo construct the cosets of C in the modulo of N-tuplos over 
P?(W(a)3. The N- tuple with minimum weight in each coset is 

tr 

chosen as the coset leader. If there are more than one minimum 
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weight N-tuplcs in a cosot, any one of thorn is chosen as the 
loader, iiach cosot is associated with one of the p n (N*K) 
syndromes. Tho array of cosets of C in V is called standard 
array. 

Tho error correcting capability of a linear code depends 
on tho weights of tho cosot leaders, which are tho correctable 
error patterns. A table which gives tho sot of syndromes and 
the associated coset loaders is called Deciding Table. 

To correct all patterns of t errors, all patterns of words 
of weight t or less must h ivo distinct syndromes* In other- 
words all words of weight t or less should be in different 
cosots and they must be cosot leaders. Once the syndrome is 
calculated the corresponding coset loader (it Is the least 
weight word in the coset) is found and subtracted from the 
received word. If in the coset there are more than one member 
with the same least weight an error is detected, which cannot 
bo corrected. However, in maximum likelihood decoding if there 
is a tie one of them is chosen. This may give rise to n decod- 
ing error. If the number of errors is more than the error 
correcting capability, the received word is different from the 
transmitted codeword but may still be another codeword. In this 
case tho syndrome is zero and there is a decoding error. The 
decoding principle described above is similar to decoding of 
linear block codes over GF(2) and is called syndrome decoding 
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(table look up decoding) [21]. Syndrome decoding can be 
applied to any (N,K) linear code. However, for large (N-K), the 
implementation of this decoding scheme becomes impractical, as 
large storage is needed. 


Example 5.2.7 s Consider a (3,1) linear block code C over 

~~t r 1 1 O n 

pj[a 2 +l], with the parity check matrix H - 
2 a 0 i 

tor matrix <5 ■■■ [l 1 a]. We note that any two columns of H are 


and goner a** 


linearly independent but not 3. Hence, minimum distance of code 
is 3 and the code can correct single errors and detect 2 errors. 


The message words and the corresponding codewords over 
AAl] and £ Pgta^+l j ore given in Table 5.2.2a. The 
cosets of C and the associated sy ndrunes are given in Table 
5.2.2b. 

Number of possible 3-tuples over plla^+l] is 64 

Number of c od ©words is 4 

Hence number of cosots is 64/4 a 16 « 

In case >f two errors tho corresponding coset contains 
more than one 3-tuple with weight 2. Hence it is not possible 
to correct 2 errors. 


Referring to the Table 5.2.2b suppose y* « (1 a 1) is the 


Hy 


it 


1 

m * 


m m 

1 



110 




1+a 



A 

a ‘•41 

/ * 


a 0 1 




1+A 



1 

m •* 




Table 5.2.2as Message and codewords of the (3, i) single 

error correcting code of Uxnmplu £>42.7. 


P 2 [a 2 +lJ Z§*'P|ln 2 +l] 


Message words 

Code words 

Message words 

Code words 

0 

( 0 0 

0 ) 

( 0 t> ) 

(00 uo uu) 

1 

( I 1 

* ) 

( 1 u) 

( Id 10 01) 


( a »t 

1 ) 

( 0 1) 

(01 01 10) 

1+n 

( i+u 1+a 

J+.» ) 

( 1 1) 

(13 11 30) 
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Table 5*2 ,2b: Cosots and associated syndromes of the (3,1) 

Linear block code c of Uxnmplw b*2.7. 


¥ 

Cosot loaders Cosots Syndromes 


0 

0 

0 

1 

1 

a 

ft 

a 

1 

1+a 

1+a 

1+a 

0 

0 

0 

0 

1 

1 

1 

1-fa 

ft 

ft 

0 

1+a 

1+3 

a 

0 

1 

0 

0 

a 

1 

1 

0 

ft 

ft 

1+n 

1+a 

1+a 

1 

0 

ft 

0 

0 

1+u 

1 

1 

1 

ft 

ft 

a 

1+a 

i+a 

0 

0 

1+a 

u 

1 

0 

1 

0 

ft 

ft 

1+a 

1 

l+a 

a 

l+a 

l 

0 

u 

a 

0 

1 

1+a 


a 

0 

t 

3+o 

1 

i+n 

ft 

0 

0 

1+0 

0 

1 

a 

a 

-i 

1 

1 

i+a 

0 

1+a 

l+a 

0 

1 

0 

0 

0 

1 

a 

1+a 

u 

1 

a 

1+a 

1+a 

1 

a 

n 

0 

u 

1+n 

1 

a 

0 

a 

t 

1 

l+» 

1+a 

a 

1 

i+a 

0 

0 

n 

1 

a. 

i 

a 

l 

0 

1 +•’ 

1+0 

1+a 

l+.i 

0 

1 

1 

1 

V 

1+.* 

a 

1+a 

u 

1+n 

a 

a 

1 

1 

0 

1 

1+a 

1 

0 

1 

.■ 

1+a, 


1+a 

a 

0 

1 

1+a 

0 

a 

a 

1 

l+a 

0 

a 

0 

1+ • 

1+a 

1 

1 

a 

a 

0 

a 

i+«» 

1 

1*K> 

1 

a 

0 

a 

1+a 

1 

0 

a 

1+a 

0 

1-fa 

i 

1 

n 

1+a 

a 

1 

u 

1+a 

0 

a 

1+n 

1 

0 

1-fa 

a 

1 

a 

0 


1 

. - -* «H 

1+a 

1+n 

mm *•» •»-** 

0 

1 

1+n 

a 


# 

For the sake of convenience syndrome i^ written ns a row 
2-tuplo. 


L 
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The coset leader associated with this syndrome is (l+a 0 0) # 
Subtracting the coset leader from the received word we get 
(a a 1) which is the transmitted word. 

On the other hand suppose (a, 1, 1+a) is received. The 
syndrome is r 1 



In this cose there are more than one minimum weight word in the 
cosot; those arc (0 1+a a). (1 a O) and ( l+n 0 1). If 

the decoder is such that it chaoses any one of these as in 
maximum likelihood decider, a decoding err >r may result. 


Example 5.2.8 : Consider the (3,1) line Jr block code C over 
plta^+l] with H * o l] nnc * <1 ~ [l a 1+n]. Since 

F a I 1 f 0 l r 2 

(1+a) I + (1+n) - modulo [2; a^+i], the first 

U+*J I© i LoJ 


+ (1+n) 


v>dulo [2; a^+i], the first 


and second columns are linearly dependent. The minimum distance 
is less than 3. However, all the columns are individually 
linearly independent, hence the minimum distance of tho code is 


2 and can only detect ail patterns of single errors. The 
message words and the corresponding codewords over Pijlta^+l] and 
isomorphic z| are given in Table 5.2.3a. The cosets and tho 
associated syndromes are given in Table 5.2.3b. 
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Table 5*2*3as Message and code words of the (3,1) single 

error detecting code of Example 5.2.8* 


P2t' l2+1 J 

Mei. sage word 

codu word 

/|«P^[a 2 +lJ 

M-s*»*vie word Code word 

0 

( 0 0 0 ) 

00 

(ut) 00 00) 

1 

( 1 n 1+n) 

10 

(10 01 11) 

a 

( a 1 1+a) 

ol 

(ul 10 11) 

1+a 

( 1+0 1+a o) 

11 

(11 11 00) 
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Table 5.2.3b: Cosi-tf. and associated syndromes oi (3,1) linear 

block code C ol‘ Lixampie l>.2.8. 


Coset leader 

CoSwtS 

eyndrom©* 

0 

0 

0 

1 

n 

l+a 

a 

1 

1+n 

l+a 

l+a 

0 

0 

0 

0 

0 

1 

1 

i\ 

a 

a 

1 

a 

1+n 

l+a 

1 

0 

1 

0 

0 

n 

1 

a 

i 

a 

1 

I 

i+a 

l+a 

n 

0 

a 

0 

0 

l+a 

1 

a 

0 

a 

1 

0 

i+a 

1+n 

1+n 

0 

l+a 

0 

1 

0 

1 

l+.'i 

14*. 1 

a 

0 

l+*l 

l+a 

a 

t 

1 

0 

U 

a 

0 

1 

u 

14*1 

a 

14-a 

l+«l 

1 +M 

i 

0 

f» 

0 

0 

1+n 

0 

1 

1 

1+n 

a 

n 

l+a 

i+a 

0 

0 

l+a 

0 

1 

0 

0 

0 

a 

l+a 

1+n 

1 

l+a 

a 

1+n 

0 

n 

l+a 

a 

0 

0 

l+a 

n 

1+n 

u 

1 

i+a 

1 

l+a 

0 

1 

i+a 

0 

1 

1 

1 

l+a 

a 

• 1 

0 

a 

i+a 

a 

1 

1 

1 

0 

a 

a 

* 

0 

1 

a 

l+a 

1 

1+n 

1 

a 

a 

a 

0 

1+n 

1 

1 

1 

a 

a 

a 

a 

l+a 

u 

1 

1+n 

1 

0 

14*0 

n 

1 

1 

1 

a 

n 

1 

l+a 

u 

a 

l+a 

a 

0 

l+a 

l+o 

1 

1 

u 

a 

n 

0 

1+n 

0 

l+a 

i+a 

l+a 

0 

1 

a 

1 

1+0 

1 

a 

li 

1 

l+a 

a 

a 

1 

0 

0 

mm* < 

a 

1 

m* ** ■— «»-4» 

1 

0 

a 

a 

1+0 

a 

1+n 

1 

1 

a 

1 


# 


I’QT the sake of convenience syndrome' is qivun as a row 
2-tuple • tjw note* her** that the syndromes are distinct. 
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Referring to the Table 5.2.3b wo note that, 

1) all patterns of single errors can bo detected but all 
patterns of single errors cannot be corrected. However, all 
single error patterns except (0 1-fa 0) and ( 1+n 0 0) can 

be corrected. This is because these two single error patterns 
are in the same coset and give rise to same syndrome. This 
implies that the errors at locations 1 and 2 of value (1+n) 
cannot be distinguished. 

ii) none of the double ernes can bw corrected. This is 
because in each of the c eats whose coset leader has weight 2 
wo have another word of weight 2 having the same syndrome. 

iii) If the number of errors is three there is deciding error. 
For example if (1 a 1+a) is the transmitted codeword and the 
received word is (1 +t If. 0) the syndrome is zero and the 
received wird is decoded as (1+n l+*» 0) resulting in decoding 
error. 

Having discussed the construction of deciding table we 
now give the decoding procedure. This procedure is based on the 
tho fact that oach coset corresponds to a distinct syndrome and 
uses tho maximum likelihood or minimum distance criteria far 
decoding, '/hen the messages are oquiprohnblo this procedure is 
optimal am) minimises the probability of error. The procedure 
is given in Flow Chart No. 5.2.1 and is similar to the syndrome 
decoding [21] for decoding linear block codas over 





Flowchart 5. 21 Decoding Procedure for Linear 

Block Codes. 
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Example 5.2.9 t Consider the (3,1) linear block code C over 
p|[a 2 +lJ of Example 5.2.7. Suppose the received word is 
y* - (a 1+a a). Referring to Table 5.2.2b, the syndrome is 

S(y') - 

The corresponding coset loader is (0 1 1-fa) - 
Hence, the most likely transmitted word is 
y = Y.' - e 

* (a 1+a a) - (0 1 1+a) 

= (a a. 1) 

which is the corrected word. 

If the received codeword is considered to be over 
£ P|[a 2 +l] then y' = (01 11 01), S(y’ ) = 

the corresponding coset loader is e * (00, 10, 11) • 

The most likely transmitted word Is therefore, 

y s y'-e = (01 11 01) - (00 10 11) 

* (01 01 10 ) 
which is the corrected word. 
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5.3 LINEAR POLYNOMIAL CODES OVER p£[W(a)] 

In this section we study a class of (N,K) linear block 
codes over Pp[W(a)] in which^ codewords expressed as polynomials 
in x are multiples of an appropriately chosen fixed polynomial 
g(x) of degree r * (N-K) . Such codes are called polynomial 
codes over Pp[W(a)]. It is shown that a polynomial code is the 
set of all zero state responses of a feed forward LSS with 
message words as inputs. Polynomial codes can thus be encoded 
by appropriate Pp[W(a)]-LSS. Error detection is done by poly- 
nomial division. The remainder after the division operation 
is equal to the syndrome and a nonzero remainder indicates an 
error; correction is done by using decoding table as in the 
case of linear block codes discussed in the previous section. 

5.3.1 Generating Polynomial, Generator Matrix and Encoding 
Principles 

As pointed out above in polynomial code every codeword 
is a multiple of a fixed polynomial g(x) * g^g^x* ... 
over Pp[W(a)], called the generating polynomial of the code. 

Let u « (u 0 ,u 1 , u K-1 ) ^6 Pp[W(a)] be a message 

word. The set of all such K-tuples over Pp[W(a)] 

in = (u^u^ u K-1 )l UjS Pp[W( a)] } 


( 5 . 3 . 1 ) 
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constitutes a module which is free and is of rank K. The 
message word u can also be represented by a polynomial 

u(x) = u 0 +u i x + U 2 X + U K-1 X (5.3.2) 

oalled message polynomial. Note that the coefficients u. them- 

JL 

selves are polynomials over GF(p) in the variable a. The set 

Cu = u(x)| degree u(x) £ (K-l) , ^SPptWCa)]} (5.3.3) 

constitutes a free module of rank K since it satisfies the 
following module axioms. 

« f P e PpCW(a)], u(x), u* (x) 6 u 

K-l . 

a(u(x)+u* (x)) =a u(x)+au’(x) = Z (au.+au.')x 

i=o 11 ' 

x K-l , 

(a+P) u(x) = au(x) + p(u(x) = Z (au.+Pu. )x 

i=0 1 1 

(«P) u( x ) = a(pu(x)) 
and l*u(x) *= u(x) 

The modules given by Expressions (5.3.1) and (5.3.3) are isomor- 
phic to each other. 

Consider the set of all formal power series over PUCW(a)], 
whose elements are of the form 

00 

Z(X) « Z Z.X 1 
i*0 1 
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constitutes a module which is free and is of rank K. The 
message word u can also be represented by a polynomial 

u(x) * u 0 +Ujl‘ x + u 2 x + ... u K _jX (5.3.2) 

oalled message polynomial. Note that the coefficients u^ them- 
selves are polynomials over GF(p) in the variable a. The set 

£u * u(x)| degree u(x) £ (K-l), u i® p £[W(a)]} (5.3.3) 

constitutes a free module of rank K since it satisfies the 
following module axioms. 

a ,p 6 PpCW(a)], u(x), u* (x) 6 u 

K-l • . 

a(u(x)+u* (x) ) =a u(x)+au’(x) » 2 (auj+au^ )x x 

i— o v 

v K-l i 

(a+P) u(x) » au(x) + p(u(x) = Z (au^+pu, )x 

i=o 1 x 

(ap) u(x) * a(pu(x)) 
and l*u(x) - u(x) 

4 

The modules given by Expressions (5.3.1) and (5*3.3) are isomor 
phic to each other. 

Consider the set of all formal power series over PlJtW(a)], 
whose elements are of the form 

00 4 

z(x) » E Z.x 1 
i=o 1 
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This set constitutes a commutative ring denoted by Pp[W(a)][x]. 
This ring can also be regarded as a p£[W( a) 3-module* 

K— 1 

Consider the two polynomials : u(x) ** u o +u i x+## * Uj^jX 
and g(x) « 9 0 + ®l x+ + 9 r x over Pp[W(a)][x]. 

For a given g(x) the set C of all polynomials 
Cy(x) «u(x).g(x)i u(x) of degree < K-l } 

constitutes a free submodule of rank K. C constitutes a linear 
block code if g(x) is such. that i) the order of the submodule C 
is p n ^ and ii) given y(x) m u(x)'.g(x) it is possible to get back- 
up). These conditions may not be satisfied by an arbitrarily 
selected g(x). Hence for g(x) to be a generator polynomial it 
should satisfy certain constraints on its coefficients. To- 
wards obtaining these constraints consider the following exam- 
ple. 

Example 5.3.1 : 

Consider the 16 message words given by message polynomials 
of degree atmost equal to one over P^ta +1J. The correspond- 
ing polynomial products y(x) • u(x).g(x) for the following 
cases are considered* 

2 

(i) g(x) ». (l+a)+( l+a)x+( l+a) x ; all the coefficients are 

zero divisiors 

o 

(ii) g(x) * (l+a)+ax+(l+a)x j coefficient g^^ is a unit 

(iii) g(x) * a+(l+a)x+(l+a)x 2 t coefficient g Q is a unit 

(iv) g(x) <* (l+a)+(l+a)x+ax 2 ; coefficient ^ is a unit • 
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The polynomial products for the cases (i) and 

(ii) are listed in Table 5.3,1a and the products for the cases 

(iii) and (iv) are listed in Table 5.3.1b. The corresponding 
4 tuples over £ p|[a 2 +l] are given in Tables 5.3.2a and 
5.3.2b respectively. 

We observe that in case (i) more than one u(x) results 
in the same y(x). The other three cases give rise to a unique 
y(x)/ , 1for a given u(x). Hence to have a unique y(x) for a 
given u(x), the necessary condition is that all the coefficients 
of g(x) should not be zero divisors in Pp[W(a)]. However, if 
g Q and g^ are both zero divisors but g^ is a unit as in 
case (ii), given y(x), u(x) cannot be determined by dividing 
y(x) by g(x). For example suppose y(x) * (l+a)+x+ax +(l+a)x 
is given. We perform long division of y(x) by g(x) and see 
that the remainder is not zero and the quotient is not the 
corresponding u(x) = 1+ax. 

If either g Q or g 2 is a unit as in cases (iii) and (iv) 
given y(x), u(x) can be determined by long division. For 
example consider case (iii). 

Let y(x) = (l+a)+ax+(l+a)x 2 +( l+a)x 3 ; dividing y(x) by 

g(x) * a+(l+a)x+(l+a)x 2 , (g 0 is a unit), we get zero remainder 
and quotient is the corresponding u(x) « (l+a)+x. 



Table 5.3.1a u(x) arv 


u(x) 


y(x) * u(x).g(x); 

( 1 ) g( x ) -( l+a ) ■+( l+^x+-( 


(1+a) 


(l+a)x 

(1+x) 

(a+x) 

(l+a)+x 

1+ax 

a+ax 

( l+a)+ax 

l+(l+a)x 

a+( l+a)x 

U+a) + 
(l+a)x 


( l+a ) +( l+a ) x+ ( l+a ) x* 
( l+a)+( l+a)x+( l+a) x“ 


( l+a) x+( l+a) x 2 +( l+a) x 3 
( l+a) x+( l+a) x 2 +( l+a) x 3 


(l+a)+(l+a)x 3 
( l+a)+( l+a)x 3 
( l+a) x+( l+a) x 2 +( l+a) x 3 
(l+a)+(l+a)x 3 
(l+a)+(l+a)x 3 
( l+a) x+( l+a) x 2 +( l+a) x 3 
, ( l+a) +( l+a) x+( l+a ) x 2 
( l+a)+( l+a) x±( l+a) x 2 


0 
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Y( x ) * u(x) g(x) of Example 5.3.1 

y(x) = u(x).g(x); 
+a)x z (ii)g(x)s( l+a)+ax+(l+a)x 2 

0 

(l+a)+ax+(l+a)x 2 
(l+a)+ x+(l+a)x 2 
(l+a)x 

(l+a)x+ax 2 +(l+a)x 3 
(l+a)x+ x 2 +(l+a)x 3 
( l+a)x 2 
( l+a)+x+x 2 +( l+a) x 3 
( l+a) +ax+x 2 +( l+a ) x 3 
ax 2 +( l+a)x 3 
( l+a)+x+ax 2 +( l+a)x 3 
( l+a)+ax+ax 2 +( l+a)x 3 
x 2 +(l+a)x 3 
(l+a)+ax 
(l+a)+x 


(l+a)x+(l+a)x 2 
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Table 5.3.1b: u(x) and y(x) = u(x).g(x) of Example 

5.3.1. 


i) y(x)=u(x) .g(x); ii) y(x)-u(x) .g(x); 

u(x) iii) g( x ) »a+( 1+a ) x+( 1+a ) x 2 iv) g(x)=(l+a)+(l+a)x+ax 2 


0 

0 

0 

1 

a+(l+a)x+( l+ajx 2 

( l+a)+( l+a)x+ax 2 

a 

l+( l+a)x+(l+a)x 2 

(l+a)+( l+a)x+x 2 

(1+a) 

(1+a) 

( 1+a ) x 2 

X 

a x+( 1+a ) x 2 + ( l+a ) x 3 

( l+a ) x+( l+a ) x^+a x 3 

ax 

x+( 1+a ) x 2 + ( l+a ) x 3 

o 3 

( l+a ) x+( l+a ) x +x 

(l+a)x 

(l+a)x 

(l+a)x 3 

(1+x) 

a+x+( 1+a ) x 3 

(l+a)+x 2 +ax 3 

(a+x) 

l+x+(l+a)x 3 

(l+a)+ax 2 +ax 3 

(l+a)+x 

( 1+a ) +ax+( 1+a ) x?+( 1+a ) x 3 

(l+a)x+ax 3 

1+ax 

q 

a+ax+( l+a)x 

(l+a)+x 2 +x 3 

a+ax 

3 

l+ax+( l+a)x 

(l+a)+ax 2 +x 3 

( 1+a) -fax 

( 1+a ) +x+( 1+a ) x 2 + ( 1+a ) x 3 

(l+a)x+x 3 

l+(l+a)x 

a+( l+ajx 2 

( 1+a ) +( 1+a ) x+ax 2 +( l+a ) : 

a+(l+a)x 

l+( 1+a ) x 2 

( 1+a ) +( 1+a ) x+x 2 +( 1+a ) x' 

( l+a)+(l+a)x (l+a)+(l+a)x 

( 1+a ) x 2 +( 1+a ) x 3 
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Table 5.3.2a: u and y of Example 5.3,1 


i) g(x)=s(l+a)+(l+a)x+(l+a)x 2 ii) g(x)s(l+a)+ax+(l+a)x 2 

u y i 


(00 

00 ) 

(00 

00 

00 

00 ) 

(00 

00 

00 

00 ) 

(10 

00 ) 

(11 

11 

11 

00 ) 

(11 

01 

11 

00 ) 

(01 

00 ) 

(11 

11 

11 

00 ) 

(11 

10 

11 

00 ) 

(11 

00 ) 

(00 

00 

00 

00 ) 

(00 

11 

00 

00 ) 

(00 

10 ) 

(00 

11 

11 

11 ) 

(00 

11 

01 

11 ) 

(00 

01 ) 

(00 

11 

11 

11 ) 

(00 

11 

10 

11 ) 

(00 

11 ) 

(00 

00 

00 

00 ) 

(00 

00 

11 

00 ) 

(10 

. 10 ) 

(11 

00 

00 

11 ) 

(11 

10 

10 

11 ) 

(11 

10 ) 

(00 

11 

11 

11 ) 

(00 

00 

01 

11 ) 

(10 

01 ) 

(11 

00 

00 

11 ) 

(11 

10 

01 

11 ) 

(01 

01 ) 

(11 

00 

00 

11 ) 

(11 

01 

01 

11 ) 

(11 

01 ) 

(00 

11 

11 

11 ) 

(00 

00 

10 * 

11 ) 

(10 

11 ) 

(11 

11 

11 

00 ) 

(11 

01 

00 

00 ) 

(01 

11 ) 

(11 

11 

11 

00 ) 

(11 

10 

00 

00 ) 

(11 

11 ) 

(00 

00 

00 

00 ) 

(00 

11 

11 

00 ) 

(01 

10 ) 

(11 

00 

00 

11 ) 

(11 

01 

10 

11 ) 


584 


Table 5 , 3 . 2 b : u and % of Example 5 . 3.1 


iii ) g ( x )= a +( l + a ) x +( l + a ) x 2 iv ) g ( x )=( l + a )+( l + a ) x + ax 2 


u 



I 



I 



(00 

00 ) 

(00 

00 

00 

00 ) 

(00 

00 

00 

00 ) 

(10 

00 ) 

(01 

11 

11 

00 ) 

(11 

11 

01 

00 ) 

(01 

00 ) 

(10 

11 

11 

00 ) 

(11 

11 

10 

00 ) 

(00 

10 ) 

(00 

01 

11 

11 ) 

(00 

11 

11 

01 ) 

(00 

01 ) 

(00 

10 

11 

11 ) 

(00 

11 

11 

10 ) 

(00 

11 ) 

(00 

11 

00 

00 ) 

(00 

00 

00 

11 ) 

(10 

10 ) 

(01 

10 

00 

11 ) 

(11 

00 

10 

01 ) 

(01 

10 ) 

(10 

10 

00 

11 ) 

(11 

00 

01 

01 ) 

(11 

10 ) 

(11 

01 

11 

11 ) 

(00 

11 

00 

01 ) 

(10 

01 ) 

(01 

01 

00 

11 ) 

(11 

00 

10 

10 ) 

(01 

01 ) 

(10 

01 

00 

11 ) 

(11 

00 

01 

10 ) 

(11 

01 ) 

(11 

10 

11 

11 ) 

(00 

11 

00 

10 ) 

(10 

11 ) 

(01 

00 

11 

00 ) 

( 11 * 

11 

01 

11 ) 

(01 

11 ) 

(10 

00 

11 

00 ) 

(11 

11 

10 

11 )' 

(11 

11 ) 

(11 

11 

00 

00 ) 

(00 

00 

11 

11 ) 

(11 

00 ) 

(11 

00 

00 

00 ) 

(00 

00 

11 

00 ) 
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Consider Case (iv) 

Let y(x) = (l+a)+(l+a)x+x 2 +(l+a)x 3 j dividing y(x) by 

A 

g(x) * (l+a)+(l+a)x+ax (g 2 is ® unit) we get zero remainder 

and quotient is the corresponding u(x) = a+(l+a)x. 

Now we show that in order to obtain u(x) uniquely from 
y(x) by long division the generator polynomial should satisfy 
the condition given by the theorem below $ 

Theorem 5.3.1 : A one-to-one correspondence between u(x) and 
y(x) is established iff either the coefficient g Q or g^ of the 
generating polynomial g(x) is a unit in Pp[W(a)]. 

Proof s Suppose g Q is a unit in Pp[W(a)], then g~* is defined. 

tr* 

Given u(x) = u 0 +u x x+ ... + u K _ x x the coefficients of 

y(x) * YQ+YJLX+ ... + Yn-i 5 ^” 1 are uniquely determined by the 
following relation : 
i 

Y x - I 9 j u i-j ’ 1 = * u i~j “ 0 for 

<3 — o 

0 < i-j < (K-l) (5.3.4) 

For a given y(x) then coefficients of u(x) can be determined 
uniquely by the following relations. 

From the relation (5.3.4) we have* 
y o “ g o u o' the «*ore, % * 9o ly o 

y l 88 g o u l +g l u o * therefore, u x - sC^Yi-SjU^ 88 g o 1(y l~ g l g o ly o ) 
y 2 * g o u 2 +g l u l +g 2 u o » 
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therefore Ug - ‘3o 1 (y 2 _ 9l u l - 92 u o ) » 


- 9 2 g o ly o ) 


y 3 “ 9 o u 3 +9 1 u 2 +9 2 u 1 +9 3 u o • 

therefore. Ug - a" 1 ( Y 3 -g 1 u 2 -g 2 u 1 -g 3 u 0 ) 

“ a^t Y 3 -g 1 g^ 1 < Y 2 -aj.3o 1 ( Yi-aia^Yo J-s^a^Yo) - 

aaao^Yi-aia^Yo) -33 «o 1 y 0 ) • 

In general given y(x)j u^ can be expressed in terms of 
> 11 ^ 2 * •••» u i* u o an< * Yi b Y the recursive relation 

u 0 " a^Yo 

ft. 

and , i 

u i = «o [Yi - £ gj“i-j] ... O < i i (K-l) (5.3.5) 

Likewise If g r is a unit then given u(x) the coefficients of 
y(x) are uniquely determined by the Relation (5.3.4). For a 
given y(x) then coefficients of u(x) can be determined uniquely 
by the following relations. 

From the Relation (5.3*4) we have, 

V N-1 = 9 r“K-l’ therefore u K _ 1 - g^y^ 

Yn- 2 = 9 r u K-2 + WHc-l’ therefore - ^ 1 (Y N _ 2 -3 r _iU lc .l ) 

“ 9 ^ 1( YN-2-3r-l 9 ^Y N -l> 
y N-3 * g r u K-3 +9 r-l u K-2 +g r-2 u K-l * 
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therefore, 

u K-3 = g r 1 ^ y N-3 -s r-l u K-2 _9 r-2 u K-l^ 

= ar 1 ^ VN-S-^r-xS^^N-a-ar-l^r^N-l 5 - 9 !^ ^ ly N-l ) * 


In general can be expressed in terms of u K-1 ,u K _ 2 , ..., 

u K-i+l and y N-i by the recursive relation 



i-1 

2 

J-l 


g r-j u K-i+j3 


I i 


2,3, • *., K (5*3*6) 


The first part of the theorem, that when either g Q or g r is a 
unit in PjJ[W(a)], there is one-to-one correspondence between 
y(x) and u(x), is thus established. 

If there is a one-to-one correspondence between y(x) and 

u(x), then the coefficients of u(x) and y(x) must necessarily 

be related either as given by Relation (5.3.5) or (5*3*6), 

which imply that either g or g is a unit in p£[W(a)]. 

p . •* 

Example 5.3*2 ? Consider the set of u(x) and the polynomial 
products u(x).g(x) over P 2 [a 2 +l] given in Example 5.3.1 for 
cases 

(iii) with g(x) = a+( l+a)x+( l+a)x , where g Q is a unit and 

(iv) with g(x) = ( l+a)+(l+a)x+ax , where g 2 is a unit. 

In these cases u(x) is of degree less than or equal to one, 
g(x) is of degree 2 and y(x) is of degree less than or equal to 
3. Given u(x) the computation of y(x) is the usual polynomial 
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multiplication which results in a unique y(x). Given y(x) 
the coefficients of u(x) are determined by the following 
relations • 

Case (iii) : Let y(x) = (l+a)+ax+( l+a)x 2 +( l+a)x 3 ', using 
Relation (5.3.5), 

u o " 9o ly o “ *( 1+a ) 88 ( 1+a > 

u x * * a( a-( 1+a ). ( 1+a)) » a. a ■ 1 

u(x) = (l+a)+x . 

Referring to Table 5.3.1b we note that u(x) is indeed (l+a)+x. 
Likewise in case (iv) 

let y(x) = ( l+a)+ax^+ax^, using Relation (5.3.6) 

U 1 = 92 ly 3 = a * a = 1 
u o “ ^ 1 ( y 2-9l u l) * a ( a “ 1+a ) “ a 
Therefore, u(x) * a + x . 

Referring to Table 5.3.1b we note that u(x) is indeed a+x. 

Theorem 5.3.2 t Let g(x) be a polynomial of degree r = N-K 
over Pp[W(a)], with either g Q or g r a unit. Then the set 

C * Cy(x) » u(x).g(x)| u(x) of degree < K over Pp[W(a)] }(5.3.7) 
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nK 

constitutes a submodule of rank K and order p , 

l f x> x 1 ^*"* is a basis* for this submodule* The set c 

hence constitutes an (N,K) linear block code over Pp[W(a)]> 

nK 

Proof : We first prove that q is a module whose order is p • 
Then show that it is a free module of rank K and hence is an 
(N,K) linear block code. 

Let y(x) = u(x).g(x) and z(x) - v(x).g(x) be elements of c* 
Let a,0 and 1 G pj?[W(a)], where 1 is the identity element C 
satisfies the following module axioms. 

e(y(x)+z(x)) * ay(x) + az(x) 

(a+0) y(x) * ay(x) + py(x) 

(ap) - y(x) - a(py(x)) 

and ly(x) * y(x) • 

Therefore C is a Pp[W(a) ]-module. 

Since either g Q or g r is a unit in Pp[W(a)], each u(x) 
gives rise to a distinct y(x)* Since there are p polynomials 
of degree less than K over Pp[W(a)], order of C is p nK . 

• t 

* ^ " ' 11 ' 

Another useful basis for codes over finite fields which is not 

suitable here because of the presence of zero divisors* is 
given in Appendix G» 
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An arbitrary polynomial of degree less than K over 
Pp[W(a)] can be expressed as a linear combination of 
l f x,x 2 , . .., x K “ X . Hence any element of C can be expressed 
as a linear combination of g(x), xg(x), . . • * x g(x). There- 
fore* C is finitely generated and is of rank K. 

C is a free module over P£[tf(a)] whose order is p nK and 
rank K. Hence C constitutes an (N,K) linear block code over 
Pp[W(a)]. Every codeword polynomial is a multiple of g(x). 

Hence C is an (N t K) polynomial code over Pp[W(a)], generated by 

gM. 

Theorem 5.3.3 t A polynomial of degree less than N is a code- 
word polynomial of an (N,K) polynomial code over Pp[W(a)] 
generated by g(x) iff it is a multiple of g(x) of degree (N-K) 
with either g rt or g a unit. 

o x 

Proof t Let v(x) of degree less than N be a codeword polynomial 
generated by g(x), over PjJ[W(a)]. Since in polynomial code 
every codeword polynomial is a multiple of g(x), v(x) is a 
multiple of g(x). 

Suppose v(x) of degree less than N over p£[W(a)] is a 

r 

multiple of g(x), then v(x) = g(x).u* (x). Since either g 0 or g r 
a unit in Pp[W(a)]» the K coefficients u 0 ,u^, . .., of u' (x) 

can be uniquely determined using* the Recursion Relation (5.3*5) 
or (5.3.6) respectively. Then v(x) is the codeword polynomial 
corresponding to message polynomial u‘(x) of degree less than K. 
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Generator Matrix i Since polynomial code is a linear block 
code any set of K linearly independent codewords constitutes 

the rows of Generator matrix G. It can be shown that if a or 

... 

•g r is a unit, then g(x), xg(x), ..., x^^gCx) are linearly 
independent. Hence codewords corresponding to these K poly- 
nomials can be chosen as the K rows of G. Then the KxN genera- 
tor matrix G given below has (9 0 »9i> ...» g r ,0, 0) as the 

first row and the succeeding rows are the cyclic shifts of the 
preceding rows. 



9 0 g l g r 0 ••• 0 

0 % g l g r ••• 0 



(5.3.8) 


If u * (u Q »u^, • • » , Uj^) is the message word then y * uG * 


( y o ,y l* •••* y N-2^ * s codeword whose components 
i 

y i * ^ U j 9 i-j 5 i * O, ... (N-l) (5.3.9) 


are 


the coefficients of x 


i 


in the polynomial y(x) = g(x) u(x). 


The generator matrix G can also be written as 
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(5.3.10) 

However, in this case the message word is represented as 

» • • 

u “ (u K-l U K-2 **• U 1 u o> 

and 

y - uG = (y N _ x . y N _ 2 .... y x y 0 ) 

where is given by the Relation (5.3.9). 

We will see in Section 5.5 that the two representations 
(5.3.8) and (5.3.10) of the generator matrix give rise to two 
encoder structures. 

It may be noted that the generator matrices given above 

* 

by (5.3.8) and (5.3.10) are not in systematic form. However, 
because of restriction on the coefficients of g(x) i.e., g Q or 
g r a unit in P|}[W(a)], the rank of these matrices is K and a 
one to one correspondence between u(x) and g(x) is ensured. 

We note here that if g r is a unit and g Q is a zero divisor, 
even if u 0 is not zero, the constant term y Qf in some code- 
word polynomials will be zero. Likewise if g 0 is a unit and 
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g r a zero divisor* the least degree polynomial in the set of 
all codeword polynomials will have a degree less than r. Such 
a situation does not arise in the case of polynomial codes 
over GF(p n ), in which all the nonzero field elements are units. 


Example 5.3.3 : Consider (3,1) polynomial codes generated by 
g(x) * a+x+ax 2 and g(x) = a+( l+a)x+(.l+a)x 2 over P^Ea^l]. 
Message words and the corresponding codewords over P^Cc^+l] 
and are listed in Table 5.3.3. In the first case the least 
degree polynomial in the set of codeword polynomials is 2 and 
the minimum weight is 3. In the second case the least degree 
polynomial in the set of codeword polynomials is zero and the 
minimum weight is 1. 


Eneodinq Principles t Eneoding of an (N,K) polynomial code is 
based on the fact that every codeword in the code. is the pro- 
duct of a generating polynomial g(x) of degree r * (N-K) and 
the message polynomial u(x) of degree £ (K-l). A feed forward 
LSS whose impulse response is the first row of the generator 
matrix G or equivalently the set of coefficients of g(x), will- 
perform the multiplication of polynomials u(x) and g(x). As 
pointed out earlier, the generator matrix can be represented in 

two ways, as given by (5.3.8) and (5.3.10). Hence two imple- 

* 

mentations are possible. In the first case the codeword is 
represented by y * (y Q y^ ... y^^) and in the second case 

the codeword is represented by y * (y^-i y N— 2 * * * Yi Y^ ) 


• • • 
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Table 5.3.3: Code word polynomials of (3,1) linear 
polynomial code of Example 5.3.3. 


q 1 r Ir '' " " O 

g ( x ) =a+ x+ax a ( x ) =a+( 1+a ) x+( 1+a ) x** 


U(x) 

over 

U 

over 

Tp" 

L 1 

y(x) 

over 

P*[ a 2 +l] 

1 

over 

Z 2 

y(x) 

over 

P^l^+l] 

1 

over 

4 

0 

00 

0 

(00 00 00) 

0 

(00 00 00) 

1 

10 

2 

a+x+ax 

(01 10 01) 

a+( 1+a ) x+ 

( 1+a ) x 2 

(01 11 11) 

a 

01 

1+ax+x 2 

i 

(10 01 10) 

l+( l+a)x+ 
(l+a)x 2 

(10 11 11) 

• 

1-fa 

! 

11 

(l+a)+ 

( l+a)x+ 
(l+a)x 2 

(11 11 11) 

(1+a) 

(11 00 00) 
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where is the coefficient of x^. In both cases the codeword 
polynomial is a multiple of g(x)j however, the code is not 
systematic* 

Systematic (N.K) Polynomial Codes s For a specified g(x), 

systematic polynomial code can be obtained by computing the 

parity check symbols in an appropriate P]J[W(a)]-LSS, by poly- 

nomial division* The encoding operation depends on whether 

g or g is a unit in P!?[W(a)]. This results in the following 
or h 

cases* 


Case i) g r a unitePp[W(a)]. This esse is same as encoding 
systematic cyclic codes over finite fields [18-21]. The message 
word is denoted by 


n * (Ur-i >V-2 ••• u l u o ) 


\ 

The message word polynomial 


K— 2 

u(x) ■ u^^x +^ K- 2 X + ••• + u i x+u o» is ' to be encoded int0 

an (N,K) polynomial code. The codeword polynomial 

y(x) ~ yN-.i xN " 1+ YN- 2 xN " 2+ * * * y i x+y o then mus,t be a multiple of 

g(x) ® g r x r +g r-1 x r, "’ 1 + ... + 9i x+ 9 0 * The encoding principle is 
as follows. u(x) is multiplied, by x^“^ to get u* (xJssx^^Cx) . 
u* (x) is divided by g(x) using Pp[W(a)]-LSS of order r to get 
a quotient q(x) and remainder R(x). Degree of R(x) is less than 
r and is of the form R r _ 1 x r ”^+R r __ 2 X r- ^+ ••• + R 1 x+R Q . 
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Hence x N ~ K u(x) ■ u* (x) = g(x) . q(x) + R(x) 
or 

u* (x) - R(x) ■ g(x).q(x) 


Degree of u'(x) is greater than (r-1) and less than or equal 
to N-l. Hence, the symbols and R^ are separated. 

Setting i = 0,1, K-l, 

and * -R^ i - 0,1, r-1, 

y(x) a* u* (x)-R(x) « g(x).q(x) is a multiple of g(x) 
and a valid codeword polynomial. The first K higher degree 
symbols are the message symbols. 

Example 5.3.4 


We consider an example of (4,2) systematic polynomial 
code over p|[a 2 +l3 generated by g(x) = ax 2 +( l+a)x+a. The 
message word u(x), polynomial x 2 .u(x), remainder R(x) after 
dividing x 2 .u(x) by g(x), and codeword polynomial y(x) » 
x .u(x)-R(x) are given in Table 5 .,3.4a. The corresponding 
message u and codeword Y $ver z| £ Pgta^+l] are also given 
in Table 5.3.4b. 


All the codeword polynomials are multiples of g(x). The 
codewords corresponding to message polynomials x and 1 can be 
taken as a basis. Then the matrix 


G » 



0 


1 


1+a 


0 


1 


a+1 


1 
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Table 5.3.4a Message and codeword polynomials of the ‘(4,2) 
systematic polynomial code of Example 5.3.4 


Ij 

u(x) 

x 2 u(x) 

R(x) 

y(x) 

0 

0 

0 

0 

1 . 

x 2 

( 1+a) x+1 

x 2 +(l+a)x+l 

a 

ax 2 

( 1+a) x+a 

ax +( 1+a) x+a 

(1+a) 

(l+a)x 2 

( 1+a) 

( 1+a) x 2 +( 1+a) 

X 

x 3 

x+( 1+a) 

x 3 +x+(l+a) 

ax 

a* 3 

ax+( 1+a) 

ax 3 +ax+( 1+a) 

(l+a)x 

(l+a)x 3 

(l+a)x 

(l+a)x 3 +(l+a)x 

x+1 

x 3 +x 2 

ax+a 

3 2 

x +x +ax+a 

x+a 

x 3 +ax 2 

ax+1 

3 2 

x +ax +ax+l 

x+( 1+a) 

x 3 +(l+a)x 2 

X 

x 3 +( l+a)x 2 +x 

a x+1 

3, 2 
ax+x 

x+a 

3 2 

ax +x +x+a 

a x+a 

3 2 

ax +ax 

x+1 

3 2 

ax +ax +x+l 

ax+( 1+a) 

ax 3 +( 1+a) x 2 

ax 

ax 3 +( 1+a) x 2 +ax 

( 1+a) x+1 

(l+a)x 3 +x 2 

1 

( 1+a) x 3 +x 2 +l 

( 1+a) x+a 

(l+a)x 3 +ax 2 

a 

( 1+a) x 3 +ax 2 +a 

( l+a)x+( 1+a) 

(l+a)x 3 +(l+a) 

x 2 (l+a)x+(l+a) 

( 1+a) x 3 +( 1+a) x 2 + 




( l+a)x+(l+a) 



598 


Table 5*3*4b Message and codewords of (4,2) polynomial code 
of Example 5.3*4 


4 


u y 


(00 

00 ) 

(00 

00 

00 

00 ) 

(00 

10 ) 

(00 

10 

11 

10 ) 

(00 

01 ) 

(00 

01 

11 

bl) 

(00 

11 ) 

(00 

11 

00 

11 ) 

(10 

00 ) 

(10 

00 

10 

11 ) 

(Oi 

00 ) 

(01 

00 

01 

11 ) 

(11 

00 ) 

(11 

00 

11 

00 ) 

(10 

10 ) 

(10 

10 

01 

01 ) 

(10 

01 ) 

(10 

01 

01 

10 ) 

(10 

11 ) 

(10 

11 

10 

00 ) 

(01 

10 ) 

(01 

10 

10 

01 ) 

(01 

01 ) 

(01 

01 

10 

* 10 ) 

(01 

11 ) 

(01 

11 

01 

00 ) 

(11 

10 ) 

(11 

10 

00 

10 ) 

(11 

01 ) 

(11 

01 

00 

01 ) 

(11 

11 ) 

(11 

11 

11 

11 ) 
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constitutes a generator matrix of the systematic (4,2) poly- 
nomial code over P^Ca +1] with generating polynomial 
ax +(l+a)x+a. The first 2 symbols are the message symbols* 

Case (ii) : g Q is a unit in Pp[W(a)]. 

The generation of systematic code in this case is similar 
to the previous case* The message polynomial u(x) is treated 
as an element of formal power series* u(x) is divided by 
g(x), using a P^[W(a)]-LSS of order maximum of (K,r), in K 
steps. If we denote the remainder at the Kth step by R v '(x), 
then u(x)-R^(x) is a multiple of g(x) and constitutes the 
codeword polynomial corresponding to the message polynomial 
u(x). 

In the following we assume r > K-l* However, the result 
holds good for any general case by appropriately taking gj*=0 
for j > r. We perform the long division of u(x)*u 0 +u x x + ... 
u k _ x x K - X by g(x) * g 0 +g x x + ... g^x*. The quotient q^(x) 
and remainder R^(x) at the ith step are tabulated in 
Table 5.3*5* 

We note that degree of q^(x) is less than or equal to 
(i-1) and degree of R^(x) is greater than (i-1) and less 
than or equal to (i+r-1). The division process is continued 
upto K steps* In each step the following relations are 
valid. 
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Table 5.3*5 Quotient q^(x) and remainder R^^(x) in the 
division of u(x) by g(x) 


Step No. Quotient q^(x) 

® s q Q +q^x+. • • q^j, x 

Remainder R^ x '(x) 

- 1 -R i x+R 1+1 x i+1 + ... x 1+r_1 

1 % “ %\ 

(u l _ 9o 1 S | l u o )x+lu 2"9o 1 92 u o )x2+ 


/ -1 x K-l 

+ ^ u K-l“* g o g K-l u o^ x 


" 9o 1 3r u o ! ' r ■ 

2 u i _ 

( ( u 2 -9o 1 9 2 u o ) -9o lg l ( u l“ g o lg X u o ))x2+ • 

9o 1 9l u o> x 

• • +g o lg r< u l- g o lg l u o>x r+1 • 


u(x) = g(x) q^ 1 \x) + R^(x) 


u(x) = g(x) q^(x)+ R^(x) 




1st step 
2nd step 


u(x) g(x) q^^(x)+ R^(x) Kth step 

Consider y(x) » u(x) - R^(x) = g(x). q^(x). 
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Degree of q^^(x) is less than or equl to (K-l) and degree of 
R^^(x) is less than or equal to (K+r-1) * (N-l) • Hence y(x) 
is a polynomial of degree (N-l) or less and it is a multiple 
of g(x). 

Further ^i 58 u i i 88 0,1, ... (K-l) 

’ and v ± = i = K, ... (N-l) . 

Hence the code generated by g(x) is in systematic form. Note 
that here also the first K symbols are the message symbols. 
However, they are the coefficients of lower degree terms. 

Example 5. 3.. 5 : 

9 2 . 

Consider (4,2) systematic polynomial code over P^La +1] 
generated by g(x) = a+(l+a)x+ax of Example 5.3.4. The 
message word, remainder R^(x) after division of u(x) by 
g(x) in two steps and codeword polynomial y(x) = u(x)-R^^(x) 
are given in Table 5,3.6. The corresponding message u and 
codeword y over P^ta^+l] are also given. 

All the codeword polynomials are multiples of g(x). The 
codeword polynomials corresponding to message polynomial 
u(x) = 1 and x can be taken as a basis. Then the matrix 

fl 0 1 (1+a) 1 


G » 


0 


1 ( 1+a) 1 
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Table 5.3.6 Message and codewords of the (4 t 2) systematic 
polynomial code of Example 5.3.5 



pf[« 

2 +l] 

z 2 

Z 2 

> 

\ ** 

p|[a 2 +l] 

u(x) 


y(x)»u(x)-R^ 2 ^(x) 

u 

w 


y 

0 

0 

0 

(00 

00) 

(00 00 00 00) 

1 

x 2 +(l+a)x 3 

l+x 2 +( l+a)x 3 

(10 

00) 

(10 00.10 11) 

a 

ax 2 +(l+a)x 3 

a+ax 2 +( l+a)x 3 

(01 

00) 

(01 00 01 11) 

l+a 

(l+a)x 2 

( l+a)+( l+a)x 2 

(11 

00) 

(11 00 11 00) 

X 

( l+a) x 2 +x 3 

x+(l+a)x 2 +x 3 

(00 

10) 

(00 10 11 10) 

ax 

(l+a)x 2 +ax 3 

ax+( l+a)x 2 +ax 3 

(00 

01) 

(00 01 11 01) 

(l+a)x 

( l+a)x 3 

( l+a)x+( l+a)x 3 

(00 

11) 

(00 11 00 11) 

(1+x) 

ax^+ax 0 

l+x+ax 2 +ax 3 

(10 

10) 

(10 10 01 01) 

(a+x) 

x 2 +ax 3 

2 3 

a+x+x +ax 

(01 

10) 

(01 10 10 01) 

(l+a)+x 

x 3 

( l+a)+x+x 3 

(11 

10) 

(11 10 00 10) 

1+ax 

ax 2 +x 3 

2 3 

1+ax+ax +x 

(10 

01) 

(10 01 01 10) 

a+ax 

x 2 +x 3 

2 3 

a+ax+x +x 

(01 

01) 

(01 01 10 10) 

( l+a)+ax 

ax 3 

( l+a)+ax+ax 3 

(11 

01) 

(11 01 00 01) 

l+(l+a)x 

x 2 

l+( l+a) x+x 2 

(10 

11) 

(10 11 10 00) 

a+( l+a) x 

ax 2 

a+( l+a)x+ax 2 

(ol 

11) 

(01 11 01 00) 

( l+a)+ 

( l+a)x 

(l+a)x 2 + 

( l+a)x 3 

(l+a)+( l+a)x+ 

( l+a)x 2 +( l+a)x 3 

(11 

11) 

(11 11 11 11) 
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constitutes a generator matrix of the systematic (4,2) poly- 
nomial code over P 2 t a + 1] generated by g(x) =» a+(l+a)x+ax . 
The first two symbols are the message symbols. In the 
preceeding two examples both g Q and g r are units. In the 
following we consider another example with g Q a unit and g r 
a zero divisor in P 2 t a +1]. 



Consider (4,2) polynomial code generated by 

2 o o 

g(x) * a+(l+a)x+(l+a)x over a 2 +l] . The message polyno- 
mial u(x), the remainder R^^(x) after division of u(x) by 
g(x) in two steps and codeword polynomial y(x) * u(x)-R^^(x) 
are given in Table 5.3.7. The corresponding message t| and 

2 2r 2 

codeword % over 7 ^ £ P 2 la +1] are also given* 


All the codeword polynomials are multiples of g(x). The 
codeword polynomials corresponding to message polynomial u(x)=l 
and u(x) - x can be taken as basis. Then the matrix 



constitutes a generator matrix of the systematic (4,2) poly- 
nomial code over p 2 L a +1 3 generated by g(x) * a+(l+a)x+(l+a)x. 
The first two symbols are the message symbols, which are the 
coefficients of the lower degree terms. We note that the 
minimum weight of the code is one. 
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Table 5.3*7 Message and codewords of (4,2) systematic 
polynomial code of Example 5*3*6 



P 2 [a z +1] 


h 2 - 

pfiTTIi 

U(x) 

R* 2 *(x) 

y(x)«u(x)-R^ 2 ^(x) 

u 

y . 

0 

0 

0 

oo 00 

(00 00 oo 00 ) 

1 

(l+a)* 2 

l+( l+a)x 2 

(10 00 ) 

(10 00 11 oo )- 

a 

( l+a)x 2 

a+( l+a) x 2 

(01 00 ) 

(01 00 11 00 ) 

(l+a) 

0 

(l+a) 

(11 00 ) 

(11 00 00 00 ) 

X 

(l+a)x 3 

x+( l+a)x 3 

(00 10 ) 

(00 10 00 11 ) 

ax 

(l+a)x 3 

ax+( l+a) x 3 

(00 01 ) 

(00 01 00 11 ) 

( l+a)x 

0 

( l+a)x 

(00 11 ) 

(00 11 00 00 ) 

(1+x) 

(l+a)x 2 + 

( l+a)x 3 

l+x+(l+a)x 2 + 

( l+a)x 3 

(10 10 ) 

(10 10 11 11 ) 

a+x 

(l+a)x 2 + 

(l+a)x 3 

a+x+(l+a)x + 

( l+a)x 3 

(01 10 ) 

(01 10 11 11 ) 

(l+a)+x 

(l+a)x 3 

( l+a ) +x+( l+a ) x 3 

(11 10 ) 

(11 10 00 11 ) 

1+ax 

(l+a)x 2 + 

( l+a)x 3 

l+ax+( l+a)x 2 + 
(l+a)x 3 

(10 01 ) 

(10 01 11 11 ) 

a+ax 

(l+a)x 2 + 

(l+a)x 3 

a+ax+(l+a)x 2 + 

( l+a)x 3 

(01 01 ) 

(01 01 11 11 ) 

( l+a)+ax 

( l+a)x 3 

( l+a)+ax+( l+a) x 3 

(11 01 ) 

(11 01 00 11 ) 

l+( l+a)x 

(l+a)x 2 

l+( l+a) x+( l+a) x 2 

(10 11 ) 

(10 11 11 00 ) 

a+( l+a) x 

(l+a)x 2 

a+( l+a) x+( l+a)x 2 

(01 11 ) 

(01 11 11 00 ) 

( l+a ) + 
(l+a)x 

0 

(l+a)+(l+a)x 

(11 11 ) 

(11 11 00 00 ) 
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5*3.2 Minimum Distance Properties 

The minimum distance of an (N f K) polynomial code over 
Pp[W(a)] depends on the generator polynomial g(x). For a 
general g(x) the following theorem holds which is a variation 
of a theorem proved for codes over GF(2) in [65]* 

Theorem 5.3.4 : 

Consider a g(x) of degree r 2 1 over Pp[W(a)]. If g Q 
and g r are units and g(x) does not divide any poi/nomial of 
the form (y^j+y^*^) for 3 < N| N > 3, then the code generated 
!-y g(x) has minimum distance at least 3* 

Proof e 

It is seen in Lemma 5.2.1 that the necessary condition for 
the minimum distance to beat least 3 is that N > 3. 

The code generated by g(x) is the set of all polynomials 
g(x).u(x), degree of u(x) is less than K. In a linear code the 
minimum distance between codewords is equal to the minimum 
weight of some codeword. In order to show that the minimum 
weight is 3, we show there is no codeword of weight 1 or 2. 

If there is a codeword of weight l f then there exists 
Yj x ^» 5 < (N-l), such that g(x) divides y^x^. But g(x) is of 
degree til and with g 0 ,g r units. Hence g(x) does not divide 
polynomials of the form y^x^, j i (N-l). Therefore there are 
no codewords of weight 1. 
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If there is a codeword of weight 2, then y(x) will have 

i l l o 

only .two terms y(x) * x +y^ x , i^.ig S. (N-l) 

41 2 V 1 !, 


= x x (y, +y 4 x ) 
X 1 x 2 


and g(x) should divide y(x). Since g Q is a unit g(x) should 

io 4 ” 1 ! 

divide (y 4 +y 4 x )« But g(x) divides no polynomial of the 
X 1 x 2 

form (y 4 +y 4 xJ) for j < N. Therefore, g(x) does not divide 
X 1 x 2 

y(x) and there are no codewords with weight 2 • 


• Example 5.3.7 : 

O. O . * 

Consider a (6,2) polynomial code over P2La +1] generated 
by g(x) * a+ax+(l+a)x +ax +x we have g Q = a and g^ ■ 1. 
Therefore, codewords have degree 2 4* We examine whether 
g(x) divides (y^ +y^ x J ) for 38^ < 6. We check this without 
doing long division. 


Suppose g(x) |(y i ^+y i ^) , then y^x^ » -y^ module [2;g(x)] 

0 

We have g(x) aodulo [2; g(x)] 

x 4 ** a+ax+(l+a)x^+ax 3 modulo[2; g(x)] 


x S = l+(l+a)x+x^+ax 3 modulo[2; g(x)3 
x 6 =1 modulo [2f g(x)3 


Therefore, g(x)|(x^-l) 
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Hence from the result of Theorem 5.3.4, the minimum 
weight is at least 3. The codewords and their weights are 
tabulated in Table 5,3.8 from which it is seen that the mini- 
mum distance of the code is 4. 

The generator matrix of this polynomial code is 


G 


a a 1+a a 1 

0 a a 1+a a 


0 

1 


G is not in canonical form. There are 16 possible linear 
combinations of the two rows of G which constitute the code. 

Example 5.3.8 : 

Let g(x) * a+(l+a)x+ax 2 over P 2 [a 2 +l] and 
Let u(x) be of degree 2. 

Then g(x) generates a (5,3) polynomial code over P^Ca+lJ . 

cot 2 = (l+a)x+a mod g(x) 
and (l+a)x 2 » (1+a) mod g(x) 

Therefore, g(x) | ( l+a)x 2 +( 1+a) 


g(x) divides a polynomial of two terms whose degree is less 
than 5. Hence the minimum weight is less than 3, as per 
Theorem 5.3.4. There are totally 64 code polynomials. We 
donot write all the code polynomials but pick one which has 
weight less than 3 to illustrate the theorem. 
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Table 5.3,8: Code words of (6,2) linear polynomial code of 
Example 5,3.7, 


Message Code word 

word „/ v \ u £ Weight 

u(x) ylx) 


0 

0 ! 

; 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

i 

00 

0 

0 

l 

0 

a 

a 

1+a 

a 

1 

00 

10 

00 

01 

01 

11 

01 

10 

5 

0 

a 

0 

i 

i 

1+a 

i 

a 

00 

01 

00 

10 

10 

11 

10 

01 

5 

0 

1 

1+a ! 

i 

0 

1+a 

1+a 

0 

1+a 

1+a 

00 

11 

00 

11 

11 

00 

11 

i 

11 j 

4 

1 

0 | 

a 

a 

1+a 

a 

1 

0 

10 

00 

01 

01 

11 

01 

10 

00 

5 

1 

1 | 

a 

0 

1 

i 

1+a 

1 

10 

10 

01 

00 

10 

10 

11 

10 

5 

1 

a 

a 

1+a 

.a 

i 

0 

a 

10 

01 

01 

11 

01 

10 

00 

01 

5 

1 

1+a 

a 

1 

0 

a 

a 

1+a 

j 

10 

11 

01 

10 

00 

01 

01 

11 

5 

a 

0 

i 

1 

1+a 

i 

a 

0 

01 

00 

10 

10 

11 

10 

01 

00. 

5 

a 

1 

i 

1+a 

1 

a 

0 

1 

01 

10 

10 

11 

10 

01 

00 

10 

5 

a 

a 

i 

0 

a 

a 

1+a 

a 

01 

01 

10 

00 

01 

01 

11 

01 

5 

a 

1+a 

i 

a 

0 

1 

1 

1+a 

01 

11 

10 

01 

00 

10 

10 

11 

5 

1+a 

0 

1+a 

1+a 

0 

1+a 

1+a 

0 

11. 

00 

11 

11 

00 

11 

11 

00 

4 

1+a 

1 

1+a 

1 

a 

0 

1 

1 

11 

10 

11 

10 

01 

00 

10 

10 

5 

1+a 

a 

1+a 

a 

1 

0 

a 

a 

11 

01 

' 

11 

01 

10 

00 

01 

01 

5 

1+a 

i 

1+a 

0 

1+a 

1+a 

0 

1+a 

11 

11 

. 11 

00 

11 

11 

00 

11 

4 

i 
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The (N,K) polynomial code C of order p n ^ is a submodule in the 

module V of order p°^. A module is an additive Abelian group* 

Hence cosets of C in V can be formed* The number of cosets is 

equal to p n ^ The number of terms in the remainder is 

, r * (N-K) • Therefore, the number of distinct syndromes is 
\^n(N-K) # 

We show below %hat two polynomials having the same remain— 
der 1 on division by g(x) are in the same coset. 

Theorem 5*3.5 s 

Two polynomials v^x) and v 2 (x) of degree < (N-l) having 

the same syndrome are in the same coset of the (N,K) polynomial 

code C over Pp[W(a)] in the Abelian group of all polynomials of 

degree < (N-l) over Pj![W(a)3. 

P 

Proof : 

Letv 1 (x) « g(x) q(x) + R(x) 
and v 2 ( x ) * g(x) q* (x) + R(x) • 

Then V JL (x) - V 2 (x) » g(x) *[q(x)-q' (x) ] 

is a multiple of g(x), is of degree $ (N-l), and therefore is 
a code polynomial belonging to C. As seen in Section 2.1, from 
the property of the elements in the cosets, it implies that 
v^(x) and v 2 (x) are in the same coset* 
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Let u(x) =* (1+a) + 0.x + 0.x 2 
Then the corresponding code polynomial is 
y(x) * (1+a) + (l+a)x 2 

Corresponding codeword is ((1+a), 0, (1+a), O) . 

Hence minimum weight is less than 3* 

5.3.3 Decoding Principles 

The error detection using an (N,K) polynomial code 
generated by g(x) is done by computing the syndrome of the 
received polynomial y* (x). Codewords in a polynomial code 
are multiples of g(x) which gives a straightforward syndrome 
computation. It is the remainder after division by g(x) of 
the received polynomial y* (x). If there is no error, y'(x) 
being a codeword polynomial, on division by g(x) the remainder 
(syndrome) is zero. Because of channel noise ytx) may be 
different from the transmitted codeword polynomial. In this 
case division by g(x) results in a nonzero remainder (syndrome). 

At the decoder it must be known whether the codeword 
symbols, treated as coefficients of y(x) are in the ascending 
order of powers of x or in the descending order of powers of x. 
In the former case y(x) is treated as a polynomial and for 
implementing division by g(x), g r must necessarily be a unit in 
Pp[W(a)]. In the latter case y(x) is treated as a formal power 
series and for implementing division by g(x), g Q must necessa- 
rily be a unit in Pp[W(a)]. 
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The (N,K) polynomial code C of order p nK is a submodule in the 

nN 

module V of order p . A module is an additive Abelian group. 
Hence cosets of C in V can be formed. The number of cosets is 
equal to p n (N-K) # The num b er 0 f terms in the remainder is 

t r » (N-K). Therefore, the number of distinct syndromes is 
^ n(N-K) 

X 

We shpw below *that two polynomials having the same remain- 
der 1 on division by g(x) are in the same coset. 

Theorem 5.3.5 : 

Two polynomials v^(x) and v 2 (x) of degree < (N-l) having 
the same syndrome are in the same coset of the (N,K) polynomial 
code C over P*J[W(a)] in the Abelian group of all polynomials of 
degree < (N-l) over Pp[W(a)]. 

Proof : 

Let v x (x) « g(x) q(x) + R(x) 
and v 2 (x) * g(x) q' (x) + R(x) . 

Then V x (x) - v 2 (x) * g(x) .[q(x)-q f (x)] 

is a multiple of g(x), is of degree £ (N-l), and therefore is 
a code polynomial belonging to C. As seen in Section 2.1, from 
the property of the elements in the cosets, it implies that 
v^(x) and v 2 (x) are in the same coset. 
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From the above theorem it i$ seen that each coset 
corresponds to a distinct syndrome as in the case of linear 
block codes. The error correction is done by using the 
decoding table which consists of all possible syndromes and 
the corresponding minimum weight polynomials. If y’ (x) is the 
received polynomial its syndrome s(y*) is computed. The 
corresponding minimum weight polynomial e(x) is subtracted 
from y* (x) to get y(x), which is the most likely transmitted 
codeword polynomial. 

The decoding procedure is given in Flow Chart 5.3.1. 
Example 5.3.9 t 

We consider the single error correcting (3,1) polynomial 
code C over p|[a 2 +l], of Example 5.3.3 generated by g(x) * 
a+x+ax^. The message and codeword polynomials are given in 
Table 5.3.3. We form the eosets of C in the group of all 
polynomials of degree 2 over P^ta^+l], For the sake of con- 
venience we write the polynomials as 3-tuples. For example 
a+x+ax will be written as (a 1 a). The cosets and the 
associated syndromes are given in Table 5.3.9. 

A 

Suppose the received polynomial y'(x) is 1+ax+ax • From 
Table 5.3. 9, the syndrome of y'(x) is (l+a)+(l+a)x, and the 
associated coset leader e(x) is (l+a)x . Therefore the most 
likely transmitted polynomial is y(x) * y* (x)-e(x) 

s* ( 1+ax+ax^) -(l+a)x^ 
s ( 1+ax+x^) • 



(Start ) 

^Pead received polynomial y'lxj) 
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/Compute remainder R (x) j 
Vafter dividing l>y g ( x) J 



(x)= y^Cxj) — , 


Rnd Coset leader e (x) 
Corresponding to R (x) 



Compute the quotient 
in the division 


jotient u(xf\ 
> y (x) by g (x)y 



-S*- 


Seperate the 
K message 
symbols 



Output 


message 


word u J 



Flow Chart .5.3.1 Decoding Procedure for Polynomial Codas 
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Table 5*3.9: Coset table and the associated syndromes 

of the (3,1) polynomial code of Example 5.3.9« 


Co set 

leaders 

Cosets 

Syndromes 

0 

0 

0 

a 

i 

a 

1 

a 

1 

1+a 

1+a 

1+a 

0 

0 

0 

0 

1 

a 

i 

1+a 

1 

a 

0 

1+a 

1+a 

a 

1 

a 

0 

0 

a 

a 

i 

0 

1 

a 

1+a 

1+a 

1+a 

i 

a 

i 

0 

0 

1+a 

a 

i 

1 

1 

a 

a 

1+a 

1+a 

0 

1+a 

1+a 

0 

1 

0 

a 

0 

a 

1 

1+a 

i 

1+a 

a 

1+a 

0 

1 

0 

a 

0 

a 

1+a 

a 

1 

0 

i 

1+a 

i 

1+a 

0 

a 

0 

1+a 

0 

a 

a 

a 

1 

1 

i 

1+a 

0 

1+a 

0 

1+a 

1 

0 

0 

1+a 

i 

a 

0 

a 

i 

a 

1+a 

1+a 

1 

0 

a 

0 

0 

0 

i 

a 

1+a 

a 

i 

i 

1+a 

1+a 

a 

0 

1+a 

0 

0 

1 

i 

a 

a 

a 

i 

0 

1+a 

1+a 

1+a 

0 

0 

1 

1 

a 

0 

1+a 

1 

1+a 

0 

1+a 

a 

a 

1 

1+a 

0 

1 

1+a 

a 

0 

1 

1 

1+a 

a 

1+a 

a 

0 

(1+a) 

a 

0 

a 

a 

a 

1+a 

0 

1 

0 

1+a 

1+a 

1 

1 

a 

(1+a) 

0 

a 

1+a 

a 

1+a 

1 

1 

0 

a 

1+a 

1 

0 

1+a 

1 

0 

1+a 

1 

a 

a 

1+a 

1 

1 

0 

1+a 

0 

a 

1 

1 

0 

1+a 

a 

a 

i 

a 

0 

1 

1 

1+a 

1+a 

0 

1 

a 

a 
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Having studied the properties, encoding and decoding of 
polynomial codes over Pp[W(a)], in the next section .we take up 
the study of linear cyclic codes over p£[W(a)] which constitute 

a specific class of polynomial codes studied in this section* 

/ 

5.4 LINEAR CYCLIC CODES OVER P£t«(a)] 

In an (N,K) polynomial code generated by g(x) of degree 
r « (N-K), the code polynomials g(x), xg(x), ..*,- x K-1 g(x) 
are cyclic shifts of g(x). But cyclic shift of every codeword 
is not necessarily a codeword. Linear cyclic codes are a sub- 
class of polynomial codes (as defined in the previous section), 
with additional restriction on g(x) to guarantee that cyclic 
shift of every codeword is also a codeword. Linear cyclic 
codes are thus a special case of linear block codes in which 
cyclic shift of every codeword is also a codeword. Since a 
linear block code over P”[W(a)] is a module, linear cyclic 
codes over Pp[W(a)] are closed under addition and scalar 
multiplication in p£[W(a)], and cyclic shifts. In what follows, 
by cyclic code we mean linear cyclic code. 

5.4.1 Generating Polynomial, Generator Matrix and Encoding 
Principles 

As ..seen in the previous section, if the generating poly- 
nomial g(x) of an (N,K) polynomial code over p£[W(a)] has either 
g Q or 9r a Pp[W(a)] there is a one-to-one correspondence 

between the message and codeword polynomials and decoding* is 
unambiguous • 
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For the polynomial code to be a cyclic code cyclic shift 
of every codeword must also be a codeword. This puts addi- 
tional restriction on g(x) enunciated in the following theorem. 

Theorem 5.4.1 : 

An (N,K) polynomial code C over Pp[W(a)] generated by 
g(x) = g 0 +gi* + *•• g r * » is a cyclic code iff g Q and g r are 
units in Pp[W(a)] and g(x) divides (x^-1). 

I 

Proof : 

We first prove that if C is an (N,K) cyclic code generated 
by g(x) of degree r - N-K then g(x) divides (x^-1) and g Q and 
g r must be units in Pp[W(a)]. 

Consider y(x) * x^^gCx) * g 0 x*"*+gjX*‘+ ... g r x K+r '~ 1 
which is a codeword polynomial. The cyclic shift <*/(*) of 
the codeword y(x), i.e., 

y* (x) = oy(x) * g^g 0 x K +giX K+1 + ... g r-1 x K+r-1 (5.4.1) 

* x^ g(x) - g (x^-l) is also a codeword. 

* * • » r 

Since all the codewords are multiples of g(x), g(x) divides 
y* (x). Hence it should divide the right hand side of Equation 
(5.4.1). Therefore, g(x) should divide g r (x^-l). 

This implies that there exists a polynomial 

h'(x) = h^+hjx + ... h^x k of degree k 

over Pp[W(a)] such that g(x).h’(x) * g r (x^-l). 
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Equating the coefficients of like powers on both sides, the 
following equations must necessarily be satisfied. 

Coefficient of x**: g r h£ * g r therefore hj^ * g” 1 g r 
Coefficient of *"" 1 * 9r-l h k + 9 r h k-l “ 0 therefore, 

h k-i “ -si 1 Vi 1 * 

* 

Coefficient x: gjh^ + g Q h^ = 0 therefore h^ « -g^g^h^ 

Coefficient of x 0 :* g^^ = g Q therefore h^ = g^ 1 g Q 

Thus g r and g Q must necessarily be units. 

We now prove that if g Q and g r are units in Pp[W(a)] and 
if g(x) divides (x^-l),then the polynomial code generated by 
g(x) is an (N,K) cyclic code* 

Let y(x)= y 0 +Y]X + ... y^ -1 x N "’ 1 be a codeword polynomial 
in the polynomial code generated by g(x). Therefore, g(x) 
divides y(x). The cyclic shift of the codeword y(x) is 

°Wx) * Y N -i + Y 0 x+ Yl x2 + ••• + Y ^’ 1 
* xy(x) - Yjj.xCx 14 -!) 

Since g(x) divides y(x) and g(x) divides (x^-1) it follows that 
g(x) divides dy(x). 
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In a polynomial code every codeword is a multiple of 
g(x). Here y(x) is a multiple of g(x) and cyclic shift of 
y(x) is also multiple of g(x). This implies that if y(x) is 
a codeword its cyclic shift is also a codeword. Therefore, 
the code C is cyclic. 

* 

We note here that the theorem also. holds good for the 
case when .codewords are expressed as y * (Yn~i Yn- 2 ** * 
yi.y Q ). However, in this case the cyclic shift is in the 
reverse sense. ie«left cyclic shift. 

In the case of generating polynomial of (N,K) polynomial 
codes over P”[W(a)]it is enough if either g Q or g r is a unit 
in P]J[W(a)]. The encoding and decoding can be done unambi- 

r 

guously. However, in the case of (N,K) cyclic codes the 
coefficients g Q and g r of g(x) must both be units in Pp[W(a)3 
and further g(x) must divide (x^-1). 

If y(x) is a codeword in a cyclic code then o^ytx), 
cyclic shift of y(x) by i places can also be expressed as 
x*y(x) modulo (x^-1). Since every codeword is a multiple of 
g(x) we have the following. 

Theorem 5.4.2 : 

The (N,K) cyclic code C, generated by g(x) is a principal 
ideal generated by g(x) in the residue class ring of polynomials 
over Pp[W( a) ] modulo ( x^-1) . 
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Proof I 

Let R be the residue class ring of polynomials over 
Pp[W(a)3 modulo (x^-l). For C to be an ideal in r, q must 
be a subset of r which is an additive subgroup and for every 
Z(x) 8 R and y(x)gc f*(x) y(x) moduloC^-i) must be in C. 

Since C is a linear code* it is an additive subgroup of R 

that is for y(x), v(x) e c * y(x) + v(x) 6 C. 

N-l ' i ' 

Let z(x) « 2 z^x 3, be any arbitrary element of r 
i=o 

z(x).y(x) modulo (X^l) ■ z 0 y(x)+Z]Xy(x) + ... z^jX^yfx) 
modulo (x^vl) is a linear combination of cyclic shifts of y(x) 
and hence is a codeword. Therefore, z(x).y(x) modulo (x^-l)© C. 

Hence # c is an ideal in r^ g(x) is the least degree poly- 
nomial in C and every element of C is a multiple of g(x). 
Therefore, c is a principal ideal generated by g(x). 

* 

With the restriction that g r a unit there may be more than 
one codeword polynomial in C whose degree is r and constant 
term is a unit. That is any polynomial of degree r with 
coefficients Y 0 »Y r units in Pp[W(a)], may be regarded as the 
generator of the ideal. The generator of the ideal can be made 
unique by putting the restriction that g(x) is monic. 

Thus an (N,K) cyclic code C over Pp[W(a)] can be regarded 
as an (N,K) polynomial code generated by a unique monic poly- 
nomial g(x) of degree r ** (N-K) with g 0 a unit such .that g(x) 
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divides (x N -l). Further in the ring R of polynomials over 
Pp[W(a)] modulo (x N -l), C is the principal ideal generated by 
g(x). 


Generator Matrix : 


Just as in the case of polynomial codes, an (N,K) cyclic 
code C over Pp[W(a)), generated by g(x), can also be des- 
cribed by its generator matrix G whose first row consists of 
the coefficients of g(x) and the succeeding rows are the cyclic 
shifts of the preceding rows. Thus the generator matrix of 
an (N,K) cyclic code over Pp[W(a)] can be seen as a KxN matrix 
of the following form : 


g o g l g 2 • 

0 9 0 Si • 

♦ 

e 

0 0 


9 , 


9 , 


% «1 


0 

0 

g, 




( 5 . 4 . 2 ) 


Now since g(x) divides (x**-l), we have a polynomial h(x) of 
degree K such that 


g(x).h(x) a 0 modulo [p; (x^-l)] 

where g^h^ “ !• Since every codeword y(x) is a multiple of 
g(x), 

h(x).y(x) = 0 modulo [p; (x N -l)] • 
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Let h(x) « h 0 +h x x+h2X 2 + ... h K-1 x IC “ 1 +h K x K , whose coefficients 
specify the (N-K)xN check matrix 



O ... 0 h K-l *•* h 2 h l 

0 ... 0 h£ ^2 ^1 h o 


^C-l 



hO 0 . . 

o 



.of the linear cyclic code generated by g(x). If g r =* 1 we have 
. hj, = 1. We note here that codeword y is represented by 

(Y 0 y l y 2* ••• ’ y N-l^ * 

• 

Likewise a KxN generator matrix with first row (g r g^^ ... 
g^ g 0 O ... 0) and the corresponding (N-K)xN check matrix with 
first row given by (0 0 ... 0 h Q h^ ... h£_^ hj^) are 
associated with a cyclic code where a codeword y is repre- 
sented by y * Yn_ 2 ••• Yi Y 0 ) • 


Encoding Principles : 


Encoding of cyclic codes is based on the fact that every 
codeword is a multiple of the generating polynomial g(x). If 
u(x) is the message word polynomial then u(x).g(x) is the code- 
word polynomial. As in the case of polynomial codes discussed 
in the previous section two implementations are possible 
based on g r of g^ being a tali' t. The code generated in this 
manner is not in systematic form. Systematic cyclic codes are 
generated in the same manner as the systematic polynomial codes 
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discussed in Section 5.3. There are two implementations based 
on (i) g r a unit and (ii) g Q a unit. In case (i) u(x) *= 
u^x*” 1 * . . . + Ul x + u 0 is multiplied by x^“*^ which is then 
divided by g(x) to give a quotient q(x) and remainder R(x). 

Thus u(x) * g(x) .q(x)+R(x) and y(x) * X (N“K) u(x)-R(x) « 

g(x).q(x) is a multiple of g(x) and hence is a codeword poly- 
nomial corresponding to u(x). The message polynomial, and the 
codeword polynomial ■’■are expressed in descending powers of x. 
The first K symbols corresDond to the message symbols. In case 
(ii) the message word polynomial u(x) - u Q +u^x + . . • Ujq^x 

is treated as a formal power series. u(x) is divided by g(x) 

(K.) ( K) 

in K steps to obtain a quotient q' ; (x) and remainder R v y (x). 
Then u(x) = g(x) .q^(x)+R(x) and y(x) ■ u(x)-R^(x) * 
g(x).q^(x) is a multiple of g(x) and is the codeword poly- 
nomial corresponding to u(x). 

A third method of generating an (N,K) systematic cyclic 
eode is based on the following theorem. 

Theorem 5.4.3 s 

The set c of all autonomous responses of periodic 
length N of a nonsingular, single output canonical LSS over 
PoCW(a)] with matrix C « [l 0 ... 0] constitutes an (N,K) 

r 

cyclic code over p£[W( a) ] • 

Proof : 


We have to prove that the set of all autonomous responses 
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of length N (i) is closed under addition. Scalar multiplica.- 
tion and cyclic shift and (ii) if the response is expressed as 
a polynomial y(x) of degree less than or equal to (N-l), then 
y(x) is a multiple of a fixed polynomial g(x). 

Let y » (y Q y^ y^_^) h© "the autonomous response with 

the initial state x Q and z = (z Q ,z lf Zj^) be the autono- 

mous response with the initial state x^. Then the autonomous 
response 

a(y 0 #yi»«.*»Y N .i)+P( z o» z i»“-* z N-i^ = ( a y 0 + P z o» ay i +Pz i **• 

corresponds to the initial state aX Q +px^, where 

whea?e*a,p G P^[W(a)]. Thus the set of autonomous responses of 

r 

length N constitutes a linear code. 

The autonomous response (YN_i»y 0 » •••» Yn-2^’ ®Y c ^ c shift 
of y is the response to the initial state A^~ 1 x o * A~'*’x 0 (N is 
multiple of period of A) as given in Section' !4«3. Hence C 
is closed under cyclic shifts. 

Let f(x) be the feedback polynomial of the nonsingular LSS 
then as seen in Section 4.3, there exists a g(x) and integer N 
such that f(x).g(x) * (1-$)’. The generating function of the 
autonomous response is 

** f ' ( = = u' (x) g(x)[l+x^+x^+. ••]• If we 


y* (x) 
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consider polynomial y(x) = u' (x) g(x) of degree < (N-l) then 
the sequence of coefficients (y 0 ,y x ... y N-1 ) constitutes the 
autonomous response of the LSS. Further y(x) is a multiple of 
g(x). 

The set of autonomous responses is hence closed under 
addition and multiplication by scalars in P n [W(a)], and 

Sr 

cyclic shifts. Further, responses, if expressed as polynomials, 
are multiples of a fixed polynomial g(x). Hence the set con- 
stitutes a linear cyclic code. 

* 

Thus for the generation of an (N,K) systematic cyclic 
codes, using a Pp[W(a)]-LSS, the K message symbols are the 
initial state of a single output nonsingular canonical LSS 
with matrix C = [l 0 ... 0] . The corresponding autonomous 
response of length N is the codeword. This point of view of 
cyclic codes over finite fields is given in [17]. 

Example 5.4.1 : 

Consider the (6,2) polynomial code of Example 5.3.7 
generated by g(x) - a+ax+( l+a)x 2 +ax 3 +x 4 over p|[a 2 +l]. As 
seen in Example 5.3.7 g(x) divides (x 6 -l). Hence the code is 
cyclic code. The codewords over p|[a 2 +l] and z| isomorphic to 
P 2 l.a +i 3 are listed in Table 5.3.8. We observe that the code- 
words are . (OOOOOO), (Oil (l+a) la), (1 0 a a l+a a), 
((l+a) 0 (l+a) (l+a) 0 (l+a)) and their cyclic shifts. There 
are 16 possible codewords. The minimum weight of the code is 4. 
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Hence the code can correct single errors and detect 3 errors* 
The code can be generated as the autonomous response of a non- 
singular, single output canonical LSS with matrix C =» [l O] and 
feedback polynomial f(x) = » a+ax+x 2 . The codewords 

(1 0 a a (1+a) a) and (0 1 l(l+a) 1 a) are linearly independent 
and hence can be regarded as a basis which generates the code* 
These two codewords as the two rows of a 2x6 matrix constitute 
the G matrix in systematic form. 


G= 


10a a 1+a a 
Oil 1+a 1 a. 


The corresponding parity check matrix is 


H - 


all 
a 1+a 0 

1+a 1 0 

a a 0 


0 

1 

0 

0 


0 

0 

1 

0 


0 

0 

0 

1 


We note that every set of 3 columns of H are linearly inde- 
pendent and some 4 columns are linearly dependent, which 
implies that the minimum distance of the code is 4. 


The set of codewords in a cyclic code depends only on the 
generator polynomial g(x), independent of the method of genera- 
tion i«e. systematic or nonsystematic • We illustrate this in 
the following example* 
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Example 5.4.2 : 

The (6,2) cyclic codes generated by g(x) * l+x+(l+a)x + 
x^+ax^ in nonsystematic form generated by polynomial multipli- 
cation and systematic form generated by autonomous LSS with 
f (x) = 1+x+ax 2 over p|[a 2 +l] are considered. The message poly- 
nomials and the corresponding codeword polynomials are listed 
in Table 5.4.1a. The message and systematic codes generated by 
polynomial division based on g Q a unit and g r a unit are 
listed in Table 5.4,1b. The corresponding message and code- 
words over 2^ are given in Table '5.4.2a and Table 5.4.2b res- 
pectively. (Only one of the nonsystematic form of code is 
cons idered.) 

With reference to Table 5.4.1a, the codewords of the non- 
systematic (6,2) cyclic codo listed in second column are 
(OOOOOO), (1 l(l+a) 1 a 0), (a a (1+a) a 1,0), t C/+3U 
(1+a) O' (1+a) (1+a) 0) and their cyclic shifts. The code- 
words of the systematic (6,2) cyclic code listed in third 
column, generated as the autonomous response of LSS, are 
(OOOOOO), (1 1 (1+a) 1 a 0), (a a (1+a) a.l 0), 

((1+a) (1+a) 0 (1+a) (1+a) 0) and their cyclic shifts. With 
reference to Table 5.4.1b, the codewords of the systematic 
(6,2) cyclic code, based on g 0 a unit, listed in second column 
are (0 0 0 0 0 0), (11 (1+a) l.a 0), (a a (1+a) a 1 0) , 

((1+a) (1+a) 0 (1+a) (1+a) 0) and their cyclic shifts. The 
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Table 5.4,1a: (6,2) cyclic code of Example 5.4,2 


u(x) 

g(x) = l+x+(l+a)x^+x 3 +ax 4 

y(x)=u(x).g(x) 
Nonsystematic code 

Autonomous response of 

LSS with f(x)=l+x+ax 2 
systematic Code 

0 

0 

0 

1 

l+x+( l+a ) x 2 +x 3 +ax 4 

l+ax 2 +ax 3 +( l+a ) x 4 +ax^ 

a 

a+ax+( l+a ) x+ax+x 

23/, v 4 5 

a+x +x +(l+a)x +x 

(l+a) 

( l+a )+( l+a ) x+( l+a ) x 3 
+( l+a)x 4 

( l+a ) +( l+a ) x 2 +( l+a ) x 3 
+(l+a)x 5 

X 

2 o 4 r 

x+x +(l+a)x +x +ax° 

x+x 2 +( l+a ) x 3 +x 4 +ax^ 

ax 

ax+ax^+(l+a)x 3 +ax 4 +x 5 

ax+ax 2 +( l+a ) x 3 +ax 4 +x 5 

(l+a)x 

( l+a ) x+( l+a ) x 2 +( l+a ) x 4 
+(l+a)x 5 

( l+a ) x+( l+a ) x 2 +( l+a ) x 4 
+(l+a)x 5 

1+x 

■ 

l+ax 2 +ax 3 +( l+a ) x 4 +ax^ 

l+x+( l+a ) x 2 +x 3 +ax 4 

a+x 

2 3 5 

a+( l+a ) x+ax+x +ax 

a+x+ax 3 +ax 4 +( l+a ) x 5 

(l+a)+x 

( l+a ) +a x+j^+a x 4 +a x 5 

2 4 5 

(l+a)+x+ax+x +x 

1+ax 

1-K l+a ) x+x 2 +ax 3 +x 5 

l+ax+x +x +( l+a ) x 

a+ax 

a+x 2 +x 3 +( l+a ) x 4 +x 5 

a+ax+( l+a ) x 2 +a x 3 +x 4 

(l+a)+ax 

( l+a ) +x+ax 2 +x 4 +x 5 

2 4 5 

( l+a ) +a x+x+a x+a x 

l+( l+a)x 

l+a x+x 3 +x 4 +( l+a ) x 5 

l+( l+a ) x+x 2 +ax 3 +x 5 

a+( l+a)x 

3 4 5 

a+x+ax +ax +( l+a )x 

2 3 5 

a+( l+a ) x+ax +x +ax 

(l+a)+(l+a)x 

( l+a ) +( l+a ) x 2 +( l+a ) x 3 
+( l+a)x 5 

(l+a)+(l+a)x+(l+a)x 3 + 

( l+a ) x 4 
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Table 5*4*lb: (6,2) Systematic Cyclic Code of Example 5.4«2 

g ( x ) =l+x+( 1+a ) x 2 +x +ax 4 


Based on g 0 a unit Based on g 2 a unit 


u(x)«u 0 +Uj 

L x y(x)»y 0 +y 1 x+ 

4 5 * 

+y 4 x +y 5 x 

u ( x ) = 

u,x+u 

1 0 

g 

y(x)=y 5 x +y 4 x +...+ y;L x+y o 

0 

0 

0 

1 

0 

1 

l+ax 2 +ax 3 +( 1+a ) x 4 
+ax 5 

t 

1 1 

4 3 o 

x +ax +( 1+a) x+a x+a 

a 

a+x 2 +x 3 +( l+a ) x 4 +x 5 

a 

ax 4 +x 3 +( 1+a ) x 2 +x+l 

(l+a) 

(l+a)+( l+a)x 2 + 
(l+a)x 3 +(l+a)x 5 

(l+a) 

( 1+a ) x 4 +( 1+a ) x 3 +( 1+a ) x+( 1+a ) 

X 

x+x 2 +(l+a)x 3 +x 4 +ax^ 

X 

x 5 +ax 3 +x 2 +( 1+a ) x+1 

ax 

ax+ax 2 +( l+a ) x 3 +ax 4 
+x 5 

ax 

5 3 9 

ax +x'*+ax ,c +( 1+a ) x+a 

{,*!*& )X 

( 1+a ) x+( l+a ) x?+( 1+a ] 
x 4 +(l+a)x 5 

(l+a)x 

( 1+a ) x 5 +( 1+a ) x 3 +( 1+a ) x 2 
+( 1+a) 

1+x 

l+x+( 1+a ) x 2 +x 3 +ax 4 

x+1 

x 5 +x 4 +ax 2 +x+( l+a ) 

a+x 

a+x+ax 3 +ax 4 +( l+a)x 5 

x+a 

x 5 +ax 4 +( 1+a ) x 3 +x 2 +ax 

(l+a)+x 

( 1+a J+x+ax^+x^x 5 

x+(l+a) 

x 5 +( 1+a ) x 4 +x 3 +x 2 +a 

1+ax 

j l+ax+x 3 +x 4 +(l+a)x 5 

a x+1 

ax +x^+(l+a)x +x +x 

a+ax 

a+ax+( 1+a ) x 2 +ax 3 +x 4 

a x+a 

a x 5 +a x 4 +x 2 +a x+( 1+a ) 

(l+a)+ax 

( l+a)+ax+x 2 +ax 4 

5 

+ax 

ax+ 

(1+a) 

5 4 3 2 

ax +(i+a)x +a x+a x+1 

l+( 1+a ) x 

l+( 1+a ) x+x 2 +ax 3 +x^ 

(1+a) 

x+1 

( 1+a ) x 5 +x 4 +x 3 +ax+l 

a+( l+a)x 

a+( 1+a ) x+ax 2 +x 3 +a x 5 ( 1+a ) x+a 

( 1+a ) x 5 +ax 4 +ax 3 +x+a 

(l+a)+ 

(l+a)+(l+a)x+(l+a) (l+a)x 

( 1+a ) x 5 + ( 1+a ) x 4 +( 1+a ) x 2 

(l+a)x 

x 3 +(l+a)x 4 f< 1+a) 

+(l+a)x 
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Table 5*4*2a: (6,2) Cyclic Code over z£| of Example 5,4*2 


g(x) 


l+x+( 1+a ) x 2 +x 3 +ax 4 


ju Nonsystematic code Systematic code* 


1 1 


(00 

00 ) 

(00 

00 

00 

00 

00 

00 ) 

(00 

00 

00 

00 

00 

00 ) 

(10 

00 ) 

(10 

10 

11 

10 

01 

00 ) 

(10 

00 

01 

01 

11 

01 ) 

(01 

00 ) 

(01 

01 

11 

01 

10 

00 ) 

(01 

00 

10 

10 

11 

10 ) 

(11 

00 ) 

(11 

11 

00 

11 

11 

00 ) 

(11 

00 

11 

11 

00 

11 ) 

(00 

10 ) 

(00 

10 

10 

11 

10 

01 ) 

(00 

10 

10 

11 

10 

01 ) 

(00 

01 ) 

(00 

01 

01 

11 

01 

10 ) 

(00 

01 

01 

11 

01 

10 ) 

(00 

11 ) 

(00 

11 

11 

00 

11 

11 ) 

(00 

11 

11 

00 

11 

11 ) 

(10 

10 ) 

(10 

00 

01 

01 

11 

01 ) 

(10 

10 

11 

10 

01 

00 ) 

(01 

10 ) 

(01 

11 

01 

10 

00 

01 ) 

(01 

10 

00 

01 

01 

11 ) 

(11 

10 ) 

(11 

01 

10 

00 

01 

01 ) 

(11 

10 

01 

00 

10 

10 ) 

(10 

01 ) 

(10 

11 

10 

01 

00 

10 ) 

(10 

01 

00 

10 

10 

11 ) 

(01 

01 ) 

(01 

00 

10 

10 

11 

10 ) 

(01 

01 

11 

01 

10 

00 ) 

(11 

01 ) 

(11 

10 

01 

00 

10 

10 ) 

(11 

01 

10 

00 

01 

01 ) 

(10 

11 ) 

(10 

01 

00 

10 

10 

11 ) 

(10 

11 

10 

01 

00 

10 ) 

(01 

11 ) 

(01 

10 

00 

01 

01 

11 ) 

(01 

11 

01 

10 

00 

01 ) 

(11 

11 ) 

(11 

00 

11 

11 

00 

11 ) 

(11 

11 

00 

11 

11 

00 ) 


* 

Autonomous response of LSS* 
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Table 5.4.2a: (6,2) Cyclic Code over z| of Example 5.4.2 



g(x) - l+x+( l+a ) x 2 +x 3 +ax^ 

u 

Nonsystematic code Systematic code* 

1 1 


(00 

00 ) 

(00 

00 

00 

00 

00 

00 ) 

(00 

00 

00 

00 

00 

00 ) 

(10 

00 ) 

(10 

10 

11 

10 

01 

00 ) 

(10 

00 

01 

01 

11 

01 ) 

(01 

00 ) 

(01 

01 

11 

01 

10 

00 ) 

(01 

00 

10 

10 

11 

10 ) 

(11 

00 ) 

(11 

11 

00 

11 

11 

00 ) 

(11 

00 

11 

11 

00 

11 ) 

(00 

10 ) 

(00 

10 

10 . 

11 

10 

01 ) 

(00 

10 

10 

11 

10 

01 ) 

(00 

01 ) 

(00 

01 

01 

11 

01 

10 ) 

(00 

01 

01 

11 

01 

10 ) 

(00 

11 ) 

(00 

11 

11 

00 

11 

11 ) 

(00 

11 

11 

00 

11 

11 ) 

(10 

10 ) 

(10 

00 

01 

01 

11 

01 ) 

(10 

10 

11 

10 

01 

00 ) 

(01 

10 ) 

(01 

11 

01 

10 

00 

01 ) 

(01 

10 

00 

01 

01 

11 ) 

(11 

10 ) 

(11 

01 

10 

00 

01 

01 ) 

(11 

10 

01 

00 

10 

10 ) 

(10 

01 ) 

(10 

11 

10 

01 

00 

10 ) 

(10 

01 

00 

10 

10 

11 ) 

(01 

01 ) 

(01 

00 

10 

10 

11 

10 ) 

(01 

01 

11 

01 

10 

00 ) 

(11 

01 ) 

(11 

10 

01 

00 

10 

10 ) 

(11 

01 

10 

00 

01 

01 ) 

(10 

11 ) 

(10 

01 

00 

10 

10 

11 ) 

(10 

11 

10 

01 

00 

10 ) 

(01 

11 ) 

(01 

10 

00 

01 

01 

11 ) 

(01 

11 

01 

10 

00 

01 ) 

(11 

11 ) 

(11 

00 

11 

11 

00 

11 ) 

(11 

11 

00 

11 

11 

00 ) 


* 

Autonomous response of LSS. 
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o 

Table 5.4,2b: (6,2) Systematic Cyclic Code over Z 0 of 

* ^ 
Example 5.4.2. 


Systematic cyclic code Systematic cyclic 

based on g a unit code based on g a 

o * 


u 




X 





u 

unit 

X 




(00 

00) 

(00 

00 

00 

00 

00 

00) 

00 

00) 

(00 

00 

00 

00 

00 

00) 

(10 

00) 

(10 

00 

01 

01 

11 

01) 

(00 

10) 

(00 

10 

01 

11 

01 

01) 

(01 

00) 

(01 

00 

10 

10 

11 

01) 

(00 

01) 

(00 

01 

10 

11 

10 

10) 

(11 

00) 

(11 

00 

11 

11 

00 

11) 

(00 

11) 

(00 

11 

11 

00 

11 

11) 

(00 

10) 

(00 

10 

10 

11 

10 

01) 

(10 

00) 

(10 

00 

01 

10 

11 

10) 

(00 

01) 

(00 

01 

01 

11 

01 

10) 
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g(x) = l+x+( 1+a ) x 2 +x 3 +ax 4 




630 


codewords of the systematic (6,2) cyclic code based on g r a 
unit listed in the fourth column are (0 0 0 O 0 0), (0 a 1 
'1+a 11) (Ola 1+a a a), (0 l+a‘ 1+a 0 1+a, 1+a )• 

We note that the set of codewords in the first three 
cases are same whereas in the last case the codewords are in 
the reverse order* 

5*4*2 Minimum distance Properties 

The minimum distance d of a cyclic code over p£[W(a)] 
generated by a generating polynomial g(x) is the least weight 
of a codeword in the code. From the result of the Theorem 
5*3*4 we have the following. 

Theorem 5*4.4 : 

An (N,K) linear cyclic code over P*J[W(a)], N > 3 generated 
by g(x) with g Q and g r units has a minimum distance at least 3 
if N is the least integer such that g(x) divides (x^-1)* 

Proof : 

The proof follows from the result of the Theorem 5.3.4.^ 
The actual computation of d depends on g(x) and the ring 
Pp[W(a)] over which it is defined. In the following we 
obtain the minimum distance d of (N,K) cyclic code over semi- 
local ring Pj}[W(a)]. The approach is similar to the case of 
cyclic codes over semisimple given in [48]* We also obtain 
an expression for minimum distance of a specific case of 
cyclic codes over semisimple Pp[W(a)]* 
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Theorem 5.4,5 

v h. 

Consider a somilocal Pj?[iN(a)], where W(a) = it W, x (a). 

P i=l * 

Suooose we have (N^j K) cyclic code over local ring 

h • n« t. 

Pp 1 [W^ n i(a)3, with minimum distance d^' , i = 1,2, ...^ • 

Then there is a (N,K) cyclic code over semilocal Pj?[W(a)3 with 

r 

minimum distance d = minimum [dj^dg, • •*, d v ] • 


whore N = 1cm •••» N v ) 

<V 

and d i = N, i = 1,2, ..., v . 


Proof : 


h. n. 

Consider (N^K) cyclic code over P p x 1 [w(a)]. Since 

N = 1cm (N^,^, N y ), divides N. We denote by C^ 

the (N,K) cyclic code over F^i n i[W . h i(a)], where each code- 

• P 1 

word repeats N/N^ times, i * 1,2, . .., v . 


We have seen in Section 2.4 that 

h,n, h 

p-"'”"* “ "P 


P"[W(a)] £ Pp^tVf^Ca)] W ... © P^ Cw^Ca)] 


Consider the external direct sum of codewords, where the compo- 
nents are from C^,C^, ...» C^ V K The set of all such code- 
words constitute C 

C £ S C (2) ® ... '<& V ^ . 

Then C is a (N,K) cyclic code over P£[W(a)3 • 



A codeword y = (y Q y^ ... y^_^) in c has a one t0 one 

( 1 ) ( 2 ) ( V ) 

correspondnece with the v -tuple y' t j > • ••, y 



y (y U) . 

CM 

>1 

y( V ) 

• * • » i 

where 

y (i) - ( y< iJ 

vi 15 

V UK 

•'* y N-l j 


is a codeword of length N in 


and yj £ (y^ y^ 2 ^ ... Yj^^) (5.4.4) 

The correspondence is established using the Chinese remainder 
Theorem (Appendix E ). For the sake of convenience we repre- 
sent the v tuple given in correspondence (5.4.4) as a column 
vector. Then a codeword in C is 



' U) 

'o 

yU) 

Y][ • • • 9 

y (1) " 
y N-l 


yU) "! 

y-(y 0 yi • • • y N -i> « 

• s; 

o ^ 

N> 

v (2) 

Yi • • • * 

• 

rsr | 

<N 1 

>> * 

= 

y(2) 

• 


• 

y( V ) 

JO 

• 

'(») 

y i 

. 

i 

• 

’( V ) 

y ■ 

L - -# 


h i n i h i 

The minimum distance of (N^,K) cyclic code over P p *[W^ (a)] 

is dA Therefore, the minimum distance of (N,K) cyclic code 
/ 4 \ h. n. h • d« 

C UJ over Pp 1 i (W i x (a)] is d ± = jji N . 

Consider the set of all codewords in C which has the 

1 

0 I 


correspondence to the ^-tuples of the form 
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where all the external direct sum components except the ith 
one are zeros. The minimum distance in this set of codewords 
is equal to the minimum weight of , i*e., d^. If d is the 
minimum distance in C a codeword in C can have utmost (N-d) 
zeros. Since a location in any codeword in C has a zero iff 
all external direct sum components corresponding to that 
location are zeros, d = minimum C d x» d 2» •••» d v ]. it 

Now we consider specific case of cyclic codes over semi- 
simple ring. Since a semisimple ring is a direct sum of 
Galois fields a cyclic code over semisimple ring is isomorphic 
to external direct sum of cyclic codes over Galois fields. In 

the following we consider the direct sum of cyclic codes which 

n i 

are generated as the maximum length sequences over GF(p ), 
i * 1,2, ... v . 

n i 

A maximum length sequence over GF(p ) of length 
n.K 

* (p 1 “1) can be generated for every p,n^ and K [12]. 

The set of all cyclic shift of the maximum length sequence 

and the zero sequence constitutes an (N. ,K) cyclic code 
n i l i) 

over GF(p ). C' ' is then called maximum period cyclic code 

[12]. Since each nonzero codeword is a cyclic shift of the 

maximum length sequence, the nonzero codewords are all of 

equal weight. As seen in Section 4. 4 the number of zeros 

n^K-l) 

in the maximum length sequence is (p -1). Hence the 

(i ) , n^K-l) 

minimum weight of the code C ' is d| a Nj-(p -I) • 
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Let P£[W(a)] be a semisimple ring where W(a) 

r 


V 

is W.(a) 
i=l 1 


W^(a) irreducible polynomial of degree over GF(p)j 

i * 1,2, *..,v and (N^K) be a maximum period cyclic code 
n, 

over Pp^Cw^Ca)], i * 1»2, V • Let N = 1cm 
N y ). In the following theorem we obtain an expression for 
the minimum distance d of the (N,K) cyclic code over semi- 
simple Pp[W(a)]. 

Theorem 5 . 4.6 : 

If is a maximum period (N. ,K) cyclic code over 

n, 1 , n± n.Oc-l) 

Pp X [W^(a)3 with minimum distance dj[ = (p -1) p ? 

1 s t • a V • 

Then C ~ 0 ... © is an (N,K) 

cyclic code over Pp[W(a)] with minimum distance d^ 

where N ** l cm (Np^, • ••» N y ) 


d i - 


d^ N 

"NT 


and ^ for all j 31 2^ 3f • . * ^ * 

Proof s From the result of Theorem 5.4.5 minimum distance d 
of C is given by minimum {d^fd^, •••, d y } . 


d l d 2 

= minimum { sr~ N , n 7 n > • • • » 


d i 


— Nj - (P 


N 1 
n, (K-l) 


d 1 


NJ 


- 1 ) 


n,(K-l) 

d i =<1-*-^* 


V t 
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n,(K-l) 

D * 

Hence minimum of occurs for maximum of (*— — — ®) 


x ® 1,2, • • • • v 


y/e have seen in Section 4.4 that if 


n i < n * for a11 3 ~ 2 > 3 » • ••»* 


n, (K-l) 


then maximum — jj 


-1 


= Lz 


i 

n x (K-l) 


, • • • , 


Ni 


=u 


n„ OC-1) 


V 


-1 


N 


Hence minimum distance d = d^ 
Example 5.4.3 : 


.(1) 


Consider a (3,2) maximum period cyclic code C v ' over 
2 


P£ [a+1] , N x * 2-1 • 3 . 


The minimum weight d^’ of the code is 3-(2 -1) = 2. 

( 2 ) 

Consider a (15,2) maximum period cyclic code C x 1 over 
p|[a 2 +a+l]. N 2 - [(2 2 ) 2 -l] = 15. The minimum weight d^ of the 
code is - 15 - (2 2 -l) = 12. 

N = 1cm (3,15) =15, K = 2. 

Let C ~ C^ © 

Then C is a (15,2) code over p|Ca^ + l]* 

The minimum weight of the code is 

d. q 

d * .N * ^ x 15 = 10 • 
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5.4.3 Decoding Principles 

Cyclic codes over Pp[W(a)] being specific case of poly- 
nomial codes, the decoding procedure of polynomial codes by 
syndrome computation discussed in Section 5.3 can be used. Just 
as in the case of polynomial codes, the encoder implementation 
must be known for syndrome computation. Because of the addi- 
tional structure of cyclic codes f two more methods of decoding 
can be used;(i) Hamming crosscorrelation method (ii) Permuta- 
tion decoding. Hamming cross- correlation method can be used to 
decode systematic or nonsystematic cyclic codes and is based 
on the Hamming cross correlation value of the code sequences. 
Permutation decoding can be used to. decode systematic cyclic 
codes; the principle is similar to the one used for decoding 
systematic cyclic codes over finite fields proposed in [54]. 

In both these methods the knowledge of the encoder implementa- 
tion is needed at the decoder. In the Hamming crosa^correlation 
method the encoder decides the sense of cyclic shift for compu- 
ting the cross-correlation values and in permutation decoding 
identical encoders are used for generating the codewords at 
the receiver. Encoder implementation must also be known for 
recovering the message from the corrected version of the 
received word. 
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(I) Permutation Decoding : 

Permutation decoding is based on the symmetry of the code 
where a permutation of the symbol positions of a codeword is 
also a codeword. If the same permutation is applied to the 
symbols of every codeword and if each codeword is changed^ it 
is changed into another codeword in the code. Permutation 
decoding is useful for systematic codes with high redundancy 
and hence with high error correcting capabilities [54]. 

Let us consider an (N,K) systematic cyclic codes, where 
the first K symbols are the message symbols. The other (N-K) 
symbols are the check symbols. For a given message word u of 
length K we have the encoded word which we represent by E(u). 
Let y stand for the first K symbols of a word y of length N. 
y is a codeword iff 

y = E(y) (5.4.5) 

Let a be the cyclic permutation (cyclic shift) of symbol 
positions in the set of all N-tuples over Pp[W(a)]. If y is a 
codeword then TCf is also a codeword. The first K positions 
of ity are information symbols and 

wy = E(iy) (5.4.6) 

Let y* be a received word containing <, e errors* If no errors 
have occurred in the first K places of y* , then y * E(y') is 
the unique word of the code at distance <, e from y' • On the 
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other hand if one or more errors have occurred in the first 
K places of y* the word Efy 1 ) is not the corrected version of 
y* since E(y' ) is the same as y' in the first K places- In 
this case E[y* ] is at a distance > e from y* . 

The decoding procedure is as follows : 

Form y = E(y* ) and find distance between y 1 and y. If the 
distance is <, e y y is the correct version of y 1 . 

Let y denotes the unique codeword at a distance < e from 
y* . The distance between icy. and icy’ is the same as that of 
y and y‘ . 

Suppose it* is acyclic .shift which moves the error in y' 
out of the first K positions. Then y^*^ * E(it y* ) is at a 
distance <_ e from ic^y* and is the unique codeword in the code 
with this property. Consequently y 1 * it”* y^ is the 
corrected version of y' . 

The decoding procedure is given in the Flow Chart 6*4-1. 

For the decoding of the codeword, the first K symbols in 
the shifted version of received word must be error free, that 
is t there must be a gap of at least K symbols between two error 
locations. 

Example 5-4.4 

Consider a (6,2) systematic cyclic code generated by the 
following LSS over P^Ca 2 *!] of Example 5-4.2. The feedback 
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ge symbols 
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for Permutation Decoding 
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polynomial of the LSS is (1+x+ax^) and the LSS is given in 
Figure 5.4.1. The codewords are tabulated in Table 5*4. la. 

The first 2 symbols are the message symbols. The minimum 
weight of the code is 4. Hence can correct single errors. 

Let the message word u be * (a a) 

Then the codeword is y s (a a 1+a a 1 O) 

Let the error word be e =(l+a 0 0, 0> 0. 0) 

Then the received word y* = ( 1 a l+a : a> 1,0) 

We note from the Table 5.4.3 that for i ® 1 the distance 
between y^ and n^y' is 1. Hence, corrected codeword is 

s (a ; a ; 1+a a 1 0) • 

2 n 2 r 2 . i 

The codewords over “ P 2 i- a are 

(10 00 01 01 11 01 ) 

(00 10 10 11 10 01 ) 

(00 11 11 00 11 11 ) 

and their cyclic shifts. 

a 

Figure 5.4.1 LSS of Example 5.4.4 
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The received word in this example in terms of 2-tuples over 
is (10 01 11 01 10 00) and the decoded codeword is 

(01 01 11 01 10 00). 

(II) Decoding bv Hamming Cross Correlation 

We have seen in Section 4.2 that if the cycle lthagth.'* 
decomposition of a nonsingular Pp[W(a)]-LSS is D-^C^) 

••• H r (c r )], then there are p - E p^ output sequences dis- 
tinct up to cyclic shifts. The total number of sequences is 
p n . Suppose the cyclic code is generated as an autonomous 
response of nonsingular single output canonical LSS. Then the 
codeword is one of the p sequences of length N or its cyclic 
shifts. The Hamming correlation property of such sequences is 
made use of in the decoding. This method need not be restri- 
cted to cyclic codes generated as the autonomous response of 
LSS. Since in a cyclic code every codeword is a multiple of 
g(x), the method applies equally well to cyclic codes generated 
as the forced response of LSS also. The distinct codewords 
upto cyclic shifts, the minimum distance and the encoder used are 
to be known. In Section 4.4 the procedure for the computation 
of maximum Hamming auto-correlation function value for t £ O 

or maximum Hamming’ cross-correlation value of sequences over 

n i 

semisimple ring with projection of f(x) over P p [W^(a)] being 

primitive i = 1,2, . ..,v is given. If the maximum value of 

° 5 * 

Hamming cross-correlation function between pairs A two sequences 
in the set is ^ then N- is the minimum distance of the 


code. 
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At the receiver we have p distinct reference sequences of 
length N which are codewords* In the absence of noise the 
received word is one of these sequences with or without cyclic 
shifts* The received word is cross-correlated with all the p 
reference sequences* The decoder performs the following two 
tasks : 

(i) finds the correlator whose output has a peak value N| 
then the received word is a cyclic shift of the reference 
word of that correlator. 

(ii) finds the location of the peak value; if the received word 
is the reference word itself the peak occurs at shift 

T = O; if it is a cyclic shift of reference word the peak 
occurs at T, corresponding to the cyclic shift. Thus by 
knowing the location at which peak occurs the received word 
is determined. 

In the presence of noise the situation is different* Some 
symbols of the received word are altered by the noise. However, 
as we see below, if the number of errors is within the error 
correcting capability, it is possible to decode. 

We have seen in Section 4. 4, that in the set of autonomous 
responses of length N of a nonsingular, canonical single output 
P n [W(a][J-LSS for T £ 0, the maximum value of HACK function of 
any sequence and maximum value of HCCR function between any two 
sequences is given by max £6^ 6 2 » where 6^ is 
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the number of zeros in the ith distinct sequence. 1 = l,2,...|i* 
Let max ... 6^} be 6 m - This implies that the Hamm- 

ing cross-correlation function value between any two sequences 
of length M in the set is less than or equal to 6 m and Hamming 
autocorrelation function value of any sequence in the set for 
* ^ 0 is < 6 m . 

Typical HCCR. and HASH functions are given in Figures - . 

• # 

5%4«3a, b and c« 

If the correlation is between a sequence and its cyclic 
shifted version shifted by V positions, then the correlation 
function is as shown in Figure 5.4.2c. 

Let y be the received word in which e* number of symbol 
errors have occurred. Then the corresponding correlator outputs 
in the [i correlators is one of the form given in Figure 5.4.3a, 
b and c. 

The effect of e 1 symbols being altered in y is to decrease 
the peak value of HACR function from N to at most N-e* and 
increase the values for T ^ 0 from 6 m to atmost 6 m +e’ • 

Likewise the HOCR function values are increased from 6 m 

to atmost 6^+e’ . That is the effect of error is to alter the 
m 

values by at most e* units. 

A peak value can be detected without ambiguity as long as 
(N— e' ) ) ( 6 m +e* ) + 1 • 

(N- a m ) 2 (2e*+l) . 
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N for t = 3.1 a nd 1 6 m for T ^ T ' 


HOCR 
Function 
Values 


IT— e’T’ 


6ta+ e 1 




HACR 
Functicri 
n Values o 


6m 4, e * 


Figure 5.4.3a HCCR function values Figure 5.4.3b HACR function 
r y values N-e’-^t * 0 
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This implies that as long as the error is within the error 
correcting capability, the peak is detected and hence the 
transmitted codeword is determined. 

Decoding procedure is given in the Flow chart 5.4.2. y* 
is the received word and y^j, Y(2) ••• Y(j>) are ^ oca ^ 
reference codewords. the cyclic shift of ith 

reference word. 

Example 5.4.5 

We consider the (6,2) cyclic code over p|[a 2 +l] of 
Example 5.4.2 which are listed in Table 5.4.1a. The codewords 
are 

y (Q) * (0 0 0 0 0 0) 

y<i) = (■*■ 0 a a 1+a 

y (2) - (a 0 1 1 1+a 1) 

m+a 0 1+a 1+A 0 1+a) 

and their cyclic shifts. Hence the code has (i * 4 distinct 

codewords Y(q)> Y(i)> Y( 2 ) and Y( 3 ) upto cyclic, shifts. The 
minimum distance of the code is 4 and hence the maximum value 

of HCCn function between any two sequences is 6 ia ~ 

The code can therefore correct single errors. 

Suppose the received word is y’ = (a a 0 a 1 O) • The 
decoding procedure given in Flow Chart 5.4.2 is used for 
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the value > N -6m *> 


Oecoded word is y= 


code systematic? 


r . . T' 
1 = 1+1 


jfye s.. 

^1s — 

Tygs 

1) ncor recta bl^ 


, il s /5ivide$(xN A 

jSeperate the K message symbolsY by gM then | P t0 Pj 
V “T— A quotient is/ W 


K symbols are the message 
svmbols 
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decoding the received word y* « The Hamming cross correlation 
function values between the received word and the reference 
words Y(i)» Y(2) and y (3) for s hif, ts t = 0,1, 2, 3, ... 

are computed. These values are tabulated in Table 5.4.4. 
Decoding is based on the reference word for which the HCCR 
function value is greater than (N- 6 m ) = (6-2) and the 
associated shift. From the Table 5.4.4 we see that for t » 4 
the HCCR function value between y* and y^ is 5 > (6-2). Hence 
the corrected codeword is ff4 Y(i) ® ( a a (1+a) a 1 0) . By 

knowing tne encoder implementation, the message symbols can be 
reccver«i4 from the corrected word. 


Table 5.4.4 HCCR function values between y' and 

*{£»• y(D> y(z) and v( 3 ) 


T 

H y'y (0) CO 

H y'V T) 


H yy {3) (T> 
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5.5 ENCODERS FOR POLYNOMIAL AND CYCLIC CODES OVER p£[W(a)] 

In this section we give three basic encoder structures for 
polynomial and cyclic codes over Pp[W(a)]. As we shall see 
these structures are inherently PjJ[W(a)]-LSS of appropriate 
order. Encoder No.l generates nonsystematic polynomial and 
cyclic codes Encoder No.2 generates systematic polynomial and 
cyclic codes. Encoder No.3 generates systematic cyclic codes. 
Encoders for interleaved polynomial and cyclic codes for burst 
error correction are also given. In all of these encoder . 
structures various operations concerning the ring elements are 
implemented in a parallel fashion. However, when W(a) 9 (a n -l) 
serial encoder structures based on serial implementation of 
Pn[W(a)]-LSS as discussed in Section 3.5 are possible i details 
of these are included. 

Consider an (N,K) polynomial or cyclic code, with message 

■ 8 * ** 

and codeword polynomials, * 

K— 2 K— 1 

u( x) = u 0 +u i x+ ••• “K-S 51 +u K-1 x and 

y( x ) * y 0 +YiX+ YN-2 ) ^~ 2+y N-l x ^*" 1 respectively. In what 
follows, for the sake of convenience we call the symbols u 0 ,y 0 
as least degree symbols and u K-i* y N-i as the highest degree 
symbols • 

5.5.1 Basic Encoder Structures 

We take up the details of Encoders No.l, No.2 and No.3. 
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Structures of these encoders are analogous to encoders for 
codes over- finite fields given in [12,17-21] we call these 
structures basic encoder structures as they constitute the 
core for the interleaved encoders discussed in the next sub- 

i • 

section* 


Encoder No*l 


We have seen in Sections 5*3 and 5.4 that in an (N,K) 
polynomial or cyclic code over P[|[W(a)], every codeword poly- 
nomial y(x) is a product of generating polynomial 
g(x) * g Q +gjX+ ••• g r x r and the message polynomial u(x). A. 
(N-K)th order feed forward Pj}[W(a)]-LSS, called Encoder No.l 
can be employed to perform the multiplication ,of u(x) by g(x). 
Two cases are possible depending on the order in which the 
feedforward coefficients g^g-^, • ••> g r are arranged 
Case (i) ; Feedforward coefficients are arranged as (g 0 9i ••♦9 r ) 
and the lowest degree symbol of u(x) enters the encoder first. 
The encoder structure is shown schematically in Figure 5.5*la. 
The characterising matrices of the LSS are 


"oio ... 0 o' 

' 

r* -* 
0 

0 0 1 ... 0 0 


0 

* * 

5 B - 

• 

OOO ... 10 


* 

0 00 is« 00 

r 

i 

m mm 


c « [g^g^. ...» g x ] 
d - [g 0 3 • 
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The encoding operation is as follows* Initially the state of 
the LSS is zero. The input of message symbols u^u^ ••• 
is given at the commencement of the encoding operation. 

The corresponding encoded symbols y Q ,y^, . . . , y^^ appear 

at the output* A sequence of (N-K) zeros is applied after the 

K message symbols, and the corresponding sequence (y^» • •* > 

of output symbols appears at the output. The output sequence 

(y 0 . .., is the sequence of coefficients of y(x) = 

u(x).g(x).- The encoding of u(x) being complete the LSS stages 

are cleared (forced to zero state). The encoder is now ready 

to accept the next message word. The output sequence symbols 

i 

given by y^ « £ i =0,1 ... (N-l) • Constitute the 

forced response of the system with initial state equal to zero. 
The code generated is in nonsystematic form. 


Case (ii) ; Feedforward coefficients are arranged as 

g r ,g r-l' •••* g l ,g o' ar ^ d highest degree symbol of u(x) 
enter the encoder first. 


The encoder structure is shown schematically in Figure 
5.5.1b and is identical to the case i) except for the arrange- 
ment of feedforward coefficients. The characterising matrices 
A and B of the LSS rare as for case i). However, 

C * [g Q gjL ... 9 r «i] a nd D * [g r ]. The encoding operation is 
similar to case (i). The input sequence is (uj^ u k- 2 ••• 
u Q 0, 0) and output is (y N , x y N-2 ... y^ ). 
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As seen in Section 2.5 th«.re is a one-to-one correspondence 
between elements of Pp[»J(a)j and n-tuples over GF(p) of Z^[W] . 
Hence the multiplication of elements in P^[W(a)] can be achieved 
in terms of the multiplication of an appropriate nxn matrix and 
n-vector over GF(p). The Encoder No.l shown in Figure 5.5.1a 
and b can hence be imolemented ever GF(o) where each memory 
device is replaced by an n-stage shift register which store n- 
tuoles over GF(o) and the scalars g 0 ,g 1 ,...» g r 6 Pp[</(a)] are 
replaced by appropriate multipliers and adders over GF(p) . The 
multiplication and addition operations of the ring elements are 
implemented in a parallel fashion and the input and output 
sequences are n-tuples over GF(p). 


Example 5.5.1 


Consider the (4,2) polynomial code over P 2 [a 2 +l] given in 
Example 5.3.5. The generator polynomial of this code is 
g(x) = a+(l+a)x+ax . Using the one-to-one correspondence bet- 
ween the elements of PgCa 2 *!], the ring of n-tuples 2^ and ring of 


nxn commutative matrices m£ we have, 0 5^ I Si 
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The Encoder No.l for this code over p|[a 2 +l] corresponding to 
case i) is given in Figure 5.5.2a and the encoder over 

— p|[a 2 +l] is given in Figure 5.5.2b. The lowest degree 



652 



Fig.5*5*?o Encoder Mo*: CcsoO 



rig. 5.5.': b 


Encode; N o.t Ca stCil.' 
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Fig. 5. 5. 2 a Encoder No.1 ova? [d a *1^ 
of Example 5.5.1 



2-tuples 


Fig. 5.5.2b Encoder No. 1 over Z2~^£<f*V] 
of Example 5*5>1 




654 


symbols are the first input symbol and output symbol respecti- 
vely.. These inputs correspond to scheme given in Figure 5.5.1a. 

Encoder No..2 

Encoder No .2 generates systematic polynomial or cyclic 
codes. The principle of Encoder No.2 is based on polynomial 
division and is discussed in Section 5.3. We have seen in 
Sections 5*3 and 5.4 that in order for g(x) to be the generator 
polynomial of a polynomial code it is sufficient that either g r 
or g Q is a unit, while for cyclic codes both g Q and g r must be 
units. Two encoders are given below these are based on (i) g r 
a unit with highest degree message symbol entering first and 

(ii) g 0 a unit with lowest degree message symbol entering first. 

Encoder No.2 based on g a unit : The encoder performs the 
following operations, (i) multiplication of the message poly- 
nomial u(x) by x N ~ K , (ii) division of x N “ K u(x) by g(x) to get 
the remainder R(x) whose coefficients are the check symbols and 

(iii) the formation of codeword polynomial x u(x) - R(x). 

These operations can be inplemented by using a. (N-K)th order 
feedback Pl?[W(a)]-LS$ shown in Figure 5.5.3. The feedback 
coefficients •••* <J r are the coefficients of the generat- 

ing polynomial g(x). 

With Gate 1 turned on and Gate 2 turned off the K message 
symbols ^ ••• u 2 u i u o are a PPlted to the Pp[W(a)]-LSS 

and simultaneously to the channel. We note here that the 




Fig.5.5.3 Encoder No. 2 Bused on g f a unit 
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message symbol sequences are applied with highest degree symbol 
of u(x) entering first. Applying the message symbol from the 
right hand side as shown in Figure 5.5.3 is equivalent to pre- 
multiplying u(x) by x N ~ K . As soon as the K-message symbols 
enter the LSS, the (N-K) symbols which are stored in the shift 
register of LSS constitute the coefficients of the remainder 
R(x) which are the parity check symbols. The feedback conne- 
ction now is broken by turning Gate 1 off. Gate 2 is then 
turned on and the parity check symbols are shifted to the 
channel. The sequence of output symbols is a sequence of 
coefficients in the descending powers of x in the codeword 
polynomial y(x). We note here that the coefficient g r of g(x) 
must be a unit in Pp[W(a)]. 

Encoder No.2 based on a Q a unit : This is based on the prin- 
ciple discussed in Section 5.3. With g Q of g(x) a unit in 
Pp[W(a)], u(x) is divided by g(x) such that the quotient 
q^(x) and remainder R^(x) at the ith step of division are 
in increasing powers of x. The division is performed upto K 
steps. The remainder R K (x) is an r- tuple with least degree 

of x greater than or equal to K and highest degree of x less 

*/ 

than or equal to (N-l). The coefficients of R (x) are the 
parity check symbols. The division is performed in a division 
circuit using Pj)[W(a)]-LSS. The scheme is given in Figure 5.5.6 
in which it is assumed that r < K. The operation is as follows. 




Fig. 5.5. 4 Encoder No. 2 Based on ^ a unit 
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At the commencement of the encoding the K message symbols are 
loaded into the memory devices of a Pp[W(a)]-LSS of order K. 
With Gates 1 and 2 turned on and Gate 3 turned off the contents 
of the buffer is shifted into the channel, simultaneously the 
LSS is shifted. At the end of K shifts all the K message sym- 
bols are presented to the channel and LSS would have completed 
the division operation with the coefficient of the remainder 
stored in the memory devices. Now Gates 1 and 2 are turned off 
and Gate 3 is turned on. The r parity check symbols are then 
shifted to the channel after negation. If r > K the (r-K) 
memory devices in the LSS must be cleared to zero while the 
remaining devices are loaded with message symbols. The order of 
the system in this case is either r or K whichever is larger. 

The encoders given in Figures 5.5.3 and 5.5.4 can be 
implemented over GF(p) using the isomorphism 2^[W] si Pp[W(a)]. 
The input and output sequences are now sequences of n-tuples 
over GF(p). Each memory device is replaced by an n-stage 
shift register over GF(p) and the multiplication by each of 
the coefficients g^g^ •••» 9 r is implemented by using . 
scalars over GF(p) and modulo p adders. 

Example 5.5.2 

Consider the systematic (4,2) polynomial code over 
p|Ca 2+1 3 of Example 5.5.1. Encoder No.2 for this code over 
p|[ a ^+l] based on g r a unit is given in Figure 5.5.5a and over 
2^ in Figure 5.5.5b. 
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Note that since a I and a"*^ * a, multiplication by 

-1 Li qj 

a or a is just the rotation of the 2-tuples • 

Example 5.5.3 

Consider the (6,3) systematic polynomial code over 

O O 2 

Pgta +1] generated by g(x) - a+ax+(l+a)x . Encoder No*2 for 

2r 2 

this code over P^La based on g 0 a unit is given in 
Figure 5.5.6a and over Zg £ in Figure 5.5.6b, 

* 

Encoder No. 3 

In Section 5.4 we have seen that the set of all autonomous 
responses of length N of LSS of order K constitutes a syste- 
matic (N»K) cyclic code. The initial values are the message 
symbols and N is a multiple of T, the period of characteristic 
matrix A. of the LSS. Let g(x) of degree r**(N-K) be the generat- 
ing polynomial of the (N,K) cyclic code. Then as seen in 
Section 5.4 there exists a check polynomial h(x) such that 

h < x > * ^gfxj^ * h o “ i J 1 h i xl (5.5,1) 

Comparing Equation (5.5,1) with Equation (4.3.9 ) we see that 
h(x) is the feedback polynomial of a canonical LSS. Hence a 
nonsingular canonical single output LSS can be used for generat- 
ing an (N,K) systematic cyclic code. The resulting structure 
is called Encoder No ,3 and is shown in Figure 5.5.7. 
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Fig. 5. 5.6a Encoder No. 2 over p £ [c?+ll 
of Example 5.5*3 



rig. 5.5.6b Encoder «\c.~ 
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The operation is as follows* At the commencement of 
encoding Gate 1 is turned on and Gate 2 is turned off* The K 
message symbols are shifted into the LSS with lowest degree 
symbol entering first and presented to the channel simulta- 
neously. After the K initial values are loaded into the LSS, 
Gate 1 is turned off and Gate 2 is turned on. During the next 
(N-K) clock pulses the (N-K) check symbols are formed and 
presented to the channel. At the end of Nth clock pulse 
Gate 1 is turned on and Gate 2 is turned off. Next message 
symbol is then encoded as -above. The code generated is syste- 
matic . 

As in the case of Encoders Nos. 1 and 2 the isomorphism 
between Pp[W(a)] and Zp[W] can be utilised to implement Encoder 
No. 3 over GF(p). 

Example 5.5.4 

Consider the (6,2) cyclic code of Example 5.4.2 generated 
by g(x) = l+x+(l+a)x 2 +x 3 +ax 4 over p|[a 2 +l]. Encoder No. 3 for 
this code is given in Figure 5.5.8a. The feedback polynomial 
h(x) * =* 1+x+ax 2 . The encoder over * s 

given in Figure 5.5.8b. 
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Fig 5.5.0a Encocer No. 3 over of 

Example 5-5-4 



Fig 5.5.8b Encoder No 3 over zj * [AlJ of 
Example 5*5*4 


* 
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The minimum number of memory stages required for the 
generation of polynomial or cyclic codes over P^[W(a)] depends 

r 

on the length of message words K and codewords N# 

(i) In the case of Encoder No.l, (N-K) memory stages are 
needed for implementing the encoder# Hence, this structure can 
be used for cases where (N-K) < K, to generate nonsystematic 
codes# 

(ii) In the case of Encoder No #2, if the encoder is based on 
g“\(N-K) memory stages are needed# If the encoder is based on 
g~"*",the number of memory stages needed are (N-K) or K whichever 
is larger# Encoder No #2 based on g~^ can be used for cases where 
(N-K) < K, to generate systematic codes. 

(iii) In the case of Encoder No. 3 for generating systematic 
(N,K) cyclic codes, the number of memory stages needed are K* 
Hence, this encoder can be used when (N-K) > K# 

5*5.2 Encoders for Interleaved Polynomial and Cyclic Codes 

Interleaved codes [18-21, 53] are used to combat patterns 
of errors called burst errors, in which the error locations are 
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clustered, together* We explain certain terms before taking up 
interleaved encoder structures corresponding to the basic en- 
coders of previous subsection. 

A burst of length b is a word where the only nonzero sym- 
bols are among b but not less than b successive symbols. An 
error word containing a burst' of; length b is called a burst 
error of length b. 

Burst errors are common in channels which exhibit statis- , 
tical dependence among successive transmitted symbols. They 
are called channels with memory. All practical channels except 
additive white Gaussian noise channels are of this type and - 
degrade the performance of the codes designed to operate on 
memoryless channels. Even if the probability of single error 
is very low, the probability of another error immediately after 
any error occurs is large, which gives rise to burst error. As 
the effect of memory decreases with time separation, if all 
the symbols of a given codeword are transmitted at widely 
spaced intervals, the interleaving spaces being filled with 
similar symbols of other codewords, the effect of statistical 
dependence between the symbols of a codeword is eliminated and 
the burst error is randomised. Such codes are called interleaved 
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podes. The spacing interval in terms of symbols is called depth 
j of interleaving. 

In a linear code every burst error of length b or less may 
be detected iff no codeword is a burst of length b or less* 

Given an (N»K) linear code an interleaved ( XN,XK) code with 
depth of interleaving X is constructed as follows* The X code- 
words in the original code are . arranged as X rows of a re- 
ctangular arrays and then transmitted column by column as shown 
in Figure 5.5.9* A t error correcting code interleaved to a 
depth of X can correct single bdrsts of length Xt* 



Figure 5.5.9 Transmission of Interleaved code 

Thus one of the ways of implementing an interleaved code is to 
set up sin arrays and operate on rows in encoding and decoding. 
In general this implementation may not be simple. If the 
generator polynomial of original code is g(x) it can be shown 
that the generator polynomial of the interleaved code with 
interleaving depth X , is g(x* ) [21] « Thus encoding of 
interleaved codes can be done using Pp[W(a)]-LSS* The encoder 
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and decoder for the interleaved code can be derived from the 
encoder and decoder of the original code simply by replacing 
each register stage of the original encoder or decoder by 
stages with out changing other connections. 

Interleaved Encoder No.l : The encoder for generating inter- 
leaved nonsystematic polynomial or cyclic code is obtained by 
replacing each stage of the basic Encoder No.l shown in Figure 
5*5.1 by X stages where X is the depth of interleaving. The 

resulting scheme is shown in Figure 5.5.10 for the .case (i) 

* 

where the lowest degree symbol enters the encoder first. A 
similar structure can be worked out for case (ii) where the 
highest degree symbol enters the encoder first. 

The characterising matrices of the LSS are 


0 

0 


1 0 ... 0 0 

0 1 ... 00 


A ■ 


0 

0 


•B * 


0 0 

0 0 

0 

0 

* 


• • • 




0 1 
0 0 


a X(N-K)x X(N-K) 
matrix 


a X(N~K)xl matrix 


«o 


C = [g x 0 ... 0, 0 ••• 0* 0 ••• 0], a 

and D * [g Q 0 ... 0], a IxX matrix. 


XK matrix 
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A Stages A Stages A Stages 

Fig. 5. 5.10 Interleaved Encoder No. 1 
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The operation is as follows : 

Initially the contents of the memory devices are zeros 
XK- input symbols of the X message words are given as input* 
At the same time the interleaved output symbols which are 
computed in the LSS are presented to the channel, whenever the 
message symbol from the ith message word is presented at the 
input, the output of the scalers correspond to the ith message 
word and hence the output symbol correspond to the ith code- 
word. X(N-K) zeros follow the XK message symbols at the 
input at the end of which the contents of the memory devices 
are cleared and next set of XK message symbols are given. 

Example 5.5.5 

Consider a (3,1) polynomial code generated by g(x) ~ 
«+(l+a)x+ax^ over P?[a 2 +1] . The interleaved Encoder No.l 
with depth of interleaving 4 is given in Figure 5.5.11. The 
input is 4 message syiribols followed by 8 zeros. 

ket the message word be u^ * (l+a), u^ » a, u^ 3 ^ *= 1, 

( 4 \ 

u' 7 * a. The output is of length 12 and is 

((l+a) 1 a 1 0 (l+a) (l+a) (l+a) (l+a) 1 a-1) 

The codeword if arranged columnwise as an array of 4-rpws, 
each row is a codeword in the original (3,1) code. 
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Rg.5.5.11 Interleaved Encoder No.1 of Example SSS 
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Interleaved Encoder No ,2 : The encoder for generating inter- 
leaved systematic polynomial or cyclic codes I s obtained by 
replacing each stage of the basic Encoder No .2 shown in 
Figure 5.5.3 or 5.5.4 by X-stages where X. is the depth of 
interleaving. The resulting scheme is shown in Figure 5.5.12 
for the case of Figure 5.5.3 based on g" 1 . A similar structure 
based on g“^ can be worked out : 

The operation is as follows : 

With Gate 1 turned on and Gate 2 turned off the input of 
XK message symbols is given. Simultaneously* the message sym- 
bols are presented to the channel. During this interval the 
remainder of u^(x)/g(x) corresponding to ith message 

word u^^(x) is computed and the coefficients are stored at the 
ith location of each of the X stage shift register? i = 1*2,. •• 
X * The XK message symbols are followed by X(N— K) zeros. 

.During this interval Gate 1 is turned off and .Gate 2 is turned 
on and the interleaved parity check symbols are shifted to the 
channel. 




674 


Example 5.5.6 

2 2 

Consider the systematic (4,2) polynomial code over Pgt a +l] 
of Example 5. 5.2, The interleaved Encoder No. 2 with depth of 
interleaving 2 is given in Figure 5.5.13. The input is 4 message 
symbols followed by 4 zeros. The implementation is based on g r 
a unit. 

Interleaved Encoder No. 3 

The encoder for generating interleaved systematic cyclic 
codes is obtained by replacing each stage of the basic Encoder 
No. 3 shown in Figure 5.5.7 by X-stages where X is the depth of 
interleaving. The resulting scheme is given in Figure 5.5.14. The 
operation is as follows. Initially with Gate 1 turned on and 
Gate 2 turned off the \K message symbols are shifted into the 
encoder and the channel. The XK message symbols form the initial 
value of the LSS. The symbols corresponding to the ith message 
u^*^(x) are stored in the ith memory, device in each of the X- 
stage shift register. Then with the Gate 1 turned off and Gate 2 
turned on the LSS is shifted X (N-K) times. During this inter- 
val the x(N-K) parity check symbols are generated and presented 
to the channel. At the end of this operation Gate 1 is turned on 
and Gate 2 is turned off, the next XK message symbols are 
shifted into the encoder and the operation is repeated. 






To channel 
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Example 5.5.7 

Consider the (6,2) cyclic code over p|[a 2 +l] given in 
Example 5.5.1* For an interleaving depth equal to 2* inter- 
leaved Encoder No.3 is given in Figure 5.5.15a. 

Let the message symbol input be (u^ u^ u^) 

■ (1 a 0 a) 

followed by X(N-K) ■ 2(6-2) * 8 zeros. 

The interleaved codeword is 

( 1 a 0 a a 1+a a a 1+a la 0) 
which is the interleaved output of two codewords 
(1 0 a a 1+a a) ' and (a a . 1+a a 10). 

The interleaved encoder over z| ** p|[a 2 +l] is given in 
Figure 5.5.15b. 

The corresponding message input over is (10 01 00 01) 
followed by 16 zeros. The interleaved codeword is 
(10 01 00 01 01.11 01.01.11,10.01-00) which is the inter- 
leaved output of two codewords. 

(10 00.01 01 11 01) and (01 01 11 01 10 00). 

2 2 

The (6,2) cyclic code over P^Ea +1} has minimum weight 4. 

Hence can correct single errors. Interleaved cyclic code with 
depth of interleaving 2, can hence correct a burst of length 2. 
The corresponding cyclic code over ^ can correct all patterns 
of single errors and certain patterns of double errors. The 
interleaved code can correct all patterns of bursts of length 2 
and certain patterns of bursts of length 4. 


Fig.5.5 -15a Interleaved Encoder Na3 over f^[aVi] 
of Example 5*5-4 



Fig 5.5.15b interleaved Encoder No. 3 over [afoj 
of Example 5.5.4 
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5.5.3 Serial Encoders for Polynomial and Cyclic Codes Over 
Pp[a n -l] 

We have considered basic and interleaved encoder 
structures for the generation of polynomial and cyclic codes 
over P^[W(a)]. In all these implementations the ring operation 
is done in a parallel fashion. When the ring is Pp[a n -l] the 
properties of the ring can be made use of to give serial imple- 
mentation of ring operations as discussed in Section 3.4. We 
have seen that Pp[a n -l] is isomorphic to the commutative ring 
of n-tuples in which the multiplication of two n-tuples 
corresponds to multiplication of an appropriate nxn cyclic 
matrix and an n- tuple. Thus if g(x) and u(x) are over Pp[a n -1] 
then the multiplication of the coefficients g(x) and u(x) can 
be regarded as multiplication of appropriate nxn cyclic matri- 
ces by n-tuples over GF(p). This results in a simpler serial 
implementation compared to the parallel implementation. We call 
encoders with serial implementation of ring multiplication as 
serial encoders. 

Serial implementation of multiplication of two elements 
from Pgta”-!] requires only a cyclic shift register and one 
modulo 2 adder. This implementation is simpler compared to the 
serial multiplication of elements over GF(2 n ) proposed in [80] 
and used for encoding Reed-Solomon codes. 
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We consider serial Encoder Nos. 1 and 2, and 3 below* 

Serial Encoder No* 1 : This encoder generates a nonsystematic 
polynomial or cyclic code over 2^[w] «« Pp[a n -l]. The message 
and codeword symbols are blocks of n-tuples over GF(p)» The 
generation of each component of n-tuple is serial. As in the 
case of basic Encoder No.l two implementations are possible* 

Case i) where the feedforward coefficients are arranged as 
(g Q ••• g r ) and the n-tuple corresponding to lowest degree 
symbol of u(x) enters the encoder first. In case (ii) the 
feedforward coefficients are arranged as (g r g^^ ••• g^ g 0 ) 
and the n-tuple corresponding to the highest degree symbol of 
u(x) enters the encoder first. The scheme of case (i) is 
given in Figure 5*5.16. 

The operation is as follows. Initially the contents of 
all the registers are zero. During the first n clock pulses 
the n components of the first message symbol u Q is stored in 
the storage register. The output in the first interval of n 
clock pulses arc n zeros. Before the (n+l)th clock pulse the 
contents of storage register is transferred to register No* 

(r*-l) and contents of ith register is transferred to (i-l)th 
register, i = 1,2, *.., (r-1). During the next n clock pulses 
the second message symbol u^ is stored in the storage register 
and contents of register No. 0 to (r-l) are cyclic shifted. In 
the jth cyclic shift the jth digit of y 0 is computed. Thus there 
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are two clocks; one to cyclic shift the contents of the cyclic 
shift registers and to compute the digits of the coefficients 
y c , Yj , • • . , of y(x) t another clock to transfer the contents of 
the register* The rate of the transfer clock pulse is l/n times 
the first one. 

Serial Encoder No. 1 for -case (ii) can be obtained in a 
similar fashion. 

Serial Encoder No. 2 : This encoder generates systematic poly- 
nomial or cyclic code over Z^[W] £ Pp[a n ~l] . The message and 
codeword symbols are blocks of n-tuples over GF(p) • The 
encoding operation is serial. As in the case of basic Encoder 
No.2 two implementations are possible, case (i) is based on g r 
a unit in Pp[a n -l] and case (ii) g 0 a unit in Pp[a n -l]. In the 
first case n tuple corresponding to the highest degree symbol, 
Uj^ of the message enter the encoder first. This case is dis- 
cussed below and the scheme is given in Figure 5.5.17. A 
similar structure of Encoder No.2 based on g 0 a unit in Pp[a n -l] 
can be obtained on the same lines. 

Each memory device of Encoder No.2 given in Figure 5.5.3 
is replaced by a bank of n memory devices over GF(p) the scalars 
are appropriately chosen from GF(p). The operation is as 
follows. With Gate 1 turned on and Gate 2 turned off input of 
nK message digits are given in blocks of n digits over GF(p) . 
When a block of n-tuple is shifted into the encoder, it is - 
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Fig*5.5.17 Serial Encoder No. 
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stored in storage shift register u and simultaneously presented 
to the channel. Before the next clock pulse* contents of 
storage register u is transferred to the cyclic shift register. 
Multiplication by coefficients is effectively modulo p addi- 
tion of scaled digits of appropriate locations in the cyclic 
shift register. This is shown schematically in the Figure 
5.5.17, The set of scalers *»'» g i,n-l^ over 

corresponds .to- iho scaler g£ =* * * 0,1*2,**;, 

over Pp[W( a) ] . The successive components of the product 

are generated when the contents of cyclic shift registers are 
shifted* These components are shifted into appropriate loca- 
tions in the n stage shift registers of the r = (N-K) stages. 
During. the interval when n digits of the product axe computed 
and fedback, second block of n digits would have been stored 
in the storage register and simultaneously presented to the 
channel. The contents of the storage register is then trans- 
ferred to the cyclic shift register and the process continues. 

At the end of nK clock pulses the r^n-stage shift registers 
contain the remainder of the division in serial form. For the 
remaining period of n(N-K) clock pulses* the input is a sequence 
of n(N-K) zeros. The contents of the LSS is then shifted to the 
Channel with Gate 1 turned off and Gate 2 turned on. 

Serial Encoder No. 3 : This encoder generates systematic cyclic 
codes over z£[W] £ Pp[a n -l]. The message and codeword symbols 
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are blocks of n-tuples over GF(p). The encoding operation is 
serial. Serial Encoder No.3 can be obtained from basic Encoder 
No. 3 given in Figure 5.5.7, by replacing each memory device by 
n-stage shift registers over GF(p) • The scalers are appropria- 
tely chosen from GF(p) . The implementation of the encoder is 
given in Figure 5.5.18. Here h Q is assumed to be 1. 

The nK message symbols are loaded into the encoder as 
follows. With Gate 1 turned on and Gate 2 turned off the nK 
digits of the K message symbols are shifted into the encoder 
and the channel' simultaneously. In each block of n-clock 
pulses the input n digits are stored in the storage -register" 
serially and then transferred to the shift register No. (K-l) , 
in parallel. At the same time the contents of register No.i is' 
transferred to No. (i-1) , i = 1,2, ..., (K-l). During each n 
clock intervals the cyclic shift register contents are cycli- 
cally shifted' and at each shift the corresponding feedback 
digit is computed. However, when the message digits are being 
shifted at the input, since Gate 2 is turned off the feedback 
digits will not appear at the input of n-stage storage register. 
When all the nK message symbols are loaded into the encoder 
Gate 1 is turned off and Gate 2 is turned on. Now the contents 
of the LSS are the message symbols which are the initial values. 
During the remaining n(N-K) clock pulses the n(N-K) parity check 
digits are formed and presented to the channel. Then Gate 1 is 
turned on and Gate 2 is turned off and next set of nK message 
digits are shifted into the encoder. 


To channel 
Serial output 
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5.5*4 Serial Interleaved Encoders 

In this section we give three serial interleaved 
encoders corresponding to the three serial encoders of 
previous subsection* 

Serial Interleaved Encoder No. 1 r This encoder generates an 
interleaved nonsystematic polynomial or cyclic code over 
zjjEw] s: pjj[a n -l] and is obtained by replacing each stage of 
the serial Encoder No* 1 shown in Figure 5.5.16 by X stages* 
The resulting scheme is shown in Figure 5*5*19 for the case 
where the lowest degree symbol of input enter the encoder 
first* A similar structure can be worked out for the other 
case. Each block in the Figure 5*5.19 represents an n-stage 
shift register. The input is a serial input of XnK digits 
followed by Xn(N-K) zeros over GF(p). Every Xth n- tuple 
corresponds to ‘the same message word. The operation is as 
follows* Initially the contents of the memory devices are 
zeros* When the first n- tuple is presented at the input the 
output is a sequence of n zeros. At the end of input of a . 
block of n- tuple of first message, the contents of the first 
shift register in each stage is transferred to the- n stage 
cyclic shift register. During the time, next block of n- tuple 
corresponding to the second message arrives at the input, the 
contents of n stage shift registers in each stage are shifted 
to the next one and the digits of the product of n- tuples 



Inter leaved n-tuples of 
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corresponding to and the n-tup le corresponding to the 
message symbol are computed by cyclic shifting the contents of 
cyclic shift register and adding the appropriate scaled digits* 
The digits corresponding to the product appears at the output* 

Serial Interleaved Encoder No. 2 s This encoder generates an 
interleaved systematic polynomial or cyclic codes over 
z£[W] Pp[a n -1}. As in the case of basic Encoder No.2 two 

structures are possible based on g r a unit or g Q a unit* The 
serial interleaved Encoder No.2 is obtained by replacing each 
stage of the serial Encoder No*2 shown in Figure 5.5.17 by X 
stages* The resulting scheme is shown in Figure 5*5*20 for 
the case g r a unit* A similar structure *can be worked out for 
the case g 0 a unit* 

Each block in the Figure 5.5*20 represents an n-stage 
shift register* As in the case of Serial Interleaved Encoder 
No* 1 the input is a serial input of XnK digits followed by 
XnK zeros over GF(p) . Every >±h n-tuple corresponds to the 
same message word* The operation is as follows* Initially • 
with Gate 1 turned on and Gate 2 turned off. XnK message 
digits go to the channel and the encoder simultaneously* These 
digits correspond to the K message symbols’ of X messages* 

After all the XnK message digits are shifted^ Gate 1 is turned 
off and Gate 2 is turned on. During the remaining period of 
Xn(N-K) clock cycles the input is xn(N-K) zeros. Now the 


n digit Cyclic n digit Storage 
shift r< v -ter register 
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remainder, digits which have been computed and are available in 
the memory devices are presented to the channel. Every Xth 
n-bit block correspond to the same codeword. 

The multiplication by scalers in the feedback is facilita- 
ted by the n-digit cyclic shift register and appropriate modulo p 
scalers and adders. For example the set of scalers 9o,l* 

...» g£ n _^) over GF(p), associated with the modulo p adder at 
the input of (r-l)th stage corresponds to the scaler 

g 0 * -* 0 « r • 

Serial Interleaved Encoder No. 3 t This encoder generates inter- 
leaved systematic cyclic codes over z£[W] s* Pp[a n -l] and is 
obtained by modification of the serial Encoder Ho. 3 shown in 
Figure 5.5.18. Each first n stage register in the X stages is 
associated with an n-stage cyclic shift register. The multipli- 
cation by coefficients h^ is implemented serially by adding the 
scaled contents at the appropriate locations of the n-stage • 
cyclic shift register. The resulting scheme is shown in 
Figure 5.5.21. Each block in the figure represents an n-stage 
shift register over GF(p). The input is a serial input of 
XnK digits of X messages. Every Xth n-tuple correspond 
to the same message. The operation is as follows : 

With Gate 1 turned on and Gate 2 turned off input sequence 
of XK blocks of n digits corresponding to X interleaved message 
symbols is given simultaneously to the channel and the encoder. 


To channel AnN digits 


* r^*> 
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When the n -digit shift register No* 1 is stored with an n— 
tuple, it is loaded into the cyclic shift register also* The 
feedback digits are computed by cyclically shifting the contents 
of the cyclic shift register and adding modulo p, of appropriate 
scaled digits* After shifting the XnK message digits Gate 1 
is turned off and Gate 2 is turned on* During the remaining 
Xn(NHK) clock interval the Xn(N-K) check digits are computed 
and presented to the channel* 

Example 5.5.8 

Consider the encoding of a (15,2) systematic linear 

A A 

cyclic code over P^Ca -l] using Encoder No*3. A nonsingular, 
autonomous, single output canonical p|[a 3 -l]-LSS with feedback 
polynomial h(x) * 1+x+ax generates the code and scheme is given 
in Figure 5.5.22a. As seen in Example 4*4*13 the period of the 
autonomous response is a. divisor of 15 and the minimum weight is 
10* Hence the code can correct all patterns of 4 symbols over 

p|t» 3 -i). 

Serial Implementation : The serial implementation of the above 
encoder is given in Figure 5.5*22b. (15,2) linear cyclic code 

over z| — p|[a 3 -l] is a (45,6) code over GF(2). The code has 
the following error correcting capabilities : 

i) . All patterns of burst errors of length (4-l)x3 * 9 bits 
» ii) All patterns of single errors of length 4 bits* 
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Serial Interleaved Implementation : 

. The scheme is given in Figure 5 *5. 22c. Depth of inter- 
leaving is 2* . The code is a (80,12) over z| ~ P§[a 3 -l] and 
has the following error correcting capability : 

(1) all patterns of burst errors of length 18 bits and 

(2) all patterns of single errors of length. 8 bits* 

5.6 DECODERS FOR POLYNOMIAL AND CYCLIC CODES OVER P£[W(a)] 

In this section we consider decoder structures for polynomial 
and cyclic codes. Three decoders are given. The first one 
incorporates the syndrome decoding. It is basically a LSS which 
performs polynomial division to compute syndrome and makes use 
of decoding table for decoding the received word. This decoder 
is suitable for both polynomial and cyclic codes. The other 
two decoders viz. permutation decoder and Hamming cross corre- 
lation decoder whose principles are given in Section 5.4 can 
be employed to decode cyclic codes over Pp[W(a)]. Hamming cross 
correlation decoder can be used for any cyclic code while per- 
mutation decoder can be used only for systematic cyclic codes. 

5.6.1 Decoders based on Polynomial Division 

An (N,K) polynomial or cyclic code C is such that every 
codeword is a multiple of a generating polynomial g(x) of degree 
r » (N-K) . At the receiver the received word y*(x) is divided 
by g(x). A nonzero remainder indicates an error. There is a 
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Ffg. 5.5.22 a Encoder No.3 of Example 5.5.7 



Fig. $.5. 22 b Serial Encoder No.3- of Example 5.5.7 


■‘►To channel 



Fig. 5.5.22c Serial interleaved Encoder Na3 
of Example 5.5.7 
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one-to-one correspondence between the remainder and the coset 
leader^ in the cosets of C in the group of all polynomials of 
degree (N-l) or less. The coset leader corresponding to the 
remainder is found and subtracted from y'(x) to get the trans- 
mitted word. Two polynomial division circuits incorporating 
g" 1 or g“^ with proper sequence of input codeword symbols are 
possible. First we consider the division circuit based on the 
premise that g Q a unit. As we have seen earlier in Section 5.3 
the lowest degree term first enters the decoder. 

Polynomial division by g(x) of degree r- is implemen- 
ted by an rth order feedback LSS whose feedback coefficients 
depend on the coefficients of g(x). The LSS is given in 
Figure 5.6.1. The LSS for division of polynomials over finite 
field is given in [12]. 

The initial content of the shift registers is zero. At the 
end of N-l shifts the contents of the register is the remainder. 

As we are interested only in the remainder, the LSS can be 
modified as in Figure 5.6.2. 

The characterising matrices of the LSS given in Figure 5.6.2 

are 



4 



Modified L? 
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B 


0 

0 

• 

* 

1 


Implementation over z£[W] can be obtained, using the iso- 
morphism between Pp[W(a)] and z£[W] given in Section 2*3 when 
the coefficients g^ and are from Pp[a n -l] serial implemen- 
tation of the division circuit given in Figure 5.6*3 is 
possible. The input to the ith exclusive -OR gate are appro- 
priate scaled components from the cyclic shift register, which 
are determined from the coefficients of the scaler 


g i * ^i+l 9 © 1 ~ ( g i,o» g i,l g i,n-l) ; 1 ~ X » 2 » 


At the end of n.(N-l) shift pulses if the contents of all the 
shift registers are zero, there is no error in the received 
polynomial. A nonzero remainder indicates an error and 
correction is done by subtracting the coset leader correspond- 
ing to the remainder polynomial, from the received polynomial. 
The decoder based on g r a unit in Pp[W(a)] is given below 
which is a PjJ[W( aJ-LSS , and perform division by g(x) as in 
the earlier case. The scheme is given in Figure 5.6.4. The 
operation is identical to the division circuit considered 
earlier. However in this case the highest degree symbol 
of the received word polynomial enters the decoder first. 
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5*6*2 Permutation Decoder for Systematic Cyclic Codes 

As seen in Subsection 5*4*3 the principle of permutation 
decoder is that the Hamming distance between the two codewords 
y and z is unaltered with cyclic shifts by the same amount* 

For decoding (N,K) systematic cyclic codes we make use of 
N LSS which are all identical to the encoder at the transmitter* 
The scheme is given in Figure 5*6*5* The received word is stored 
in an input buffer. Each successive K symbols y’ » Gy 1 * • •*, 

7 = *y» of the received word as input to the N encoders, the 
corresponding codewords of length N, Ely), E( cry*) , ..*, E(o^ ^y* ) 
are generated* Each sequence is compared with the appropriate 
shifted version of the received sequence and the distances are 
computed. The sequence which is nearest to the appropriate 
shifted version of the received word is the shifted version of 
correct sequence. An equal amount of inverse cyclic shift of 
the locally generated codeword is the most likely transmitted 
codeword* 

5*6*3 Decoder Based on Hamming Cross Correlation Properties of 
Cyclic Codes 

The principle of this decoder is given in Subsection 5*4*3* 
Here we give the schematic arrangement illustrated in Figures 
5*6*6a and 5»6*6b* 

Let the cyclic code C have p distinct codewords which are 
obtained from the cycle length decomposition of the states of 



pjOM paAioDoy 
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Fig. 5.6.6a Hamming Cross -correlation Decoder. 



Fig. 5. 6 «6b Correlator and Detector of 

Hamming Cross -correlation Decoder 
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associated LSS. The received word which is stored in input 
buffer is transferred to the register 2, at the commencement 
of decoding of word y* • During the decoding of the word y* , 
the input buffer will be storing the next codeword* The 
Hamming distance between the received word and each shifted 
version of reference word is computed in the p correlators 
for shifts, t 0,1, ..*, N-l. The peak detector associated 
with each correlator monitors the peak value of the Hamming 
cross correlation (HCCR) function between the received word y’ 
and the shifted version of reference word. When the HCCR 
function value exceeds (N-e), where e is the error correcting 
capability of the code, the gate associated with that reference 
codeword is enabled and the contents which is the decoded word 
is transferred to output buffer, before the next clock pulse* 
Decoding time is atmost N clock pulses. The details of a corre- 
lator and detector are given in Figure 5.6.6b. 

At the end of N clock pulses after the commencement of 
decoding of a received word, the decoded word is available at 
the output buffer. Meanwhile second codeword would have been 
stored in the output buffer which is transferred to register 2 
and decoding of this word commences and the process repeats. 

We note here that the decoding delay is one codeword. 

The decoders given in the foregoing sections can also be 
used for decoding interleaved codes by first separating the X 
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codewords where X is the depth of interleaving and then 
independently decoding them* Alternatively a decoder for 
decoding interleaved codes directly can also be obtained by 
replacing each stage of the decoder by x stages. 


CHAPTER 6 


CONCLUSION 

In this thesis we have presented the theory and applica- 
tions of a generalised version of linear sequential systems 
(LSS) » These are LSS over rings of residue class polynomials 
over GF(p), modulo a polynomial .W( a) of degree n. Such rings* 
denoted by Pp[W(a)], are commutative rings of order p n with 
identity. LSS over P"[W(a)] are denoted by PjJ[W(a)]-LSS. LSS 

r r 

over finite fields are a specific case of p£[W( a)]-LSS^ when 
W(a) is irreducible over GF(p), P£[W(a)] becomes GF(p n ) and . 
we get GF(p n )-LSS. The results given in this thesis can, 
therefore, be regarded as a generalisation of the results on 
GF(p n )-LSS. The implementation aspects and analysis of 
Pp[W(a)]-LSS have been studied and the applications of 
•pJ?[W(a)]-LSS for generation of sequences over p!?[W(a)], modula- 
tion and multiplexing of digital data and encoding and decoding 
circuits for error control coding are given. 

P n [W( a)] -LSS, like GF(p n )-LSS, are described in terms of 
P 

state and output equations. In the case of an m-input, 
j-output, Kth order P!J[W(a)3-LSS, the set of input m-tuples, 
the set of output j-tuples and the set of state K- tuples 
constitute P?[W( a)] -modules of rank m,j and K respectively. 

r 

Although the basic description and consequently the analysis 
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procedures of PjJ[W(a)]-LSS are identical to that of GF(p n )-LSS, 
the properties of the former differ significantly because of 
differences in structural properties of P£[W(a)] and GF(p n ). 

First of all it is noted that in a finite ring, unlike a finite 
field, the notion of multiplicative inverse does not exist for 
elements which are zero divisors. Secondly, it is noted that, 
in contrast to finite fields, all the commutative rings of the same 
order are not isomorphic to each other; even residue class 
polynomial rings of the same order are not isomorphic to each 
other. The set of all isomorphic residue class polynomial 
rings of any given order constitutes an equivalence class and 
each equivalence class of residue class polynomial rings gives 
rise to a distinct class of LSS. GF(p n )-LSS belong to one such 
class. Key results obtained in the thesis are summarised below. 

6.1 SUMMARY OF RESULTS 

Pp[W(a)] have been classified into finite fields local 
rings semisimple rings or semilocal rings depending on the prime 
factorisation of the modulus polynomial W(a). Decompositions 
of Pj![W(a)] into internal direct sum of ideals generated by 

Jr 

orthogonal idempotents and external direct sum of primary rings, 
namely, finite fields or local rings are presented. It is noted 
that, in contrast to finite fields, all the Pp[W(a)] of the same 
order need not be isomorphic to each other. Using the decompo- 
sition of Pp[W(a)], isomorphisms between Pp[W(a)] of the same 
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Order are established. An expression for the number of non- 
isomorphic Pp[W(a)] of any given order is obtained in terms of 
number of irreducible polynomials of degree £ n and partition 
and restricted partition functions of integers ^ n. 

Construction procedures for other rings isomorphic to 
residue class polynomial rings have been given* These are ring 
z£[W] of n-tuples and ring m£[W] of nxn commutative matrices 
isomorphic to Pj?[W(a)3 and tensor product of rings (x) \ 

T r n . p , i-npiJ 

and (£) J M uW. 3 3 of n-tuples and nxn commutative matrices 
P T n. 

respectively, isomorphic to the tensor product @ f Pp [W^(a^] j 

of Pp [w^(a^)3 * 1 *“0,1, •••» r— 1* 

Using the isomorphism between Pp[W(a)3 and zjj[w3, it is 
shown that Kth order p£[W( a)3-LSS can be implemented as Kth 
order 2^[w3-LSS which constitute a subclass of GF(p)-LSS of 
order nK and process n-tuples from GF(p). These GF(p)-LSS of 
order nK can be analysed in terms of Kth order Pp[W(a)3~LSS* 

This reduces analysis complexity. When 2^[w3 is isomorphic to 
Pp[a n -l3» z£[w 3-LSS can be obtained with serial implementation 
of multiplication operation using cyclic shift registers. This 
reduces the hardware complexity as compared to the serial opera- 
tion of multiplication over GF(p n ). 

The decomposition of P|?[W(a)3 leads to the decomposition of 
P n [W(a)3~LSS. Thus analysis or implementation of p£[W(a)3-I*SS 
can be carried out in terms of subsystems which are components 
of Pp[W(a)3-LSS* 
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The characteristic matrix A plays a prominent role in the 
classification of p£[w( a)]-LSS and the study of periodicity 
properties of response of Pj?[W(a)]-LSS. Depending on whether A 
is nonsingular, singular or nilpotent, a p£[W( a)]-LSS is called 

r 

nonsingular, singular or nilpotent respectively. .Conditions 
for A to be nonsingular, singular or nilpotent are derived in 
terms of the nature of the coefficients of the characteristic 
polynomial F(x) of A. It is shown that A is nonsingular (res- 
pectively singular) if a^ is a unit (respectively zero divisor) 
in Pp[W(a)]. A is nilpotent if the coefficients a^ ; i * 1,2,*. 

K are nilpotent in Pp[W(a)]. A bound on the index of nil- 
potence of A is obtained in terms of the bounds on the index 
of nilpotence of the coefficients ; i = 1,2, ... K, using 
the decomposition of Pp[W(a)], the period T of A is shown to be 
equal to the 1cm of the periods of the direct sum components 
of A. 

When A is nonsingular and is of period T, it is shown that 
for a periodic input sequence of period J, the output sequence 
of P”[W(a)]-LSS is also periodic, whose period divides pJT. 

r 

The set of all autonomous state responses is shown to 
constitute a P^(W( a)] -module* The number of state cycles in 

r 

Pp[W(a)]-LSS is at least equal to the number of proper ideals 
in Pj|[W(a)]. Further the period of state cycles divides the 
period T of A. For the sake of comparison of Pp[W(a)]- LSS, the 
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n |£ 

ratio T/(p n -1) of period T of A to the number of nonzero 
states, called the Figure of merit F of Pp[W(a)]-LSS, is 
defined* It is shown that when Vf(a) is irreducible over 
GF(p), F mav * 1. Using the decomposition of Pp[W(a)]-LSS, 
the cycle length decomposition E of states of Pp[W(a)]-LSS is 
obtained in terms of the cycle length decomposition E^,!^**** 

E y of the component subsystems* 

The autonomous response is a linear transformation of 
state response and the properties of state response carry over 
to autonomous response* When A is nonsingular, the autonomous 
response of P£[W(a)]-LSS is periodic irrespective of initial 
state* When A is singular, the autonomous response is periodic 
or ultimately periodic depending on the initial state* When A 
is nilpotent, the autonomous response is ultimately a zero 
sequence irrespective of the initial state. 

The autonomous response of single output Kth order 
canonical P£[W(a)]-LSS is a linear recursion sequence; the set 
of all such sequences constitutes a free Pp[w( a)] -module of 
rank K* The Hamming correlation properties of such sequences 
of length T are studied. Using the state diagram, bounds on 
the Hamming correlation values are obtained. For the specific 
case when the ring is semi simple and the projection of chara- 
cteristic polynomial of A over W^(a) is primitive over 
n. 

P [W.(a)3 an expression for the maximum off peak normalised 
P * 

HACK, function value and HCCR function value of sequences is 


obtained* 
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Using the concept of decompositions of ring Pp[W(a)]» it is 
shown that any arbitrary sequence over Pp[W(a)] can be decompo- 
sed into sequences over orthogonal ideals in Pp[Vf(a)]. Such 
ideals have the property that two elements from distinct ideals 
mutually annihilate* Thus the set of decomposed sequences are 
elementwise orthogonal* Using the results on ring embeddings , 
it is shown that a sequence over primary ring or semisimple 
ring or semi local ring can be transformed into a set of ortho- . 
gonal sequences over a larger ring* 

It is shown that sequences over orthogonal ideals can be 
utilised for modulation and multiplexing of data sequences in a 
manner analogous to spread spectrum modulation using pseudo- 
noise binary sequences* In a multiple access spread spectrum 
system, because of finite integration time in the detector, the 
spread spectrum carriers corresponding to undesired data streams 
are not completely averaged out , resulting in cross talk* This 
problem is not present in modulation and multiplexing based on 
orthogonal sequences discussed in this thesis, because the ele- 
ments of the orthogonal sequences over different orthogonal 
ideals mutually annihilate* 

Linear block codes over p£[W(a)] in general and linear 
polynomial and linear cyclic codes over p£[W(a)] in particular 
have been studied and possibilities of encoding and decoding 
of linear polynomial and cyclic codes over p£[W(a)] using 
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Pp[W(a) l-LSS are explored* It is shown that in the specific 
case of codes over z£[w] ~ PJ}[a n -l], use of cyclic shift 
registers for implementing multiplication, reduces the hard- 
ware complexity of encoders* 

6.2 SUGGESTIONS FOR FURTHER WORK 

We have presented a comprehensive theory for P£[W(a)]~LSS 
and considered their applications to generation of sequences 
and encoding and decoding polynomial and cyclic codes* While 
some of the basic issues such as implementation and analysis of 
Pp[W(a)]-LSS have been reasonably settled, this study has 
opened new areas for further investigations. In particular 
investigations in the following directions may be taken up. 

(i) It is shown here that Pp[W(a)3 can be decomposed into 
internal direct sum of ideals generated by orthogonal idem- 
potents or external direct sum of primary rings which are either 
finite fields or local rings. This leads to the notion of de- 
composition of systems. Using this result expressions for 
period of characteristic matrix A, and cycle length decomposi- 
tion 2 of states of pjJ[W(a)3-LSS are obtained in terms of the 

r 

corresponding quantities of component subsystems. Thus 

P n [W(a)]-LSS are analysed in terms of component subsystems over 
P 

finite field or local rings. In this thesis 2 of systems over 
local Pp[W(a)] are obtained in terms of 2 of isomorphic 
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GF(p)-LSS* It is worthwhile to study local P^tWCaJlHLSS on 

r 

their own, in which case analysis of Pp[W(a)]-LSS can be done 
purely in terms of its component subsystems* 

(ii) For the sake of comparison of various autonomous Kth 
order Pp[W(a)]-LSS from the point of view of their capability 
to generate periodic sequences, a figure of merit F is defined* 
It is the ratio of maximum possible length T of the sequence 
generated and the number (p -1) of nonzero states in 
Pp[W(a)]-LSS* The sequence generators which generate maximum 
length sequence over GF(p n ) have F = 1, the maximum possible 
value* It will be worthwhile to investigate the maximum 
possible value of F for generators over various Pp[W(a)]-LSS. 

(iii) Modulation and multiplexing of data sequences in a 
manner analogous to spread spectrum modulation is given as an 
application of sequences over orthogonal ideals* It is also 
pointed out that in a multiple access spread system because 

of finite integration time in the detector the spread spectrum 
carriers corresponding to undesired data streams are not com- 
pletely averaged out, resulting in cross talk. This problem 
is not present in the scheme employing sequences over orthogo- 
nal ideals* However, the noise performance of modulation and 
multiplexing scheme proposed in this thesis needs investiga- 


tion* 
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(iv) The theory of linear block codes and polynomial and 
cyclic codes over Pl?[w(a)] developed in this thesis is from the 

r 

point of view of application of Pp[W(a)]-LSS in the encoding 
and decoding of these codes* Investigation is needed to study 
the performance and to see whether good codes exist over 
Pp[W(a)] rings compared to codes over finite fields* In the 
permutation decoding of cyclic codes over p£[W(a)] discussed 

r 

in the thesis, only certain patterns of t errors in which there 
is a spacing of at least K symbols between any two such error 
locations, are corrected* Permutation decoding which corrects 
all patterns of t-error$ needs further study. Besides this, 
convolutional codes over P£[W(a)] need investigation* 

(v) The analysis of autonomous Pp[W(a)]-LSS has been carried 
out in detail in this thesis* Synthesis aspects of Pp[W(a)]-LSS 
constitute', a good topic for study. 

(vi) In this thesis study of autonomous response and some 

applications of p”[W(a)]-LSS are carried out. It is worthwhile 

P T n. 

to study the response and applications of ® -LSS. 

The operational calculus techniques for LSS over residue class 
integer rings are given in [43]* Counterpart of these tech- 
niques for Pj?[W(a)]-LSS needs investigation* 

r 


L 
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(vii) It is seen that the response of a nonsingular 
Pp[W(a)}-LSS is periodic if input is periodic. With appro- 
priate constraints on the system the output period may be made 
greater than the input period and hence Pp[W(a)]-LSS may be 
used as a data scraifibler in a manner similar to data scram- 
blers over finite fields [30,31]. Investigations of various 
aspects of Pp[W(a)] data scramblers thus constitute another 
good topic for further investigation. 



APPENDIX A 


NUMBER OF IRREDUCIBLE POLYNOMIALS OF A GIVEN DEGREE 
OVER FINITE FIELD OF ORDER q 

The number of irreducible polynomials of degree i 
over a finite field of order q (18] is given by 

* k s (A*l) 

d 

d|i 

where p(d) is the Mobias function 
p(d) = 1 for d»l 

= (-I)* 0 , where d is the product of k distinct 
prime factors 

a O * where d is the product of repeated 
prime factors 

Summation is over all d*s which divide i including d«i and i. 
Example A«l : 

Number of irreducible polynomials of degree 4 over 

GF(2) 

t} 4 = ^ S p(d)2 4 / d 
d|4 

- $ [|l(l)2 4 + l»<2)2 2 + i>(4)2] 


k E2 4 - a 2 ] - 3 
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Example A. 2 : 

Number of irreducible polynomials of degree 5 
over GF(3) • 

ns - | e i»'(a^3 5/d 

d|5 

= 5 [|i(l)3 6 + t»(5)3] 

= ^ [243-3] = 48 
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APPENDIX B 

MIXED RADIX NUMBER SYSTEM 

Here we discuss the representation of numbers with 
respect to a set of mixed radices* 

Decimal and binary number systems are examples of 
fixed radix number systems* 

For example decimal 567 = 5xl0 2 +6xl0+7xl0° 
and binary 1101 » lx2 3 + lx2 2 + 0.2 1 + 1x2°, 

where the fixed radices are 10 and 2 respectively* 

Numbers can also be represented with respect to a set of 
mixed radices. Consider a set of numbers, 

£0, 1, ... n-1} (B.l) 

and another set of numbers { n Q ,n^, • • * n r ^ 3 t called mixed 

r-1 

radices, where n. > 1 and it n. ■ n . 

j=o J 
j-1 

Defining < 0 j * n n R and w Q =* 1 , 

any number i belonging to the set (B*l) can then be repre- 
sented with respect to the mixed radices (n 0 »*.* n^) as 

i . i .a> + i «+ ••* i.»w.+- ... + ^o w o 

< ^-1* ^r-2' > 
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we note that in decimal and binary number systems are 
powers of 10 and 2 respectively. 

In mixed radix number system <*>[s are product of numbers 
and are called the weights of the mixed radix number system, 
ij are mixed radix digits the constraints on ij is 
0 < ij < 

Example B.l : 

Consider the set of numbers CO, 1, 2, 3, 4, 5 } % 

Here n = 6 - 3x2. Taking n Q - 3 and n x » 2, the representation 
of numbers from 0 to 5 with respect to the mixed radices 
3 and 2 are given in Example 2.6.7, where w Q *l, WjfV* . 

If we take n Q =2 and 0^3, we get another representation which 
is given below. Here w Q =sl, w^=n Q «2 

j Q 1 2 3 4 5 

i > <00> <01> <10> <11> <20> <21> 

1 0 



APPENDIX C 


PROPERTIES OF KRONECKER PRODUCT OF MATRICES 


Some relevant properties of Kronecker product of 
matrices [57-59, 61] are given here. 

Let 



a oo 

a ol 

a o 

n-1 

A = 

a lo 

a ll 

a l 

n-1 


a n-lo 

a n-U • . • 

a n-l n-1 







‘ b oo 

b ol 

b o 

m-1 

B = 

b lo 

b ll 

b l 

m-1 


b m-lo 

b m-ll •••' 

b m-l,m-l 


Then the Kronecker product of matrices A and B is defined 
as 


A 0 B * 


a oo B 

a lo B 


a ol B 

a n B 


• • • a.B 
o n— l 

a l n-l B 


a , i a K , ,B 
n-l,o n-1,1 


n-1 n-r 


B 


Let C * A0B 

Then ijth element of C is given by 
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where is the mixed radix number system representation 

of i with respect to mixed radices n,m respectively. 



Here n=2 ; m=*3 



Let C s A 0B Cisa 6x6 matrix 

The element C 35 in C is found as follows. The mixed 
radix number representation of 3 and 5 with respect to 
mixed radices n=2 and m=3 are <10> and <12> respectively. 


Here C 3S = C <1Q> <12> - a u b o2 , «hioh is verified below. 

*oo b oo *oo b ol *oo b o2 *ol b oo *ol b ol *ol b o2 
*oo b lo *oo b ll *oo b 12 *ol b lo *ol b ll a ol b 12 
*00 b 2o *00 b 21 *oo b 22 *ol b 2o ®ol b 21 *ol b 22 

*lo b oo *lo b ol *lo b o2 *11 b oo *11 b oi *11 b o2 
*lo b 10 *10 b ll *10 b 12 *11 b lo *11 b ll *11 b 12 
*lo b 2o “lo b 21 *lo b 22 *11 b 2o *11 b 21 *11 b 22 
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The properties of Kronecker product of matrices are listed 
below. 

1. A ® g = Q ® B =0 

I nxn ® ^mxm * ^mnxmn 

3. (Aj+Ag) ®B = (A X ®B) + (Ag^B) 

4. A0(B x +B 2 ) » (A®B X ) + (A®B 2 ) 

5. aA©p8 » ap(A®B) } a,p scalers 

6. (A ® B)" 1 = A" 1 ® B*" 1 

7. (A 1 ®B 1 ) (A2®B 2 ) »A 1 A 2 ®B 1 B 2 

8. (A ® B) = (A ® I)(I ® B) = (I®B)(A®I). 
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APPENDIX D 

PROCEDURE FOR DETERMINATION OF ELEMENTARY DIVISORS OF MATRICES 
AND COMPUTATION OF PERIOD OF POLYNOMIALS OVER FINITE FIELDS 

In this appendix, procedure fo£ computing elementary 
divisors of KxK square matrix A and the computation of period 
of polynomials over finite fields are summarised. 

Given A, consider the matrix A(x) = (xI-A). The 
principal diagonal of this matrix contains first degree 
polynomials, all off diagonal elements are zero degree poly- 
nomials or zeroes. This is a special case of polynomial 
matrices. 

The following three operations called elementary row 
(column) operations can be performed on A(x). 

i) interchange of any two rows (columns) 

ii) multiplication of a row (column) by a nonzero 
element of field 

«■ 

iii) addition of any row( column) multiplied by a polynomial to 
another row (column). 

Two matrices A(x) and B(x) are said to be equivalent, 
if A(x) can be. carried to B(x) by means of finite number of 
elementary operations. Given matrix A(x) an equivalent matrix, 
in canonical form is obtained by finite number of elementary 
operations. The canonical matrix has the following properties: 
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i) the matrix is diagonal, that is, it is of the form 

(D.l) 

ii) any polynomial d^x), i=l,2,...K is divisible by the 
polynomial ^^(x) 

iii) every nonzero polynomial d^(x); i=l r 2...K is monic 

A fx) is called Smith’s canonical form of A(x). 
c 

Any matrix A(x) can be reduced to Smith’s canonical 
form via elementary operations. 

Let © r (x) denote the gcd of all the rth order minors 
of A(x); 1 < r <K. We thus have the polynomials 

©l(x), © 2 (x),... ©j^x) (D.2 ) 

whi.ch are uniquely defined by the matrix A(x), and remains 
unchanged under elementary operations, ©j^x) is the 
gcd o.f all elements of A(x), and ©^(x) is equal to the 
determinant of the matrix A(x) divided by its leading 


A. (x>= 


d,(x) 


* 2 w 


^(x) 


coefficient* 
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. r 

Also ©_(x) « % d. (x) . r*l,2,...K [76]. 

r i=l 1 ' 

Hence d x (x) ©^JxJ 

d £ (x) are called the invariant factors or the similarity 
invariant of the matrix A* Two matrices are similar iff 
they have the same similarity invariants [12,13,76]* 

d.,(x) is the minimal polynomial of A and' 

K 

% d.(x) is the characteristic polynomial of A* 

i=l 1 

In factored form the similarity invariants of A can be written 
as 

<J x (x) « C XjCx)] 1 * 11 [x. 2 (x)] hl2 ... [ **(*)] lr 
djCx) = C ^(x)]" 21 [x 2 (x)] ha2 ... [ Xj.(x)] 2r 

• • f • * • • • • • * 

a K (x) .U 1 {x)‘l K1 ... U x C*)] hKl 

X^(x) are irreducible monic polynomials and 

h Ki * h (K-l)i ^ - h li - 05 ^i > 0 i,sl * 2 »*-' r 

h. t 

All nonconstant factors, [ X^x)] are elementary divisors 



of A* 
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The matrix. 



where M^j is the companion matrix of [ Xj(x)] is called 

the rational canonical form of A. A and A are similar* 

rc 

We now consider the determination of period of 
polynomials over finite field GF(p n ) • 

Suppose f(x) is an irreducible polynomial of degree K 
over GF(p n )* Let a be a root of f(x) over GFCp 1 ^)* The 
least integer j, such that <r*= 1 mod [p|f(a)] is called 
the multiplicative order of a. In general, jj(p -1) • If 
j * (p n ^-l), then a is called a primitive element in GFCp 11 ^) 
and f(x) is called a primitive polynomial over GF(p n )* If a 

is primitive, then the powers of a, that is, 
n 3 -»nK 1 

fa, or, a,*** or "* A }* , are the nonzero field elements. 

Given a polynomial g(x) over GF(p n ), the smallest 
Integer e for which g(x)|(x e -l), is called the exponent or 
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period of g(x). If g(x) is an irreducible polynomial of 
degree K over GF(p n ), then the period of g(x) is equal to 
the multiplicative order of its roots which is a factor of 
(P^-D. 

Suppose g(x) of degree K is irreducible over GF(p n ) • 
Let its period be e. Then period of g^(x) is given by 
P r e, where p r is. such that, p 1 " 1 < h < p x . If g(x) * 
( x )*92 ( x ) •••9 (x)* Where g^(x) are irreducible 

polynomials over GF(p n ), then period of g(x) is the least 
common multiple of periods of g^(x) g^(x)..« g v (x)* 

Example D. I t 

Consider the polynomial 

g(x) a (x 2 +ax+a) 3 (x+a) 3 over GF(2 2 ) * {O.l.a,* 2 ! } 

2 3 

a + a + 1 = 0 and a » 1. 

g^Cx) 38 (x^+ax+a) is irreducible over GF(2 2 ). Let p be a 
root of g x (x) then p 2 +ocp+a * O* We see that 

p 15 » 1 mpd [2; g(p)J« 

multiplicative order of p is 15 and hence period of g^(x) 
i s 15 • 

Period of g 3 (x) is 2 2 xl5 » 60, since 2 1 < 3 < 2 2 . 

Similarly, we have g 2 (x) = (x+cc) 

and p 3 « 1 mod [2}g 2 (p)] 
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Hence period of gg(x) is 3. 

Period' of gj^x) is 2 ^ x3 = 12 since 2 1 < 3 £ 2 2 . 

Period of (x^+ax+a)^(x+a)^ » lcm [60, 12] =* 60* 

Period of g(x) can also be determined without 
factorisation,, when g(x) is of small degree. By definition, 
period of g(x) is the least integer e such that g(x){(x e -l), 
that is, least integer e such that x e »l modulo [p»g(x)]» 
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APPENDIX E 


CHINEESE REMAINDER THEOREM 


The Chinees e Remainder The or on for integer and 
polynomials [18] is given below. 

i) Fox integers: Given primes PpP2**«»P k and integers 
c 1 ,c 2 ,...c k the simultaneous congruences 

e* 

c =s c. modulo p. i * l,2,...k have a unique 
1 k 1 e. 

solution modulo it p. 1 

i=l 1 

ii) For polynomials: Given irreducible polynomials 
W^Ca), ,W k (a) and arbitrary polynomials 

^(a), *..r k (a) over a finite field GF(p), the 
simultaneous congruences 

h. 

■r(a)»r.(a) modulo [pjW.^a)] have a unique 
1 k 1 h. 

solution for r(a) modulo it W. (a). 

i=l 1 


Proof: (Fo» polynomials). 

( -r- 

TT7 k h . 

Since W^a)* % W. J (a) has no factors in common 
1 j*i J 

with W a), we may use Euclid’s algorithm to find a 
polynomial. b^a) such that 
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bjU) 



h . ha 

Wj J (a) a* l modulo W^.(a), then setting 


r(a) 


k k h. 

S r.(a) b.(a) w W. J (a) 
i«l 1 1 j*i 3 


It is seen that. 


h 


r(a) =* r ± (a) modulo W-^a) for all i. 


If x*(a) also solves these simultaneous congruences 
then r(a)-r'(a) is divisible by lAL^a) for ia;l,2,««.k* 

k b k 

So r*(a)=sr(a) modulo it W. 1 (a), 

i=l 1 


The theorem for the case of integers can be 


proved analogously 
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APPENDIX F 

NUMBER OF UNITS IN p£[W(a)] 

The units in p£[v<(a)] are the polynomials in variable 
a over GF(p), which are relatively prime to W(a). If W(a) is 
irreducible then all nonzero elements are relatively prime to 
W( a) and are units in p£[W(a)]. In general, r(a)6pJ[H(a)] 
is a unit iff (r(a),W(a)) = 1. The number of monic polynomials 
r(a) of degree < n such that (r(a),W(a) )=1 is given by the 
Euler function for the polynomials over GF(p), given by the 
formula [®^] # 

0(W(a)) « p n « [1 - T^aT|^* 

r(a) 1 Vtf(a) 1 v V 

where r(a) runs through all monic prime divisors of W(a) and 
| r (a)| s p r , where n r is the degree of r(a). The number of 

units in p£[W(a)] is hence (p-l) .0(V\(a)) . 

r 
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APPENDIX G 

POLYNOMIAL CODES OVER GF(p n ) 


The general theory of polynomial codes defined by 
polynomials in one variable is given in [84], a special 
case of which is the Reed Solomon Code* This code is a 
mapping of a vector space* of dimension K with basis 
1, x, x , «**x into a vector space of dimension N with a 
set of N Lagrangions Lj^x), LgCx^^.L^x) as the basis 
where 


N (x-a.) 

Li(x) * ^ ( a i~® j ? 1 * 1,2, “* N * 


and Vjj are the distinct elements in GF(p n ) 

If we call 


F(x) 


K-l , 
S u.x 3 
i=o 1 


as the message polynomial 


N 


the corresponding codu* polynomial is S^F(a i )L i (x) . 

In other words it is a mapping of the K- tuples 


(u 0> u 1 . ..u K-1 ) to an N-tuple 
(F(a 1 ),F(ot 2 )...F(a N )) 

Such a formulation of polynomial codes over P^[W(a)] 
in general is not possible, for in the computation of Lagra— 
ngions, in the denominator, the difference of two elements from 
P^[w(a)], may lead to a zero divisor* 

r 
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APPENDIX H 

COMPARISON OF p£l>(a)] and Z m 

Though P”[W(a)] and Z are finite commutative rings there 
are certain similarities and dissimilarities in these two 
rings. As a consequence the properties, analysis and imple- 
mentation of linear sequential systems LSS over Pp[W(a)] and 
Z ffi will be different. The similarities and dissimilarities 

of these two rings and LSS over these rings are summarised* 

/ 

Si milarities in P%[w(a)] and Z^t 

1, The role of irreducible polynomial and power of irre- 
ducible polynomial in Pp[W(a)j is same as the role of prime 
and prime powers in Z m , The type of Pp[W(a)] and Z m depend 
on type of W(a) and Z^ respectively. 

2* The notion of decomposition in the case of Pp[W(a)] 

and Z_ are similar, 
m 

Pis similarities ; 

1. In general \ is not isomorphic to PjJ[W(a)J. However 
when ms*p a prime Z p = PpCw(a)] * GF(p). 

2. P n [W(a)3 has the structure of both a commutative ring 
and a vector space. Hence p£[W(a)3 is a commutative algebra. 
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Ring of n-tuples and nxn commutative matrices over GF(p), 
isomorphic to P^[W(a)] can be constructed* 2 is a 

r m 

module over itself of rank 1* 

3* For any m there is a residue class ring Z m of integers 
modulo m which is of order m. However the order of P^CwCa)] 
is of the form p n * When n is a prime the polynomials in the 
residue class polynomial ring, are in single variable. 
When n is composite in addition to residue class ring of 
polynomials in one variable, there is tensor product of 
residue class polynomial rings. The tensor product ring is 
isomorphic to finite commutative ring of polynomials in more 
than one variable. 

4. When m=p n there is only one residue class ring of 
integers Z m . There is more than one nonisomorphic residue 
class polynomial rings of order p n ; in addition, when n is 
composite we have many nonisomorphic tensor product of 
residue class polynomial rings of order p n . 

r 

5. It is possible that a semisimple ring Pp[W(a)] is 
isomorphic to the external direct sum of v Galois fields of 
the same order. The number v depends on .the number of 
irreducible polynomials of a given degree, over GF(p). 

If 2 m is semisimple it is isomorphic to the external 
direct sum of finite fields of different order. 
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In the implementation and analysis of Pp[Vtf(a)]-LSS 
and Z^-LSS the following differences arise, 

PpO(a)]-LSS Z m -LSS 

1* Memory device store element 1. Memory device store 
of p£[W(a)] ‘or n-tuple element of Z_* 

r *** 

over GF(p). 

2* Analysis of GF(p)-LSS ~ 2. Z^-LSS is not isomorphic 

Pp[W(a)]-LSS can be done to any GF(p)-LSS unless 

in terms of Pp[W((a)]-LSS. m=p. 

’ The procedures in the computation of period of chara- 
cteristic matrix A of LSS over P^[w(a)] and LSS over Z m are 
same* The procedure for the enumeration of state cycles of 
Pp[W(a)]~LSS and Z^-LSS are same. However when Pp[W(a)] is 
a local ring the analysis of P^[W(a)]-LSS can be done in 
terms of the isomorphic GF(p)— LSS. The isomorphism between 
Pp[W(a)]-LSS and GF(p)-LSS is also used in the implementation 
of P^twCaJj-LSS. 

Ir 
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